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ANNOUNCEMENT 
INTERNATIONAL CONGRESS OF MATHEMATICIANS, 1954. 


First Communication. 


The International Congress of Mathematiciuns 1954 will be held im Amsterdam 
from September 204 to September 9th undor the auspices of “Het Wiskundig 
Genootschap” (The Mathematical Society of the Netherlands). It ів the sincere hope of 
the ‘‘Wiskundig Genootschap” that the Congress 1954, which will be open to all 
mathematicians from all parts of the world, will be a fertile international gathering. 

The Organizing Committee has invited а number of outstanding mathematicians to 
deliver one-hour addresses, hoping that in this way a survey or the recent development 
in the whole field of mathematics may be furnished. , 
There will be seven sections. viz.: 

1. Algebra and Theory of Numbers. 2. Analysis. 

3. Geometry and Topology. 4. Probability and Statistics. 

5. Mathematical Physics and Applied Mathematics. 6. Logic and Foundations. 
7. "Philosophy, History and Education. 

Those who wish to attend the Congress are requested to communicate their name 
(with degrees, qualifications etc.) and full address to the secretariat as soon аз possible. 
They will receive a more detailed communication in due course. у 


Amsterdam, 


9d Boerhaavestraat 40. | The Organizing Committee. 





Price per volume Rs, 12/- (India) and Rs. 13/- (Foreign) 





^ 
THERMODYNAMICS OF MOIST AIR 


Ву 
5. К. ВАмЕВл*, Calcutta, 


Thermodynamics of the moist air, apart from its intrinsic interest as a mathematical 
problem, is of fundamental impcrtance in the Physics of the Lower Atmosphere. In the 
development of this subject, work carried out in India has made significant contribution. 
Knoche (1905) and Hann (1907) were among the earliest writers on the subject. 
Knocke's object was to study the distribution of the heat content of the surface layers 
using equivalent temperature as a measure of the heat content; Hann’s work contained 
some errors. In 1910, Neuhoff gave the adiabatic diagram for the atmosphere and this 
was a very valuable contribution. The mos important contribution was made by 
Normand (1921). Не gave rigorous definitions of equivalent temperature and equivalent 
potential temperature and obtained simple relations connecting them with the wet-bulb 
temperature. He deduced that the wet-bulb temperature and the equivalent temperature 
nre each measure of the heat content of the air‘at constant pressure and further showed 
that the wet-bulb potential temperature and the equivalent potential temperature are 
invariants in all adiabatic processes. Since then much work has been done in this 
subject, the most important of which are’ those of Robitzch (1928), Rossby (1989), 
Stuve (1987), Bleeker (1939). Rossby considered equivalent temperature and equivalent 
potential temperature in detail. He defined equivalent potential temperature as the 
ultimate’ potential temperature assumed by air when all its water has been removed. 
This value of the equivalent potential temperature is approached asymptotically as the 
pressure in the element tends towards zero. In reviewing this subject, Brunt remarked 
that the use of equivalent potential temperature has not yet been thoroughly justified in 
practice, Most of the writers use a number of approximations and no analysis of the 
subject can be regarded as satisfactory unless the accuracy of the approximations is 
justified. Nagabhusana Rao has examined the causes for the differences in the 
equivalent potential temperature derived by using (a) Rossby’s tables and (b) adiabatic 
diagrams. -He has also given a more rigorous theoretical treatment of the subject and 
explanation of the various differences. 


If we focus attention to a parcel of moist air anywhere in the atmosphere, it has 
in any particular position, а definite pressure, dry bulb-temperature and wet-bulb 
temperature. It continually changes its position, going up or down, during which all the 
above properties are changing. Further more in some stages condensation or evaporation 
might occur; there will also be radiation effects, The problem is—can we make а 
thermodynamical analysis and get a consistent picture of all the possible changes? T'he 
meteorologists have wanted that we should discover some property of the pane of air 
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which remains as a conservative property during nll possible changes so that they could 
identify the parcel during its movements. The vwat-bulb polential temperaturo and the 
equivalent potential temperature have certain amount of conservative character but no 


complete answer to the question which will hold in a'l cireumstances has yet been 
discovered. 


Entropy of ordinary air at standard pressure, 
Let S, represent the entropy of dry air, 
8,, the entropy of water vapour, 
-5,, the entropy of water, 
Sz, the entropy of z gms. of water, 
L, the latent heat of water-vapour at temperature f. 


Then since the specific heat of water is approximately unity, 


S, = pa —»= log T+ const., (1) 
T being the absolute temperature of the dry-bulb thermometer. 
* 
Further, L 
б, = 8+ (2) 
The entropy S of a mixture of 1 gm. of air and æ gms. of water vapour is, therefore, 
S = В,+28, = Cy log T+ ® +8 + const., (8) 


where Cp is the specific heat of aiv at constant pressure. 


If now the temperature and humidity are altered by dT and dz respectively, then 





ат Тат, x dL тат 
18 = С + - aT t d8,. 
"Tm фат та 
As п firat approximation we ean neglect the terms — SD. па 2 m n dT, because c is of 


the order of 0°01; at ordinary atmospheric temperntures, these terms are therefore small 


compared with C, Te The equation, therefore, takes the form 


48 = 0, "тте, dS, ^ |. 


If now the change has been such that the wet-bulb temperature of the пи’ Баз been kept 
constant, then 


C,dT + Ldz = 0. (5) 
Therefore (4) gives 


dS = d8,. 


This means that the entropy of the mr mixture has been inereased by the same amount 
as the entropy of the water has diminished, for dz grams of waler must have been 
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evaporated. In other words, the total entropy of the air mixture and water has been 
unaltered. This proposition which was originally due to Normand is true within the 
limits of approximation specified above. 


Defining the equivalent temperature, Тв, as the temperature of absolutely dry air 
whose wet-bulb temperature is T’, we get 
СрТв = CT! + Liz’, (6) 
where L/ is the latent heat of water vapour ab temperature T’ and 2’ is the huinidity 
mixing ratio of nir saturated at the wet-bulb temperature T", Using the approximate 
form of wet-bulb equation, 


O,(T — T^) = L'(z' —z), 
we can write 
C,Tg = OyT!  L'z! = CgL t L'a 
or, 
| CdTe = CydT +112 = C,dT + а=, approximutely. (7) 


Entropy of ordinary air at any pressure. 


Now, for any change in the system air, water vapcur, water, . 
dQ = dE+dW, | | (8) 
by the first law of thermodynamics, where dQ represents the һе added, dE, the increase 
in internal energy and dW, work done. But 
dE = J0,dT+JL’dz, (9) 
where J 18 the mechanical equivalent of а unit of heat and C, the spacific heat of ur at 
constant voiume. Also 


dW = Ріо + J(L— L'yaz, . Q0) 
where P denotes pressure nnd v specific volume. Therefore 
dQ = JO,dT + JLda + Рао. i (11) 
But the gas law, Pv = RT, gives | 
Рау +vdP = Ват = J(C,—C,)dT (12) 
dQ = JC,ydT 4-J Ldz —заР. (18) 
ТЕ h represents height | 
—vdP = dh (14) 
(7), (18) and (14), therefore give 
dQ = JO dTg dh = ICpd (ть +76.) (15) 
If now we define the equivalent potential temperature as 
= 16 
бв = Pet р $ ( ) 
we get 
dQ = ТСьавв. (15a) 


For any adiabatic change, whether the process involves condensation of water vapour or 
not, dQ = 0. 
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Therefore, (15) gives 4Тв_ — 1 
dh JC,’ 
which ів the well-known adiabatic lapse rate for dry aur. 


(17) 


Furthermore, for any adiabatic process, whether the process iavolves condensation 

or not, (16) gives 

dôg = 0, ' a8). 

or 6¢ = constant. Therefore, within the limits of approximation involved in these 

deductions, we can say that for any adiabatic change, the equivalent potential 

temperature 1s an invariant. lt will be observed that there is a considerable amount of 
approximation involved in this deduction. 


Now, if as before S represents the entropy of (1+2) gms. of moist air at 
temperature T, humidity mixing ratio, z, and at a height h, and if B, 15 the entropy of 
x gms. of water at temperature T", then clearly S—S, must be equal to the entropy of 
lgm. of perfectly dry air at a height h gnd temperature Tg and therefore must also be 
to the entropy Sg of 1 gm. of perfectly dry air at sea-level and temperature Oz. 

Hence 

S = Sgt S, = Cy log Og t z log T’ + const. (19) 

Heat-content function of moist alr. 

The heat-content function Н ав given by 

H = H+Pv. 
In the system water, air, water-vapour, we can neglect the volume of water, its changes 
being negligible, compared to the gaseous phase 


For 1 gm. of dry air 
На = E40 Pv = JO,T 4 Ро (20) 


For 1 gm. of water vapour 
Hy = Ey tJL (21) 
The heat content function for (1+2) gram of moist air is, therefore, 


t H = HaíctaHy = JOT + Pv +JLget Bye 


But ^ 
Pv = RT = J(C,-C,)T. 
Therefore 
H = JC T +JLæ+ Eye = JO,Tg Шут 
or 


d(H — Ewa) = JC,dTg (22) 
d(H — Ew) is zero, if Tg 18 constant, no matter what the pressure is. Hence the heat 
content function H of (1+2) gm. of moist air differs from that of 1 gm. of dry air at its 
equivalent temperature by the value of the internal energy of = gms. of water. 


1% is clear from (16) that the ‘‘equivalent potertial temperature" Өк is the 
temperature which a mass of nir at the equivalent temperature Tg attaios when ib is 
brought adiabatically to tha standard pressure P, The ‘‘wot-bulb potential mee 
Ow, 18 defined by the equation 
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> 


jpeg ЖЕ (25) 
с, 


where z, is the humidity mixing ratio of saturated air at standard pressure and at 
temperature 6,, Oy 18 therefore a single-valued function of Өк and vice versa. It ів, 
therefore, obvious that the wet-bulb potential temperature 18 also an invariant for all 
adiabatic changes, within the limits of approximation, which bas been specified above. 
We shall now make an attempt to give a more rigorous treatment, The subscript 
a will refer to air, В to water vapour and ү to water. 
Water Vapour. t 
We shall treat water vapour аз a perfect gas, even when near or at saturation. In 
the atmosphere we seldom deal with saturated air nbove 80°C. At these low temperatures 
Callendar (‘‘Vaporisation’’ and “Thermodynamics,” Encyclopaedia Brittanica) states 
that the deviation from ро = RT law ав small. Clausius (On the Mechanical Theory of 
Heat) has given dotwuled discussion of the deviation of saturated vapour from pv = RT 
law. Не gives the following values for its specific weight (referred to air). 
T 273° 328° 878° 428° 478? 
Sp. Tt. 0022 0831 0045 0666 0°608 
Now, if water vapour behaves as a perfect gas, thon we should have 
M 
Вр. Wt. = = 0622, 
P M. 


M being the molecular weight 
The assumption 1s, therefore, justified. 
Thermodynamics of saturated vapour 
Let L denote the Jatent heat and A the internal latent heat. Then 
L = А+рв(0в~%,) (24) 


Consider 1 gm. of water. of which m gm. is saturated vapour and (1—1) gm. is 


liquid. Then v = тов + (1—n)v,. (25) 
Hence dQ = Ldm+[C,1—m)+C,m] ат, (26) 
where is C, the Specific heat of saturated steam. 

Therefore d i 


d8 — pam + Lo, (1—m) + Ст] —- 


Now dS is a perfect differential. "Therefore, 
an it) = am [gie en 


or d L) 
Y LOEO sch .. 27 
Cees rm (27) 


The secoud thermodynamic relation is 


($)- (8), 
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ln the present case 
oS _ oS Om A31 98 . 1 L 


Ov Өт Ov  vg-v,O0m  vg-v, Т 





Hence A 
L 5 
m^ iba cay С> edipi DE. (28) 


This is the same as Clapeyron's equation. The subscript ( ote ) is omitted, be- 


о 
cause in this chage р 18 independent of v. 
Neglecting v, ccmpared with vg, we get 


L — pp 1108 pe 
T dT 


or 
L = gm d lop Pe (29) 


In fig. 1, “BC and AD are 
isolhermals, along AB there 13 
liquid state and along CD satu- 
rated vapour. 







VAPOUR 


Therefore, 
along AB, DQ=C,dT (absorbed), | 
along CD, dQ = — C,dT (given out), 5 
along DA, 49 = —L, gc 
2 
dL л 
= — d 

along ВС, dQ L+ тр T, a ~- 
с 
a. 


Hence in the cycle ABCDA, 








P | A 


ICE AND VAPOUR 





dQ-0,dT-L- OT & L+ ST ат 


. dT - 
-(c.- 32.) 4 
= (с, o, + ат. 
Now dQ must be equal to Ше SPECIFIC VOLUME —— 
external work done, that is, А 
Fig. 1 


the arca of the cycle 


Therefore, dQ — (са es ( 24 ) dT 
Consequently 
dL dp 
C,—C,* qp 0879) ат. (30) 


Further, the change of entropy in the cycle must be zero. Hence 


49 _ ç, dT , L*L|dTdT _¢ dT _L о 
: = 


T Т Т+ат T T 





cycl 
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or 
7 а L 
C,-Cy= 31 
1 Y dT т? ( ) 
neglecting the term involving (dT). 
From (80) апа (81), we get L а 
т = (ов 05) Р, (89) 
which is the same аз (28). 
From (24) and (82), we get 
Internal Intent heat 
1 › d ) 
A= тоа (Ое) = ав) р (1) 
Neglecting v, compared with vg and using the relation 
Para = RT 
we get 
‘ А = RT? E (тов Ре). (88) 
This form is similar but not the same аз (29). 
Taking the course DEC instead of DC in the cycle, we get 
: C, = aCy t p- Dve dpe (84) 
©рв dT 
when вСр is the specific heat of water vapour at constant pressure. 
Now since | 
Ug = Kili we get 
Pp 
дов _ _ Bets _ _% 
Da Pa Da 
Therefore 
d tn 
€, = pCp— Ug “ү . (35) 
From (80) and (85), we get , 
US o кбй. (36) 
ат 
Also, from (24) 
-dA _ dL d(vg-vy) (4, о y Ps = 0, p 82) 37 
Таа лай а. o Vi тош e) 
using the relations (81) and (82). z 
Or 
? ПА — Е dvg -c 
ap Teg 8 ар Y 


neglecting vy compared with vg. 
This can be expressed in the form 


ал d(pvg) : 
OA = < — Ug! үз 
aT 5” чт * 


= 20, -В-(, = C—C}. (88) 
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From (82) and (85), we get 
= Cp- 03. i (89) 
Therefore À | 
к^ — Вв = 40,— C, (40) 
Total heat (or the heat-content function, Н), із given by ` 


Н = 1+ръ, 
where I is the internal. energy. 


If the zero of the function is water at 0°б and n6 zero pressure, then the total heat 
of a saturated vapour is 


Н = C,(T— T) - L+ pgv,. (41) 
When T— Т, is small, pg is small and pg, (expressed in heat units) is negligible. 
Therefore, dH = O,dT t dL = зб»ат, (42) 
using (860). ‘This would, however, not be true at high temperature. 


Entropy of saturated vapour, taking the entropy of water at 0°C as zero, ia 


S 


C, log T+ Il ? 


т ve Г { 
= ,C, log — +R, log 8 +22 (48) 
UE в 08 2, Т ` 


0 


| 20,10 ae Rs log? E 
Here ро, v, are saturated values at Т, and p, v are saturated values at T. 
., Vapour Pressure Curves. 
We can get the equation for the vapour pressure curve, E {һе method of 
derivation adopted by Callendar. 
The fundamental relation is 





Т vg—v, 


If we assume p(vg—vy) = RaT, thatis, practically a perfect gas and' also assume L 
constant, we get 


1 i\L 
los 2. = (z-- 1) Б. 
Um т, ТОЙ 
which is а formula of the type B 
log Р = A+ 2. 
В 
Ро Т, 


But L is not constant. If we assume low pressures and temperatures and also that Cy and 
вСр are practically constants, then © 


L = „+ (405 C,)(T— T). 


© 
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We obtain 
B 
log p = A, +С log T, 


where B 
А = log p,— — — C log T, (44) 
T, 
1 


В = — [Is — (40, - €4)T,] / Rg | 
С = (sCp — Cy)] E ) 


Entropy of unsaturated vapour. 


In Fig. 2, T’ 1з the dew-point 
of the unsaturated vapour at the 


point P. 


Entropy of ihe unsaturated 
vapour а& P сап be expressed in 
the following forms .-— 





v —» 
Fig.2. 


= T 1 v ) 
(ACDP), 8 = ©, log mtp + E log v, 


Teb’ T 
(ABEP), 8 = С, log gc t О log т | 


0 


(45) 





T L р, 
АЕР = (! IL pc 
( ) S Cs log —--—?4-R log v, 


0 0 
т І р 
= C, log — + —? — R log & 
А т, Ts Вр, 


In general, the value of tho entropy depends ou the initial and final states ошу 


Therefore, we can use 
2--1863P--1, 
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8 = Sat C, log e +E log 2. | 
0 7; ( 
(46) 
T L 
= 8 +C, log > +2 – Р 
е ELE AME, mien. | 


Numerical Computations. 
The following table, which is а repetition, with slight modifications of that given by 
Ewing (“Steam Engine, Encyl. Brit.) provides the basic data, 


Properties of saturated water-vapour. 























Temperature t To'al Heat (H) Entropy (8) 

> v L 

29 се. рег L T 

Sg em. Water | V 

& E aber apour 
4'579 |105 x 2:049 504°7 | 2178 0 2:178 
`6°541 x 1°470 59271 | 2'180 | 0°018 2:148 
9'205 x 1:006 589:4 | 27088 | 0'036 2:119 
12:779 x '7828 586'8 | 2037 | 0054 2'091 
17:510 x '5812 5841 | 1998 | 0'071 2'064 




















28:690 x "4867 581:5 | 17951 | 0'088 27089 








81:710 x 8318 Б18`8 | 1:911 | 0104 2.015 

















57.1] 1:870) 07121 17991 








42°020 x ‘2540 














* To convert to dynes/cm?, mulüpls bv 17888 x 10°. 
In his article on *'Vaporisation'' (Encyl. Brit.), Callendar gave the following figures 


T—T, H L вСр 
(vapour) 
0° 595°2 595°2 0°4786 
20° 604°7 5847 04796 


40° 6140 5740 074818 
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Now C, has the following values 
T-T, 0° 10° 20° 30° 
€, 1:0088 1:0016 0:9989 09970 


Therefore Cy is approximately 1°00 (calories) at 15°C, and this can be taken as tho mean 
value over the range of temperature. 


dL _ _ 5947-5788 . 


M == = 807. 
ean value of iT 80 530 | 

Непсе 

dL 

gÜp = Cy+ —— = 0:47 

dT e 

Also, the mean value of 
dH _ 608'8 - 59477 _ 0'470 = 0p. 


dT | 80  * 
L = E947 — 0:530 (T — T) 
Now В (moleeular, all gases) = 1:085, 
Hg = 01108 cal. per °C 
= 4'62х 10° ergs per gm. 
". вСь = вСр-Вв = 0.360 
Hence вСр[вС»ь = 1:805 


With these values, the vapour pressure curve (44) takes the form 


logyp = 0' 565 Т 3 -4 To (log i _u f= 1 Ji (47) 








where M = 04848 (log modulus). 


The vapour pressure, for ice, reduces 6o the form 


log, = 06640 +-9.78 2 Ut (48) 


Entropy Calculation of a mixture of 1 gm. of air, x gm. of vapour and y gm. 
of water. 


Example. Unsaturated air T' — T, = 8698, 


= = 1 gms., Height — 0, 


T = 8088, Р = 760mm, Р-р = (48:4 mm. 


y = Fg ems. at T-T, L = 5816 


100 
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Now R 
Ва = Cp log T- 7 log (Р-р) + const. 


L 
S rapour = Swator + T 


бше = о + Іов, (Зо refers to 0°C.) 
о 
Therefore, entropy of a mixture of 1 gm. of air + z gm. of vapour +y gm. of water is 


log,T, «eL _ В 


S- (C5 * v) м jy 5 (Р-Р)+В, (49) 
where В = (£+ YHS w — log Т} + const. 
М = modulus = ‘4848, 
=+у = 0187, = С, = 02875, 


б„+хж-+у = 02502, В/Ј = 0:069. 
Therefore S = 17469 + 0°0264 —0-456 + В 
1:089 + B. 
Entropy-Temperature Diagram. 


ll 


t 


In the entropy-temparature disgram, given in Fig. 8, the isothermal lines are 
vurtical lines and the dry-adiabats are horizontal lines, the pressure lines are the inclined 
lines, the moist-adiabats are curved lines which coincide with dry adiabats at low 
pressure. In a parcel of moist air, we can make the approximate statement that the 
wet bulb temperature follows the moist adiaba' in the course of its movement. The 
moist adiabat thus traces its history. If we consider any partieular moist adiabat, ABC, 
the equivalent potential temperature Өв is the point, where the asymptote to the moist- 
adiabat intersects the standard pressure line (1000 mb.). ‘The conservative property of 
Өв for adiabatic processes is due to the fact that the asymptote identifies the- moist 
adiabat. The wet-bulb potential temperature, 6, is determined by the point where the 
moist adiabat intersects the line of standard pressure. When the position of this point is 
known, the moist adiabat is completely identified. 6, has therefore the conservative 
property for adiabatic processes. - 

Equal areas in this diagram represent equal amount of work or energy. ‘The dotted 
lines represent the equi-moisture lines. In drawing the saturation adiabats, the equation 
usually adopted is an approximate for n of (49) in which the entropy, 8 is made constant. 
The equation is expressed in the form 


(Cp + £c) tout + = —A вы) = constant. 


The constants are usually taken to have the values given below. 


C, of dry air = 02400 cal./gm, C, of. dry air =0°1714 cal./gm. R=0p— C, = 2:871 
x 10* ergs/gm/°C. 





ЕА uA ус. 082 


a А Pd TA. М Д avant A 
: = ET wae dii 
di 

Ap E 7 

AAT S core d 
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J = 1/А = 4'185 x 10'gm.[cal., latent heat of vaporisation of water (Lr) = 5978 — 
0°565( 7 —278) cal./gm., the latent heat of fusion of ice is 70.7 cal./gm, The value of Сів 
taken ав zero for all temperatures below 278°А. For higher temperatures varying values 
of £ aro used for the different saturation adiabats, the value for a particular adiabat being 
taken {о be approximately equal to the mean of the mixing rat-ons at the point where it 
cuts the 1000 mb. isobar and the 278°A isctherm. 


In view of the approximations adopted in thermodynamic analysis of moist air, many 
of the deductions made in actual practice become liable to considerable errors. 
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ON CERTAIN FUNCTIONS WHICH ARE SELF-RECIPROCAL 
UNDER A NEW TRANSFORM 
Bx 


8. C. Mirra AND ПмЕзн CHANDRA 


(Received Januaiy 11, 1959 — Rewritten July 7, 1952) 


1. Let 
ary) = (zy) / J,(0J (zy/t)t7!dt; —В(и+8) <0 < R(v* 3), (1) 
0 


It has the following properties 
() (zy) = wey), 
(1) ж„.-,(жу) = J,- (274 (zy) 
(ii) лс„„(т) = O(1) when z is small. 
(2) a(z) = О(«-*) when 2 18 large. 


Prof. Watson (1981) has shown that if 


gíz) — f =„„(2у)/(у)ау, (2) 
0 
then it might be possible to obtain the relation 
Ко) = | ==). (3) 
0 


In this short note we give examples of several functions which satisfy (2) and (8) when 
9(=) is replaced by f(x) and hence аге self-reciprocal 


Also we shall investigate the (formal) conditions under which the self-reciprocal 
property holds good. 

2. (а) Let fiy) = К„(у)у"+Е+#; v = n+p, nDO. 
Then 


at | ] K,y)Jos 4, ()J (cy [yt t7 dely 
0 о 


=at | Ли [кал „гу, yt dy 
MT "o 


7? Jos (5) 9t 1t 
(t? Taipebaetl 


| 


9a taD (n + p 1+ f 
0 


= Ky (rjantatt, -1 < R(Qnt+p) < R(2n- 24-8), п>0. (4) 
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showing that K,(z)e"***t ів self-reciprocal under this transform, when v = 


n > 0. 
(b) Let а) = тї/(/ /2)К„(т/ 2). 
We know that 


"ad (az)de _ 
J (rit J y(a/ / 2)K,(a/ V 2) 


By Hankel's Theorem [Tilchmarsh (1987), p. 240] 


һе) = | Г етее гау, n>- 
0 ^o 
provided that /,(2)2+ is continuous and absolutely integrable in (0, оо). 


Henee 


/ "el ng (el) E (аа = 1/ (0+4 
0 


si f f 940 гено) аз 


- С Joy] V 2)k,(y/ / 2) у 


Therefore 


Ks (t)tdt 

+1) 

showing that 247 ,(2/ y 2)K,(z/ e is self-reciprocal in this transform. 
(c) We know that 


z-'J.(ar)dz _ x) ГО 
repre ^ 


= siJ (£| / 2) K, (| V2); 





DOE E L(jak)K,dak), ВЫ »—4. 





By Hankel's Theorem, we get 
+ -3 
р 2% 147 _ (zo)I .,Ga)K .,(42)da = S. NM 


| А (9)(0° * 
Let 
f(y) = y*1-,Gy)K (0) and p =v = – 4. 


fe c1 dt 
ff ema (ра 
0 0 
= / att | учы (27) таар аът 
0 


-Zr f EEDA. _4(t) dt 


Then 





= gi I_4(4z) K_4(42) 


2n + u and 


(5) 
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(d) Let j(y) = (s/2)(1,) - Lely), p у= Ф 
In Hankel's theorem, let us put n = $ and take f,(z) = 1/ (at x(a? + 1)]. 
After а httle simphfication, we реб 


ТИМ (6+1) = | (1„@) — L,(z)) вт x eda 
0 


Therefore 


© 


f austeni av 


О 


= af S gin == ( Эп, (y) — Т» (y)) dy 


= { sin t dt 
y (2? + t) 
= $n(I,{x)—L,™); 
showing that 3z (Г (ау -L,(x)) is self-reciprocal when p =v = $. 


(e) We have the integral* 


Cam (02) d TI d \", 
| =f {+ ies a ED (zm) ев PA ay 


By Hankel's theorem, we have 
o^ "(-1)M tame], ee 1 V EPE malade 


arg б 99 m! eda 








Let 
fy) — езш т ( Ls y ux (У, p= v= m+2, т = a positive integer 
2"m | ydy inia fj» р 
Then 
+1 of 
| е [iet | Ja ay] t)! ms d 5) uhm ty 
К A Jma (E) dt (1) F 
= arti [ ree = GE em c) tents = Fel 
(f) Tet 
P(y) = [ sinhtt K,(y sinh f) dt 
"o 
у) 


= Kolyp) pt dp 
4(q 1) 





*The integral 18 convergent and же сап put | = F(K) and proceed as папа! with Р(К) as the value of the 


* integral. 
3—1863P—1. 
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Also let f(y) = y* Fly), p=v=0 


f Г (eirt) f(y) ШЕЛ 
0 Со ` 


= gt [? Уаң f [ рїу (жу 11) КУР) qp dy} 
о `o 











/(р* +1) 
Е Jolt) af (^ ptdp [т (ey 
i TY \ K 
af i an А Jun vs! yam ay} 
= pt dp 
* fv Jal neat f y (p? + 1)(z! t pt?) 
"EM | dp ° Jo(t) tdt 
pP (pi +1) д (tm) 
cu [2 Кор) dp, s, 
а f У (p* +1) Se) 
(9) Let Ку) = ig Uy) + y y); в =у=-# 
" КРУ) 4 йй 
o У" v +I) 
Therefore 


] J (ey Tog) Tog (0/0) fey) T ay 
2 А cos t cos Z “Uy yay 


2 cos t 21 (py 
=- Ка сов gaf Jo аг} 


dp zy | 
ETE, УП eof! K (py) dy 








= td 
[cos u f. NI тп, рЫ 





© | costdt _ _ ? K (pz) dp 
Бү. М (Pep) Л м (p*.+ 1) 
== фт? (Jo (39) ер (9) 
(h) Let Ку) = ту (Н (у) – Yo(y) -2/4y*; n — v = 0. 


We know that 


°K 1 2 4 
|. D Pads (Holy) - Yoly) 
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Then 


e | f yi 7,00 Ј, (ey/t) ау 


1 


0 0 i 2. 


at | J (ti rad f 240104 f d dp-is f 241080}. 
0 0 0 0 


t 


I 





а f 1%) exui ар ый t] 
s А (р*+1)(р +=?) 4 ж 
t J,(t) dt dp т |: 
+ = 
j | E. "(ph 1)05-z'![p?) 421 А Jaat 


af K,' pa) ара f Кура) dp- = 
А р? +1 





1l 


dat 


T —*at(H,(x)—Y,(2)j)- -Z 





= gat d tat 
= 7 Ye Gc ais 
"P: xt(H,(z)—Y,(zx)) ; (10) 


showing that 


2 
a yt (Hs(y) -Roly)) — d is skew-velf reciprocal in the transform of order (0, 0) 


(1) Let 


MIT ER ENS 
fq) ={ G4 - Lu) - zy s wav = 





Then by applying Hankel's Theorem and on simplification, we get 
otf 10 tat | Jy s vL) - Lug) - 3) dy 
0 0 


"EI gb. 1 





Comi +в 2 
0 
if 2? 1 
-à ba] 
zt (DAL а +t He Qat 
= mi = jnzt(I,(z) — L ii: (11) 
Отт о о H 


showing that ату? (10у) - Lo(y)) ^ 4y* is skew-self-reciproeal under this transform ot 
order (0, 0). We might also note here that z-* 15 also self-reciprocal under this transform. 
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The following conditions [Hobson (1907\, p. 540] are sufficient for the equality of 


the repeated integrals : 
faf [@, у) ау, f ау f fe. dz; 


(1) that the repeated integrals between finite limits exist and are equal, 


(9) that fie. y) dz be uniformly convergent in an arbitrary interval, 


(3) that fe у) 4у satisfies the вате condition, and 


с 


© Y 
(4) Í dy f f(x, y) dy converges uniformly in an unlimited interval. 

The conditions are satisfied in the abpve cases, showing that chauge in the order of 
integration 18 permissible. 


8. We shall now obtain certain formal solutions of the problem 


Let т(в) be the Mellin Transform (Titchmarsh, loc. cit., pp 7, 46, 53) of f(z). Then 
we have 


© 


(в) - | 2*7 !f(z) dz, (4) 
0 
where 
fla) = | wade, nn dy, 
о 
апа 3 © 
Ta (zy) = «x f J (t) J (zy[ t) t- 1dt 
о 
Hence e „© 
у= ] я ‘de | ] =й» 
0 


o 


m м" lay, (ry) dx 
0 


f vitm ад Ü [artsy a (ey /t) t- idt da} 
0 


-f vi fly) dyf f sem Г att J  Gy[) de] 
0 [n 0 


= Qi-4i1 Фи +48 + 4) 
Pn – 4s +4) 


= 98-1 Ip de Dav bo 1) 
Pads - ИГ -48+2) 


i 


1 


yy f J,(t) t tdt 
0 о 





т(1—8); 
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then if we assume 
т(в) = 2*ГЗи+ 8+1) vt 15 +4) 48); \ 


we gel 
¥(3) = (1-—ь). ' (12) 
We thus obtain a general solution of (A); viz 
Tum 
(=) = i. 2T (3p + 35 - 2)T (hv ав +) (в) Оз (B) 


ctio 
where (s) satisfies (2). 

Following Hardy aud Titchmarsh (loc cit., pp. 246, 252, 58) we shall say that f(z) 
belongs to A (2, а) where 0 << п, a < 4, ИЦ is analytic and regular in tho region 
defined by r < 0, [8 < z and if itis О( 21-“--) for small g and O( | z|"-!**) for large д, 
for every positive = and uniformly in the angle 61 < 2-7 <x. 

The necessary and sufficient condition that /(z) of A (s, а) should be its own Ra, 
transform 18 that it should be of the form (B). BhAtnagar (a) has proved that the necessary 
aud sufficient condition that f(z) of A (a, а) should be ite own В, , transform is that it 
should be of the form (B) where (8) 18 regular and satisfies the relation y(s) = (1—3) 
m the strip a < о <1~—a and is of the order О{е +11! j, 814—354 а. 

Another formal solution of the problem 18 obtained by assuming 

J(s) = [ (хв)% Кав) (zx) do; p=v=0 
0 


E [ (zi K (ва) de f msan dy 


0 0 


fly) dy (xs)t К(гв) dæ | (ry)* Jat) (жу /1%) 
Гоно Геза] 


0 


iH 


a 


- f (уву fly) ay f J,(0 t dt] (ph в) 
о 0 


Hence © 
I= f y1879P Ко(у[з) f(y) dy 
0 


= 8 J(1/s) (13) 
4. Wo shall вау jiz) belongs to Ra, ~ 1f К?) satisfies the equation 


Ме = f а) КУ) du 
0 
И f(z) belongs to Ra,» nnd 


К(а) d Ont Dg da 4) Vv 18+ DE хода da 


1 
2r Му, 


— 
where X(s) = X(1— 8); Р 1451 9 
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then Ы 
g(s) af f(y) К(гу) dy belongs to Bp» 
o 
А general formula for f(z) of H,,, is 
of om 
fle) = | Wut ford Pde + det DG) ds, 


2л! 


с— 1% 


where y(s) = (1—8). 
Then ('Titechmarsh, loc cit., pp. 246, 252, 58.) 


1 и та | 

g(a) = re / ГД +48 +4) Vide +43 td) ф,(#)27*1з 

where E | 
Yle) = det det D D(1vo-1s D Ги н 18) Tivta is) V(1 — 8) X(9) 
udd у. (8) = V,(0—3) 
Let 7 
e+ 1D 
K(x) = a Г(фи+ 48+) Гду + ds - 2) Pg e £— 48) Te +  — 45) X(3) 27 ds 
where X(s) = 8) 5 
Then i à 
g(z) — = f fe) k( ¥ Jay belongs to R,,,; 

for 1 о +19 А 

g(z) = DE Í 2T (bu +48 +4) (hut 88 +4) 9. (8) 5-8 ds 
where 


Yale) = Tia +434 2) Г(фу+ d D Гиф ав) Гу фа) АИ в) (з) ` 
and ; vals) = 01-8) | 
Also we have i 
к(1\ 1 EPIS "m А 
(2) = 3 Tatts + 4) D'(ve 48+ 3) Up * 2745) Dv -2— $8) Х(в) а* de 


z 


c= io 
This 18 equivalent to 
К(1/=) = zK(z) (14) 
8. Bhatnagar (4) has proved that the sufficient condition that а function shall be 
H,,, ів that 


a 


f eh Ie oat = at [yt (уго) ren ду, 


0 0 
(м, у > —i) 
Ifip=y, e(z) =g (1/2), where F 


a) = f (20+ J (ot) уф) dt 
0 
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and г © 
je) = f (t Jet vtt) dt 
0 
f(x) 18 assumed to be continuous and absolutely integrable in (0, co). 


find f(z) which shall be R,,,. 
6. Let f(z) = 2#{K (x) —}Ко(32) —»5К„(}х) * ...] ; 
g(x) = «ЧК„(ад) — Ко(3=) — K,(5x) +...}; 
р = у = 0. 
Then f(z) nnd g(x) are reciprocal under this transform. 
We have 


/ wo, oly) f(y) dy 
0 





А 1 1 1 
Г { = = „ја 
à ] ШЕ би+ eee tf? 


wi{K,(z) — K,(8z) — Кабг) +.. } 
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We are thus able to 


= | ЕТ [Foley [Ay Koly) - MG) — з Ко) а 
о 0 bed 


= g(z). 
Again 
] wo, (жу) g(y) dy 
“0 
=a f Jolt) 6142 [ ыу [ (Ks) — Ko(By) — Ко(5у) + ...] dy 
0 `0 
" 1 1 1 
— ИИ 2 Е. 
5 | 04 + ое a 358 +.. hdt 
= НК. (x) -ъКо({т) — sy Io) +...} 
= (а) 
Thus И we have, 
if 5 
g(x) = ] wo, oy) f(y) ау 
0 
then 


[@) = f este aly) ay 
0 


As regards change їп the orders of integrations and term-by-term integrations of the 
infinite series, the senior author Баз dwelt upon 16 at length in a previous paper (Mitra, 


1949). The procedure 13 exactly vhe same. 





The generalised transform 15 


Dayap СЕ] oof Tt gO) Tay lore (PE) te dts ee 
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Bhatnagar (b) has proved in. detaile that the kernel wa (æy) plays the role ofa 
transform Not only this, but if we define by 


x 0 1 
чне) = emf лол EE, 
5.3 yt yt 
R(u- i) 2> 0, R(v 3) 2 0, (А+ 1) 0 
then луд, , a (zy) also plays the role ot a transform 


This has been investigated by Bhatnagar (b) and а genoralisation. of the transform 
ean be effected, The gencralised transform is being studied by some of the collaborators 
of the senior nuthor. The theoretical transform R,,, has been dealt with at length by 
Bhatnagar. 
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NOTE ON SYSTEMS OF EQUI-POTENTIAL N:SURFACES 
(ESPECIALLY, N-ELLIPSOIDS) IN AN (N--1)-SPACE 
By = . 
Haripas Baaou, Calcutta 
(Recerved— September 10, 1952) 
Abstract 


This short paper begins primarily with the Plückerian concept of a focus, as adapted 
to an n-surface immersed in an (n+1)-space; this is followed by a brief reference to the 
(п +1) component *'focal (n —1)-surfaces”’ of an n-ollipsoid, and a broad survey of a system 
of confocal n-ellipsoids. Next, the condition for an assigned set of n-surfaces to represent 
an isometric (or equi-potential) system has been investigated and then applied in the 
verification of the proposition that a family of confocal n-ellipsoids is isometric. In short, 
the subject-matter of ths paper can be described as a generalisation to multi-dimensional 
space of.a few cardinal propositions, (of a 8-space), bearing on isometric systems of 
surfaces (e.g. confocal quadrics). The generalisations effected are believed to be new. 


1. Given an n-surfaos Г, immersed in an (n+1)-space, we may.after Plücker 
define a focus S of Гази point, the infinitesimal n-sphere at which has double contact 
with Г. This definition automatically leads to two independent relations among the 
(n+1) coordinates of S, shewing that Г possesses, in general, an aggregate of oo" foci, 
whose locus 18 a certain (n—1)-surface, (say, Q). This locus, which is generally composed 
of a finite number of detached portions, will be designated ia this paper as the ''focal 
(n—1)-surface”’, attaching to the given n-surface Г. 


We shall now confine our attention to the special case when Г happens to be a 
central n-quadrie, whose Cartesian equation, referred to its (п + 1) principal axes, 18 


Ton 
> xs, = 1. - an (1) 
r=) 

Generalising the traditional method of investigating the foci of an ordmary central 
quadrie of а 8-врасе, we find without much ado that the complete ‘‘focal (n — 1)-gurface"' 
of Г consists of (n+1) component (n—1)-surfaces, lying respectively in the (п+1) 
principa! n-flats (of Г). Тһе pairs of (Cartesian) equations, representing the (n+1) 
component loci, are easily seen to be 





























. z,° 2. x Trè 
(I) 2, —0, coupled with ++... + =1; 
а-а а,—@, 0—8, аһ—@ 
Я 2,2 c x Zu cc 
(П) z,-—0, coupled with +... +=]; 
: 45—80, 205—8; G,—4, ds — d, 
| ©З 2,2 x x 
(ПІ) =, = 0, coupled with -—*— +—+—+—3 =; 
а -а, а-а, а, а, йл—@, | 


апа во on. 
4—1868Р-—1. 
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The logical conclusion is that the most general type of (central) n-quadrie, confocal 
with the original central n-quadric Г, as defined by (1), is 


те 


ET "ds (8) 


гт) 





where А ів а variable parameter. 


It is now а tame affair to verify that the majority of commonplace lemmas and 
theorems on а system of confocal quadries of an ordinary 8-врасе must, when properly 
generalised, hold good for a system of confocal n-quadries, vie. (8), lying in an (n +1) 
space. Thus, for instance, the total number of confocal n-quadries of the type (8), 
that pass through an assigned point is, in general, n +1, and of these only one will be 
an n-ellipsoid. | 

In the present paper we are particularly interested in a family of confocal 
n-ellipsoids, which will be shewn to constitute a family of isometric or equipotential 
n-surfaces. To that end we have to investigate (in the next article) в general method of 
testing whether а given family of n-surfaces is isometric or not. 

2. Suppose that a system of n-suríaces, situated in an (n + 1) space, is given in the 
symbolic form: 

A = const., (1) 
where A is a known function* of the (n+ 1) current Cartesian coordinates (£o, 21, %,.., Жи) 
and the right-hand side constant is a variable parameter. 

Plain reasoning points to the conclusion that, in order that (1) may define a set of 
isometric n-surfaces, the necessary and sufficient condition is that some function 
V of A vis: 

V = Ф(А), (2) 
should be a ''hyper-spherieal harmonic,” i.e., should conform to the generalised Laplacian 


equation, viz: 
VV = 0, (3) 


where ren 2 
r=0 02, 


In view of the differentiated reaults of the type: 





A OA s (2 ) 
— = Ф (А) = + (Л). | — т=0,1, 2,3, . ,n), 
ёс? eA) ao $"(^) дл.) ' ( ) 
(8) is plainly equivalent to 
ap S (а 
e'(AV*A + ФА). 2 ( >) = 0. (4) 
Әх, 
т=0 
=» 
+ An n-quadrio like > = ја, —1is called an n-ellipsotd, when а, >0 for every т. 
тк 0 
* Tt is presumed that A 13 в known continuous function of the (n-- 1) raal variables (zy, 21, 23, .. . m.) 


and admits of continuous partial differential coefficients of at least the second order with respect to each of them. 
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We thus arrive at the following proposition :— 
The condition—at once necessary and sufficient—for the equation (1) to represent a 
family of equi-polential n-surfaces ta that the quantity 


“SEN | 
Y JI (= (5) 
r-0 
be expressible solely ав а function of Л (say, x(A)). Subject to thls condition, the actual 
expression p(A) for the potential function V, attaching to an individual n-surface (A) 
of the system, is determinable by the differential equation: 
VO). n | 
= — Я 6 
ФА) x(^) (6) 
Admittedly the method outlined as above 13 nothing more than а simple adaptation 


of the time-honoured method, often adopted in the treatm»nt of the corresponding problem 
of three dimensions [Cf. Forsyth (1912), Ramsey, (1940)]. 


3. As an application of the proposition established in the fore-going article, let us 
start with a system of confocal n-ellipsoids in the form : 


À = const., (1) 
where A is a function of the (n+1) rectangular Cartesian coordinates (zs, 2,, 24, .,, &), 
saliefying the equation : 

ya 
Z n*a, +A)=1. (2) 
s 


If for once we pick out at random one of the z's (say, 2,) aud differentiate A with respect 
to х,, and further introduce the abridged notations: 





та ren 
р = ала, +) and Q= За, +), (8) 
rad т. 
we find without much labour 
дА _ 2 5а (4), 
Ctm P adnt+rA 
and 
ЭР _ anm 0 OA (5) 


ict __ от 00. —-. 
дг, (а +А)? Om 


Consequently, 


21 _2 s, OP 3, tm а 
Or.) Ра) тА Р?а„+А Em Р (aw * A)" 825, 








2 1 4 а. 40. Len } 
= урф = by (5 
P а„+А Р? (а, 4 AY 5А. Pam +А P си y (5) 


2 1 8. Em _ 80 *w ру (4) 
Panta Рї{(а„+А# Р (an tA)” у ( 
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If we now pul 





р 1 
` R= — 
dy+X | : (8) 
we readily obtain 
T өл 2R 8 'N ac 
2) = A Жаша TPF Em _ 
р km Әй. Р — (ат EM 4$ ui De. 
2R 8 ,,8Q 
nu rm =. T. 6 
р P Qr by (8) and (6) 
=2Е, 
Р 
Moreover we find from (4) 
| Ne OA ү 4 < Ea 4 
= = —, by (8). 
2 =. pi г>, бык pomo 


Evidently, then, we have 


2 1 1 Tg 1 | 
VA Ll. Ex Ea = { A 
/> (2) 2 В 9 Ds a function of 


= x), (say). (7) 
Hence, on the strength of Art. 2, we conclude that the confocal n-ellipsoids, via: 
(2) make up an equi-potential system. To calculate the potential V = Ф(А), associated 
with the n-ellipsoid ‘A’, we appeal to the concluding paragraph of Art. 2. This gives 


gU ae 
#0) * = У Бау 


Manifestly the complete primitive is 





EP dt | 
‚| 7 | /{(а, + Üf(a, + t) i (а„+ ty (8) 


where C and k are the two constants of integration. 


Putting this and that together, we reach the final conclusion that the confocal 
n-ellipsoids vis: (9) constitute an-equipotential system, the actual value of the potential 
V, associated with any such surface, being determined by (8). 
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INTER-RELATIONS OF PATHS AND AFFINE CONNECTIONS 
IN A NON-RIEMANNIAN SPACE 


` 


Ву 
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(Communtcated by Dr, В. М. Sen—Received November 16, 1952) 


1. Introduction. Eisenhart (1027) has found out the equations of the path corres- 
ponding {о a projectively flat space. Вир ће has not taken up the general question of 
determining the path when the апе connections of а non-Riemannian space, are given. 
In this paper the reverse process of determining the affine connections, when the paths 
are given, 18 taken into consideration. The object set forth is to investigate if there 
always exists an affine connection correspondingeto any arbitrary form of path taken in 
а non-Riemannian space. 


2. The Affine Connections—Banesh Hoffmann (1082) has put the equations to a 
geodesic namely 


а? 478 der _ T | 
“ds? BY ay da › (a = 1, 2, 8, 4), (1) 
in the form | 
dig „ 928 day _тч ark dat dz =0, (a= 1, 2, 8), (1-a) 


dp" de dr 8 ab dr di 


where # has been written for z*. Не has considered a hypothetical experiment in which 
particles and light pulse emanating from a bomb explosion, are observed and 
dxe  d?z* d?z* 


ЯК? dB' dp’ etc. for a particle or а pulse are computed at the starting point from the 


T a; etc. at other points 
are expressed as Traylor’s series about the point of explosion supposing the circumstances 
for such an expansion to hold good. Thus he has shown that by observing a sufficient 
daze — dg 
dt’ dt? 
ed as functions of coordinates. But this method fails in the more general case of paths 
and affine connections belonging to а non-Hiemannian space for the simple reason that 
ce pu el 
dt’ ай’ 
Eisenhart (1927) has done, we express the equations to the path in а form where $ is not 
the independent variable and z, y, s, t are functions of 8 where s is the affine parameter 
then it is not necessary to throw the equations of the path from the form (1) to the form 


observed values of z, y, 2, t along its trajectory. Then 
, ate in (1—a), Гр, can be express- 


number of trajectories and substituting for 


c cannot be expressed as functions of coordinates. However if, as 


{1-а) and Ig, can be expressed аз functions of the coordinates by substituting for 
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de А а с, in (1). (No confusion needs rise here even if the form of the equations to 
8 


the path in a non-Riemannian manifold is the same as (1) for the symbols change their 
meanings with manifold). It is a different matter if this procedure fa'ls and we are not 


able to express Га, ш terms of co-ordinates for the simple reason that there is no affine 
connection corresponding to the path taken. Is will be illustrated in the followmg by 
taking different cases ın а non-Riemannian 8-dimensional space nam ly т, y, t 


Case (п, If the equations to the path are of bhe form 


where то. Yo, to, 1, m, n are arbitrary constants and в is tha alline parameter, the diff-rent 
differential coefficients are given by 


ах _ 11% dy _ dọ di а 








I = 8 

а T S 0) 
d's de d'y dẹ d dg 

= 1 = = . 4 

ds? dati de T ™ ae cda uus (4) 


Substituting these in one of the equations of (1), the following is obtained ; 
о) (8) ган) 
iff +гп(«# * Than (у eria (9 


+агыт(09) +90 "(у гато? a 0. (5) 
а ds 


Since [, т, п are arbitrary, it can be easily shown that 


Ги =0, Гь=0, Th = 0, | 


(6) 
Di = 0, Ги=0, =O J 
Similarly from the other equations of tho path 16 can be shown that 
Г, = 0, (7) 
Th, = 0. (8) 


Thus if the form of the path is given by (2), the corresponding spuce must have 
Гә,в = 0 
Case (ii). Let the equations of the path be of the form 


2-2, _ Y-Yo _t—t, 
т n 





=r (9) 


where zo, Yo, to, т are arbitrary constants and l, m, n satisfy the relation, 
А+ Вт + Сп = 0 (10) 
where А, B, C are arbitrary constunts. The different differential coefficients are given by 


dz _ ‚41 dy ат dt дп 


iM NE о ОЧЕ ( 
dac "Te de : ds ' ds "ds 1 
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From (10) we get 
` 41 
I; +B 


m dn 
+ CT; 


А e 
ds: 


ups ^ | — (2) 


| , dl d'm d*n 
A qa +В d +0 а 0. 3) 





Substituting these in one of the equations of (1), the following equation is obtained ; 


41 dl 1.2 т y 1 3f dn 
T Tg + Гі? (2) triar ©" + Гат my 


adl dm di dn 1.,dm dn 
+9 . oe Дей ы ДА PETIT SM. Ll 
nr as +9Гт T + 213 ds qu = 0. (14) 


Since т 1s arbitiary, the following must hold good; 


dm \3 1 /ап\? | /dl dm [dl 
Thera TY (ве) T) / (5) rk = /® 
ut (om T) dos ds da +2Гь ds ds 


on dm [dl\f/dn [dl 
art, 2% /® , ora (5 (тп A ; 
i d Гы ds | 48/\4в/ ds i (15) 


From (12), ıt ıs obtained that 


dl dm [dl 
ы en укку шыу uc PS ( 
ds! ds -s(^* ER ds 5) 16) 


Substituting tliis in (15), itis obtained that 


гї+ГЫ om y + Г m да p dm i 4 2TÀ, dm fdl 


ds ds ds | ds ав! | ав 
im [dl 2 ат fal 1 dm fdl 
- ire gem 11) $n \(4+ dm DE | 
и 2&4. 93] © ^N de pd ded del. M9 
Since А, B, C are arbitrary, it ean be easily shown that 
Ги= 0, Tn = 0; (18) 
1 (ат 111 dm 111 dn 1 ат dn 
=== = — — .— ШЕ == M es P T. LL s G 
are) um ds Ен da Гы ds ds (1) 


Similar is the case with ГА, P$. 


So 16 18 seen that Гӯ; cannot be expressed in terms of the coordinates. Hence there 
exists no space with an affine connection such that the equations uf the path can Бе ав 


taken in this case. 


Саве (vit), If the equations of the path are of the form 
ТТ _ к» 25 1—1, = (в) (20) 
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where хо, Yo, to, l, m, n are arbitrary constants and 9 is a function of the affine parameter 


в, it is to be investigated whether a metric can exist under any condition after determining 


the expressions for I's,'» 








The different differential coefficients are given by 











Ве бн) 

| 

not u^ | 
oiei. | 


ds? ds 


Substituting these in an equation 


9 de, d?c, 
S de e 





(t5) 5 Ф+ 





do, d 
+гы(т + ыл + de 


d 
+ arif + ы? + T 


d 1 
| arid ts, qst EA 


+ 2rd (т кезеў ds 





ds Яв 


of (1), the following equation is obtained : 


jio dh. uu 


4l 
I Жены Г 


peris = + йм. Ф| 
ы к $] 
он) 


аф, de, \= 
Du s PEE 


Since l, m, n are arbitrary, it can ca-ily be shown that 


Гь = 0, Ги = 0, 


where с is a constant, 





Гы = 0, Гв = 0, I" = 0, 


Therefore the equation (28) becomes 


ETC PED 


(21) 


(22) 


(26) 
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which gives - 


Similarly it can be shown that 


ry = 2/26) 
-a/ n) 


Similarly the other expressions for Г%,, в can be shown to be equal to zero. 


As a particular case if we define в, as 
етот. — o? — 8+1, 
then differentiating, 


йв 1 
ds s+l° 
Therefore, Гі} = 
Similarly if 67 = т; ef = 8 +п, 
then Га =1, Ги = 1. 
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(27) 


(28) 


(29) 


(30) 


(31) 


(82) 
(88) 


(84) 


It has been shown by Eisenhart (1927) that the necessary and sufficient condition 
that a space with an assigned symmetric connection be Riemannian is that the equations 


дук = Sey -ID ik —gaTyy = 0 
admit a solution. In this ease, the equaton turns out to be 


Aou -29,, ыз 


91101 


А рагбісшаг solution of this 18 
911 ef, 
Similarly, other particular solutions сап be shown to be given by 
Jia = 6®%У, ды = 69+, gaa = 0У** etc, 
Thus the metric 18 given by 
da? = e'?dz? + ву? + ttt? + о даа + 2в6®+ 424% + 2ev*'dydt. 
Case (iv). Let the equations of the path be of the form 


Tam ; te eds B) 
г р 


i = ke(0), 
dé _ 
ав Ve fr, 0, t), 


5-—1868P—1. 


(85) 


(86) 


(87) 
(88) 
(89) 
(40) 


(41) 


(42) 


84 A. PRASAD 


where m, h, e and К are arbitrary constants. Then the different differential co- 
efficients are given by 





1 = ko (6) - f(r, 0, t), (48) 

A ==. i (Ecos p I^ 6, t), (44) 
а = Л 5r], (46) 
ОЗ (0) fhe) - ТУ, (46) 

Pu "m s pl (reme = а d | d 


Substituting these in an equatisn of (1) the following is obtained: 


Of eh? sind Of, 9f & J+ LI» 8 81020 ‚ 
ies m (ite cos 90. 8t yt) Hom? (1-46 cos6)* f 





+) + Diy? 2ft + OD 9k Po - 213, —— eh EL gem Р ky 


т (1+6 сов 0)* 


gp» R, sin an 48) 
таа (1 +e cos 6)? Von (48) 


Since m, h, e, k are arbitrary, 1 can be shown that 


Ги = 0, Th=0, Ги = 0, (49) 
arf +e! = (50) 
ari +5! = 0. (51) 
Taf +S) = (52) 


By defining f differently, different expressions for I% in terms of the coordinates, 
are obtained. Similarly 16 can be shown that the other equations of the path give the 
following : 


Ги = 0, Гы = 0, Ги = 0, (58) 
1: Of _ 
Tuft sy = 0, (54) 
lr Of a: cos O+e+esin? 0 _ 
Гы] sin 6+ 55 sin 6 +f TY 0, (55) 


INTER-RELATION OF PATHS AND AFFINE CONNECTIONS ETC. 85 


Tif «2 =0; (56) 
Th = 0, I$ = 0, T's = 0, (57) 
of . 
Lif +27 =0, (58) 
ARNA +9 -p +f = 0, (59) 
20 
Dual = 0. (60) 


Bo itis clear that by assuming different forms for f, different sets of I'5,'s are 
obtained though the form of the path remains intact all the while. This means that the 
same form of the path is compatible with different affine connections. Ib has been shown 


by Hisenhart (1927) that the paths are the same for two symmetric connections whose 
coefficients are in the relation 


Dj = De + Sin + Bi; (61) 
wh e y; is an arbitrary covariant vector. 


If there is a space with the symmetric connection Г then it 1s not always possible 


to express 16 as Ги, + блк бий. So when Гл belongs toa non-Riemannian space, it is 
not always possible to find the corresponding Riemannian space with the same path. 
This means all paths are not compatible with a metric hypothesis. Also, it is obvious 


that any path existing in a Riemannian space, must also exist ina space which has no 


metric. 

Thanks are due to Prof. V. V. Narlikar, for giving a part of the problem, to Dr R. N, 
Sen for suggesting improvements in presentation and to Dr. В. H. Richharia for providing 
facilities of work. 

Summary—Four different arbitrary forms of paths are taken in а non-Riemannian 
manifold and in each case affine-connections are searched for. In the first case, it is 
found that the values of I%,’s are zero. In the second case it is found that Гву'в cannot 
be expressed in terms of the coordinates which phys‘cally means that there exists no 
space with a symmetric connection such that equations of the path can be as taken in 
this case. In the third case, l'as are shown expressible in terms of coordinates and 


their values under particular conditions are determined. Applying the necessary and 
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sufficient condition for а space with an assigned symmetric connection to be Riemannian, а 
metric is evolved as a particular solution. In the last case dealing with the fourth form of 
the path, different cets of Грув under different conditions, are obtained. The physical 
significance of this result is that the same form of the path is compatible with different 


affine-connections. 
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А THEOREM ON OPERATIONAL CALCULUS 


Ву 
Ram Kumar, Khurja, U.P. 


(Communicated by the Secretary —Recewed. December 18, 1962.) 
\ 


1. The object of this paper is to establish the following theorem: 
The function f(x) determined by 


fp) = р J втв) ds (1. 1) 
0 


satisfies the integral equation 





oc А " 
Кр+5) = wip+d) | Z Ip- o) anh ie +b) dz а. 
0 
when the functional relation 
. 9(8) = 8Qla)~1g (oF -ы 1) (1. 3) 


holds. 
This theorem is valid for 
(i) (x) = 0(2-1+‹) when a is small 
. (и) p(z) = O(are) when æ is large 
^ provided R(p)>0; RA) >-1; В >-1; 0<p <1; 
R(p-k)20; R(b-k) 2-0; Вф-с) >0 
The theorem also holds for 
(i) R(b—k) = 0 provided R(A=n) >0 
(ü) и=1 provided  R(A—25) < $ 
The function у(х) (Wright, 1935) is defined by 


же = Spans 
Proof: We know that (Mclachlan) if 
Ф(в) > Кр), 
dd e~b9(s) 2-Р f(pkb); R(p+b—k) >0 j (1. 4) 
р+Ь | 


Also, termwise interpretation gives 


8&*J&(a =) > р-^ exp(—ap-*); и>0, В(^) >-1, Rip) >0 (1. 5) 
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Applying Parseval Goldstein Theorem (Goldstein, 1982) to the relations (1.4) and 
(1.5) we get 


e Ld " К Е D а^ : 
f £711 oxp( - at") е vetat | Лаз”) f(e+ b) de 





provided R(p) >0; R(n) >-1; В©) 2-1; R(p-k) > 0; R(b-k) >20; pl 


which on substituting 8 = £7? and a = р may be written as 


» f вА) -19- pig а-к) da = рр [= za p iloa) f(e +b) de 
0 





whence EP z^ . 
800/6) ~16-58 (8-08) > рр f ва) f(z +b) dx 
o a+b 


Applying the rule (1. 4) to this relation, we see that 
8 (218) -16с86 0а Hofa -1/a) > ”/ Ay SE g (p—c)xttf(at b) da 
provided R(A) >-1; R(p-c) >0 
If now 9(s) satisfies the functional relation 
в-%0(з) = в(48) -1вввв-57 (а-в) 
ог -Цв 
(8) = gla) 7 1g (o+b)sg—bs (a7 Un) ` 


then, by Lerch’s Theorem (Lerch, ni it follows that 


р с) f(z - b) dz 





f(p+b) = 


Ezample:—Let Ф(8) = e™ 8-1 and c = 0, then the functional relation (1. 8) is 


satisfied provided р = A-vtl 
v 





Therefore 


© 


Ўр) = р e—Ptgbsgv—-1dg 
J 
R(p—b) 20; Rv) >0 


=r Occ by (Magnus & Oberhettinger,) 
satisfies the integral equation (1. 2) provided 


R(p-5) 20; R(2v) > RA+1) > В(у) 50 


2. If f(z) is the function determined by (1. 1) where (в) satisfies the functional 
relation 
o(8) = 8^-18 2-12) (1 [3) (2. 1) 
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then, the function 
att „(т ) | " 
simt) mom 
This theorem is valid for 
(i) e(z) = 0(z-1*) _ wHen z is small 
(п) (а) = O(aret=) when z is largo 
provided R(p 20; В) >-1; В(А) >-1 
R(A-2n) <8; R(p-k) > 0; R(b-k) 0 
For on putting и = 1 and c = 0, (1. 3) reduces to (2. 1) and (1. 2) takes the form 


A ^s | 
Кр +b) = +t) f тра) К2+0) da 


or © 
pn дАВ 
STI er” xil zip ^V (pz)] f(e +b) da 


which ean be written in the form 


© 


ma f (ły? +b)= ] V (eu) Ja (23). f (ай +5) da 





showing that 


Кы эЧ +b) ів АХ 
For = 0, this gives that 
z^-9P (фа?) is Ry 
provided the functional relation 


Ф(в) = 8^-19(1/8) 
is satisfied. 


This is the result due to Gupta (1948) 
Ав an illustration, we see that 
$(3) = ogik-k g—-(a-b)s—a[s 


satisfies the functional relation (2. 1) and then (Mclachlan and Humbert, 1950) 


Кр) = pf 6 9! gd - ig - (a7 b)s—afs dg 
0 


= 29( ptah j^ un [2 {a(p +a—b)}] 


We, therefore, get the known result that (Watson, 1944) 
tty? +2a)-P-th_ yy ly f2a(z? + 2а)}] is Ry 





ГА function is said to be В», if it is self-reciprocal the Hankel-Transform of order >. 
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provided 


Му best thanks are due to Dr. В. S. Verma, D. Вс. for his able guidance 


valuable suggestions. 
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(Received — November, 12, 1952) 


17 А system in which ali the axioms for a ring are satisfied except the associative 
law of multiplication which may evn ba replaced by a weak3r law, 18 called a not 
necessarily associative 1ing or more simply а naring (Browa and McCoy, 1950). A Boolean 
naring is a nating in which every eieinent 15 idemponent multiplicatively. Tho object of 
this note is to fi.d out how far a Boolean naring behave like a Boolean мор. Itis well 
known that a Boolean ring can be distorted into a Boolean algebra and conversely. The 
associative law leads to the important tact that inclusion in the Boolean algebra is 
transitive. It has been shown here that a Boolean naring can be distorted inlo a system 
in which the inclusion 18 reflexive, assymmetric but not transitive. Such a system 
will be called а trellis. Here the weak associative law (aa)b = a(ab) which has been 
called the (12)-alternative law, plays an interesting role. It has been proved here that 
if а Bcolean naring is (12)-alternative, then it can be distorted into a Boolean algebra, 
с' nsequently it follows that an (12)-alternative Boolean naring is a Boolean ring. 

2. The naring in which the associn'or (a, b, с) = a(bc)—(ab)c 3: 0 is ап alternative 
function of a, b, c was first discussed Zorn and Moufang. А transposition of two elements, 
say а<=->6 changes the sign of the associator (а, b, c): Here one takes the characteristic 
of the naring to be different from 2. The associator (a, b, с) rem ins therefore invariant 
under any even permutation of a, b, с. One may generalise this notion further and 
consider narings in which the associator (а, b, с) changes its. sign only fora particular 
permutation, say by a<-—>b. Such a naring may be called an (12)-alternative naring. 
Similarly one can define (13) or (28)-alternative narings. 

In а naring of characteristic + 2, the commutative law implies the (13)-allernative 
law For, 


(a, b, c) = a(bc) — (ab)c = —[c(ba) — (cb)a] = — (с, b, a) 
This shows the importance of zemialternative laws. 
In an (12)-alternative naring, (a, b, c) = —(b,a,c). Putting a = b, one gets that 
(a, a, c) = — (a, a, с). As the characteristic is +2, this implies that (a, а, c) = 0 ie. 
a(ac) = (ааус. Conversely 1Ё this condition holds, the naring is (12).alternntive; for 
under this supposition, (a+b, a+b, с) = 0. 


Hence (a, a, c) + (+ b, в) + (b, а, c)+ (b, b, с) = 0. 

ie. (a, b, c) = — (b, a, c). 
, Thus the au and sufficient condition that a naring may be (12)-alternative is that 
(a, a, b) — Similarly the necessary and sufficient conditions that a naring may b 


(18)-and E» енне are (а, b, а) = 0 and (b, а, а) = О respectively.’ 
6—1808P.-1. 
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If в naring is (18)-and (12)-alternative, then it is also (28).alternative, For, by 
ihe (18)-alternative law, : ` 
(a, a, b) = —(b, a, a). 
But, by the (12)-alternative law, (a, a, b) = О and hence (b, a, a) = 0. As every permu- 
tation of three elements a, b, c can be expressed asa preduet of these permutalions, the 
аввосіаіог (a, b, c) is an alternative function of a, b, c. Thus the naring is fully alterna- 
tive. One can apply similar considerations to other cases and get thata naring which is 
semiulternative in two ways, is fully alternative. Further, ns the commutativety implies 
“the (18)-alternative law, а commutative (12)-allernative naring Js fully alternative. 


. Ifthe characteristic of the naring is 2, the above results aie obtained by a slight 
modification of the definition. Here one defines that a naring 18 (12)-alteinative if (a, a, b) 
= 0. Similarly it is (18)-and (28)-alternative according as (а, b, а) = 0 and (6, а, а) = 0 
respectively, Here (а, а, b; = 0 implies that (a, b, с) = (b, a, с) во that the (12)-alter- 
native condition is really the conditucn for (12)-symmetry. In spite of this fact, we shall 
call this condition as the allernative condition for the sake of uniformity. 


It a naring is commutative and of characteristic 2, then, as (a, b, c) = a(bc) + (ab)c, 
the commutativity implies that (а, b, c) = (o, b, a) which shows that the asscciator is 
(18)-symmetric. But this does not not imply (а, b, а) = 0, so that the commutativity 
does not imply here the (18)-alternative condition. But as the commutativity implies 
(13)-symmetry, (а, a, b) = (b, a, а). Thus if (a, a, b) = 0, then (b, а, a) = 0. Hence 
a commutative (12)-alternative naring is also (28)-alternative. Further by this (28)-alter- 
native condition, (а, b, а) = (a, а, b) = 0. Thus the naring is also (28)-alternative. This 
shows that a commutative (12)-alternative naring.of characteristic 2 is ala? fully alterna- 
tive. 


Moutang laws can easily be proved for naring of characteristic 2. It is easy to see 

that the four identity 
(ab, c, d) + (а, b, cd) + (а, bo, d) = a(b, c, а) + (а, b, с)а 

also holds here. Putting a = b in this relation and using (12)-alternative condition, one gets 

D (a°, c, d) + (a, ac, d) = ala, c, d). 
Interchanging c with d in this relation and adding to it, the relation so obtained ono gets 
(a, ac, d) + (a, ad, c) = 0 which, on simplification, gives that a(c(ad)) = ((ac)a)d. , This 
is one of Moufang laws and the other law (ad)(ca) = а((4с)а) ean be obained similarly. 


Semialternative naringa have another interesting property. Denoting 


[а, b] = ab —ba if the characteristic Æ 2 
= аб +фа if the characteristic = 2. 
one proves easily, 
[а, [b, c]] + [6, [с, a]] ~+ [с [а, b]]= fa, b, с} — db, а, в} 
where {а, b, c] = (a, b, c) - (b, e, a) + (0, a, b) =[а, bc] + [b, ca] + [с, ab] and е, b, aj 
is obtained from ja, b, с} by replacing а by с. fa, b, с} is independent of the cyclic 
permutation and hence may called a circulant. For a Lie naring, the left side vanishes 
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and hence (a, L, с} = (b, a, с}. Algo if a naring is (12)-alternative, fa, b, сј= — {0, b, а}, 
hence 
| Е 
[a [5, c]] + [6,[а, в] 1+ [е,[а, 51] = 24а, b, с} 
This result 18 also true for a naring of characteristic 2. Thus if an (12)-a'ternative naring 
18 à Lie naring, the circulant must vanish; but an (12)-alternative naring 18 always a Juie 
naring if the characteristic — 2 


8 А naring whose elements are multiplicatively idempotent will he called a 

Boolean naring. As the distributive law holds, 
(2+1)? = а + zy + yr +y’ 

so that idempoleney gives zy - yz = 0 i.e. ху= —yz. 
Now if z = y, one gets 2z? = 0 1.6. 2z = 0 for every =, so that the characteristic is 2. 
Consequently zy = —yz = yz. Thus the multiplication 18 idempotent and commutative, 
though nonassociative. 

Define in this narimg, an inclusion relation by the condition, = > y if and only if 
zy = y. Then ава? = =, = > 2 and as the commutative law holds, z > y, y ;> implies 
that z = у. But, аз the associative law 18 not true, the transitive law for the inclusion 
is not necessarily true. 


Now suppose, for the present, that the naring has à unique both sided identity 1, 


Then 

(1—7)(1-2) = l-y-aw+ay = 1-у-2+у = 1-2 
Putting я’ = 1-80, y'= 1—y, one gets zy! = а. 
Thus 1} zIy,y zz. Also а= 1—(1—ж) = 2. 
Next distort the sum by the rule gay = (ж!у!)!. 
Then (wry)? = aly’ 
and (zy) = (ш у")! = ((z^«y!Y)! = ау. 


Hence z—»z'i8 a dual automorphism inverting the inclusion. Further the new addition 
is expressible in terms of the old addition and the multiplication. Indeed 


wey = (zy 21—a'y = 1—(1—ж)(1—у) = #+у-2у 


Idempotency and commutativity are easily proved for this addition. But the associative 
law is not true for this addition. Indeed 


(ery) e8 = 2+0 +2 — ху – 28 —ув + (zy)z 
and hence the asaociative law of this addition involves that of multiplication. 

Again, if ey = z, then z-cy—zy = =; hence zy = y. This shows that the 
inclusion for this new addition ів the converse of the 1uclusion for the multiplication. Also 
the absorptive and the distributive laws do not bold. Lor, 

ax(yx) = x+ ye—z(yz) + 2 as gelys) £ yz 
z(yis) = ay + xg — slys) + 2 +82 -— (2у)(х#) = духта. 
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Further, ит’ = z4(1—z)-az(1—2)—1 
zz = 2(1-2) = -g = 0 
so that z' is the complement of г. 
Also as ‚ ЖЕ vel = 1 
20 = 0 2:0 = & 
A system in which a reflexive and assymmetric inclusion is defined, may be called 
a trellis. Thus one gels that a Boolean naring can be distorted into a complemented 
trellis with 0 and 1 as the least and the greatest element. | 
Now let the naring be (12)-alternative. Then 
х(ту) = (т2)у = ту 
and hence eye = ж+уш—х(ту) = т+уш—ту =T. 
z(z«y) = (z +y — sy) = e xy -a(zy) = a. 
Further as the Boolean naring is commutative, 16 is fully alternative if it is (12)-alter- 
native: Consequently in an (12)-allernative Boolean naring Moufang laws hold. Thus 
(wy) (ws) = (ау) (ах) = a((ys)x) = (zx) (уз) = z(y) 
and so тукка = zy + х8 — (xy) (22) 
= cydccs—c(ys) 
= alyte—ya] 
- = (ya). _ 
In a Boolean algebra, the associative law of multiplication holds. Аз the multiplica- 
tion in the Boolean algebra is same as ш the Boolean (12)-alternative naring, the associa- 
tive law of multiplication holds in this naring also Indeed the Boolean algebra may be 


distorted back into a ring by the distortion a (D b = ab'.a'b. This addition a Ө b is 
same as the old addition a+b. For, 


Я a b - ab’xa’b 
а(1—Ь)+ (1—a)b — [а(1-6)] [(1—<)5] 
(9-а) + (b —ab) — [ab — (ab)b —a(ab) + (ab) (ab) | 


= ab. 


1 


It 


ups 


Thus by distorting an (12)-alternative Boolean naring into а Boolean algebra which 
is again distorted back into в ring, one gets that the associative law of multiplieation.in 
. в Boolean ring is a consequence of /12)-alternative law a(ab) = (aa)b. 


If the naring does not contain a unique both sided identity then one considers the 
relative complements of elements, instead of complements. Ifa is arbitrary element and 
O<z<a, then putting x = a—z, 


а" = а— (0-2) = 2 


хх’ = z(a—z) = az—z' = 0 as az = g, w= z. 
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Also one can distort the sum by the rule 
ssy = (zy) 
во that zxy = £ +y- zy ав before and the new sum is independent ofa The trellis 


obtained by distortion will be absorptive and distributive Consequently, here also the 
trellis will reduce to a distributive lattice. 
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INVERSION OF INCOMPLETE BLOCK DESIGNS 


Br 
Ровмекро Monon Roy, Calcutta. 


(Communicated by—Dr. P. К. Bose,—Reocived January 6, 1953) 


Abstract, This paper deals with some problems regarding inversion of incomplete blook designs (not 
neoessarily Lalanced in the sense of Yates, [1936] or partially balanosd in the sense of Bose and Nair, [1939], 
and Nair and Rao, [1943]), the object being to study the correspondence between any two of affine resolvable, 
balanced and partially balanced incomplete block designe. Some interesting results have been obtaincd an! it 
bas been possible to show that there 18 а one-to-one correspondence between affine resolvable designs ‘un- 
balanced, balanced and partially ba'anced) and a certain class of GD designs (Bose, 1951; Bose and В uma- 
mew, 1952) but in general there js no o3e-to-one correspondence between balanced and partially balanced 
incomplete block designs tbough 10 cer:ain general cases there 18 one-to-one correspondence. 


. 4. Introduction. 


In an earlier communication (which is awaiting publication in Sankhya the author 
has proved that partially balanced incomplete block (p. b. i. b.) designs (Bose and Nair, 
1989; Nair and Rao, 1942) always result from the inversion of certain classes of 
balanced incomplete block (b. i. b.) designs (Yates, 1986), namely that р. b.i. b. 
designs result from the inversion of 


(1) a Б. і. b. design with parameters v, b, т, k, A = 1 (v Æ Б), 

(2) a b.i.b. design with parameters v/ = o! — k^, b! = b! —1, т = r!, K = k'—-9, 
А! = 2 (obtained by block-section from the b. i. b. design 07 = bY, т” = К”, АЛ = 2), 

(8) an affine iesolvable b.i.b. design with parameters v = n!(n—1) #+7*, 
b = n(n°t+n+1), r=n°t+n+1, k=n(n—lLttn, А = тпё+1‚ and 

(4) а b.i. b. design - 

v, b = "0p, г= 770,4, К,А = 70,4 (k Evl) 

(in which all the combinations have been completely written down). Further it has been 
shown that if a b. i. b. design on inversion gives either a b. i.b. design ог ар. b.i. b. 
desiga, then by inverting a b. i. b. design which 1s n times the first we shall always get a 
p. b. i. b. design which will be the same as the p. b. i. b. design which can be obtained by 
replacing each vatiely of the inverted original b. i. b. design by a group of n varieties; 
also 1f a b. i. b. design on inversion becomes а p. b. i. b. design, then the complementary 
b. i. b. design also on inversion will become а p. b. i. b. design which will be comple- 
mentary to the p. b. i. b. design obtained by inverting the original b. i. b. design. 


Recently ıt has come to the notice of the author that Plackett and Burman (1946), 
whie discussing multifactorial designs, observed the duality relation (8) between affine 
resoivable b. i. b. and p. b. i. b. designs. It may be noted that the relations (1) and (2) 
have also been obtained meanwhile by Shrikhande (1952) in. different forms. The object 


48 Р. М. ROY 


of the present paper is to deal with the problems of inversion of incomplete block designs 
in general (i. e. not necessarily inversion of b. i. b. designs). 


9. Inversion of Linked Block Designs. 


4 


Suppose there is an incomplete block arrangement of v varieties in b blocks of k units 
each, each variety being replicated r times. The method of inversion consists of taking the 
varieties of this arrangement as blocks and the blocks as varieties. In this way we get 
a new arrangement which will be called the inverted design of b. К units of b varieties, each 
variety being replicated К times, into v blocks of size reach. Ifin the original arrange- 
ment В; and B; be any two blocks having exactly А varieties in common, then in the in- 
verled design the varie'ies B, and By will occur 6 gether exactly in A blocks. From this 
itis clear that 1f A is independent of т and j, thea the inverted arrangement must be a 
b. i. b. design. If A is not independent of i and j, then the inverted arrangement cannot 
bea b.i. b. design. From the:e discussions 1t follows at once that all the linked block 
designs of Youden (1951) on inversion will turn into b. i. b. designs. On the other hand 
p. b. 3. b. designs obtained by inverting b. i. b. designs should always be ‘A times акей 
block designs'. Consequently p. b. i. b. designs obtained by inverting b. i b. designs can 
never be resolvable. 


Fisher (1940) has proved that ‘if а balanced incomplete block design with para- 
meters v, b, 1, k, A has the property that any two blocks of the design have the same 
number of varieties in common, then the design is symmetrical ie. b — v; conversely 
if the design is symmetrical i.e. if for the design the condition b = x holds, then any two 
blocks have exactly the same number of varieties in common via. A’. Utilising this we 
can now not only state that ‘‘only symmetrical b. i. b. designs and no other b. i. b. design 
on inversion will remain b: i. b. designa," and that “ар. b. i. b. design for which b =v 
can not be a ‘A times linked block design’ and on inversion can never turn into a 
b. i. b. design," but we can also draw the following two important conclusions: 


(a) For Youden’s linked block designs the inequality v > b must necessarily hold 
as otherwise by inverting those designs we'shall get b. i. b. designs for which Fisher's 
inequality b > v should not hold. 


(b) Any incomplete b:ock design arrangement with b = v, т= К, which is А times 
linked (i.e. of which апу two blocks have exaetly А varieties in common) must be а 
b. 1. b. design. In this connection it 1s worth noting that any incomplete arrangement: 
with v, b, т, k, (v #b), which is either singly linked or doubly linked with r = Ё—2 can 
nol be other than a p. b. i. b. design with two associate classes. This is due to the results 
(1) and (2) mentioned in the introduction. 

It may also be note! that if an arrangement (which need not be a b. i. b. or p. b. i. b. 
design) of v. Т. units of v varielies, there being т units of each variety but two units of 
the same variety not occuring in a block, into b blocks of size k be guch that 

() any block B; of the arrangement has exactly j varieties in common with j; blocks 
(= 0,1,2, ..., в п = К), f; being independent of i, and 
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Gi) there are exactly рб’ blocks, each of which bas exactly- j varieties in common 
with ¿Bp and j' varieties in common with „Во (for any i and all p, q), where ‹Вр and ;В, 
are any two blocks of the arrangement, having justi treatments in common, then the 
inverted arrangement must be a p. b. i. b. design. 

The following example of inverted р b. і, b. design will reveal certain interesting 
relations regarding inversion : 


Example (9. 1): Let us consider the folowing solution of the р. b. i. b, design with 


parameters 
v = 8, b = 6, r=8, k=4 
n, = 8, па = 8, n=l i 
м=?9, A21, A20 | | 
ry =|0 2 Off = [2 0 10 р„б=о0оз of f (2.01) 
201 0 2 0 зоо 
010], 1001], ооо 
В (1, 2, 8, 4), B,(, 2, 5, 8), В,(1, 4, 5, 8) 
(2.02) 
B,(5, 6, 7, 8), B,(8, 4, 7, 8), B,(2, 8, 6, 7) 
(Bose and Nair, 1939, page 858 Ех. (ТУ)) 
Inverting this design we get : 
1. (B, B, Bj, 2. (B, B, B), 8. (В, В, BJ, 4. (В, B, B,) on 
7. (B, B, B), 8. (B, B, Bj, 5. (B, B, B), 6. (Ba В. B } 
which is a solution of the p. b 1. b. design with parameters 
v = 6, b = 8, k = 8, r= 4, 
п, = 4, n, = 1, A, — 2, Л, = 0, 
(2.04) 
Р) =| 2 1|»,5-2|4 0 
| 
1 0], оо } 


























(Bose and Мат, 1989, page 854, (v)) 

It is interesting to note that the solution of the first design is affine resolvable 
whereas that of the second one 18 simple resolvable. Moreover the last mentioned design, 
namely (2.04) can be parametrically reduced by cancelling the common factor 2 between 
b, т, A, and Aj. i 


The parameters of the reduced design are 


v=6, b=4, k=8, т= 8 | 
n,—4,n,—1, Л = 1, А =0 
| | (2.05). 
Ру =|2 1 | ры =|4 0 

10|, оо 


























1—1868Р—1. 
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For (2.05) we get the following solution, by considermg the ecratched faces of the 
octahedron (Fig. 1) as blocks and the pointe ns varieties 
(1, 2, 8), (8, 4, 5), (5, 1, б), (6, 4, 2) - (2.06) 
Similarly Бу cons'dering the blank 
faces we get another solution for (2 05) аз 
(4, 5, 6), (6, 1, 2), (2, 4, 8), (8, 5, 1). (2.07) 
These two solutions together is the 
soluti n which Bose and Nair have given 
for the p. b i. b design (2.04). By dupli- 
eating eithe: (2 06) or (2.07) we can 
obtain another solution for (2.04) which 
unlike (2 03) is non-resolvable Now as 
the solution (2 08) has leen obtained by 
inverting the solution (2 02), the solution 
of (2.08) on inversion will turn into 
(2.02); but what about the solution of 
2 04) obtained by duplicating tLe solution 
(2.06)? To answer this question let us 
note that the solution (2.06) or (2 07) is a 
‘singly linked block’ design in the sense 
of Youden That is, any two blocks of 
fie 1 (2.06) or (2.07) bave just one varicty in 
2 common. Therefore, when inverted both 


of (2 06) and (2.07) will turn into a b. 1. b. design with parameters v = 4, b = 6, т = 8, 
k=2, A=1, and twice of (2 00) or (2 07) will turn into a p b. 1 b. design with parameters 


v=8, b6=6, r=8, k=4 \ 
| 
| 





ъ = 1, п, = 6, А, = 8, Л, = 1 ss 
0 0 р?! = d 


pu = O0 1 


| 
0 6 1 4 ) 
This is an example of the designs which have been ealled singular GD designs by Bose, 
Bose and Shimamoto (Bose, 1951; Bose and Shimamoto, 1952). 


























From above it 1s seen that different solutions of (2.04) on invertion turn into different 
designs. This in a sense justifies the discussion of converse problems. 


8. Inversion of Resolvable Designs. 


Following Bose (1942) let us define a resolvab'e incomplete block design (not nece- 
ssarily balanced or partially balanced) with v, b, т, k аз ап arrangement of v.7. units of 
v varieties, there being r units of each variety, into b blocks of size k each, such that 
ihe b blocks can be arranged into г sets of п blocks each, each set of blocks containing a 
complete replication of al! varieties, A resolvable incomplete block desiga will be called 


РА 
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affine resolvable when each block of a set has equal number of varieties їп common with 
any other block notin the set. Thus for resolvable designs we must have v = nk and 
b = nr; but for affine resolvability k must also be divisible by п as the k varieties contain- 
„ed in a block are to be equally distributed among the п blocks of any other set. For 
affine resolvable designs, therefore ws must have v = пат, b — nr, т, К = nm, where т 
is an integer equal to k*/v. Bose (1942) has proved that for affine resolvable balanced 
incomplete block design we must also have b = v+r--1. Plackett and Burman (1946) 
have proved that affine resolvable incomplete block designs for which b = v+r—1 are 
always balanced. Thus, therefore, for affine resolvable partially balanced incomplete 
block designs we must have k?/v = m, an integer but b dE v r— 1. 


Let us now prove а result which is more general than the result (8) stated ів {һе 
introduction. In all our discussions it will be tacitly assumed that more than one unit 
of a variety can not occur in a block. 


Theorem 3.1 Inversion oJ an affine resolvable incomplete block design. with 
parameters с 
v = пт, b = пт, т, Е, = nm (8.01) 


will always result in a p. b. i. b. design with parameters 


v'— nr, b'— mm, т! = пт, К = т | 
п = ф-т, п, = п-1, Л, = т, А, = 0 
(8.02) 
py = b-2n n—1 | Py =] b-n 0 | 
п-1 0 i у n—2 | 




















Proof. Let By be the i-th block belonging to tbe j-th replication of (801). Now 
B. bas exactly m treatments in common with any other block By, p — 1, 2,...n, 
g = 1,2,..j—1, j t 1,...r and no treatment in common with any of the blocks By, р = 1, 
%,...1-1,i+1,..... Therefore in the inverted design Ву, will occur exactly A, = m times 
with each of n, = b—n blocks Вы, р = 1, 2..п, q —1, 2,..j -1, j  1...r and A, = 0 time 
with each of the п, = n—1 blocks By, p = 1,2,..1-1,1+1,..п. Now each of any two 
blocks belonging to the same replication has exactly m treatments іп oommon with each 
of the b—n blocks belonging to the other replications. Similarly each of any two blocks 
belonging to the two different rep!ications has exactly m treatments in commcn with each 
of the b —2n blocks of the remaining r-2 replications. From these facts the proof of the 
theorem followa. ` | 


Corollary, 3.11. Any sct of L replications (2< т) of an afine resolvable 
b. i. 6 design or p. b. i. b. design on inversion will always result in p. b. і b, design. 


In this connection it is interesting to note that there аге affine resolvable incomplete 
block designs which are neither balanced nor partially balanced. Foran example let us 
consider the following affine resolvable incomplete block design. 
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B, (1, 8, 4, 5, 9, 11); B, (2, 6, 7, 8, 10, 12) | 


В, (1, 2 4, 5, 6, 10); В, (8, 7, 8, 9, 11, 12) (8. 08) 


В; (1,4, 8,9, 10,12); В, (2, 8, 5, 6, 7, 1). 
Blocks В,, Biss. i = 1, 2, 8 belong toa replication. It can easily bo verified thal each 
block of a replication has exactly three varieties in common with each block not in the 
replication; but variety 5 does not occur with any of the two varieties 8 and 12 whereas 
the variety 1 does not occur only with one variety 7. ‘Thus the affine resolvable in- 
complete block design (3.08) can not be either balanced or partiaily balanced. But from 
the theorem proved ubove the ‘inverted (3.08) design will be u p. b. i. b. design with para- 


meters 


v=6, b-12. r=6, k=3 

n,—4,n,—1, A, = 8, A, = 0 

4 0 

1 0 | 0 0 

Let us now show that there is а class of affine resolvable incomplete arrangements 
which can not be other than p. b. i. b. designs. 


py = 12 1] py’ = 


| >. Ж 
| (8.04) 
) 























, 


Theorem 3.9. For an affine resolvable arrangement for which v = k? the inequality 
b<vt+r—l always holds. Further such an affine resolvable arrangement, if existent, 
must be an affine resolvable p.b.i. b. design unless b = v+r—1 in which case the 
arrangement must be an affine resolvable b. i- b. design. 


Proof. For affine resolvable arrangements v = n?m, b = nr. т, k=nm- If v =k’, 
then m = 1 and therefore v = n’, b = nr, т, К =n. Let Ву, be the j-th block of the i-th 
replication, when the blocks are arranged in such a way that the block By, i + 1 сопіашв 
the variety Qj, where Qj is the j-th variety contained in any arbitrarily selected block By,, 
the k varieties ccntained in B,, being @,, Q,... 9». Of necessity any two of the blocks 
By, 1=1, 2..7 must have just one variety Q; in common between them. "Therefore in the 
whole arrangement Q; occurs only once with each of the r(n—1) varieties and does not 
occur with any of the remaining n?—r(n—1)—1 varieties. Here it is to be noted that as 
n*—1(n—1)—1 can not be negative we must have т < п+1 апі bz э+т-1. As the block 
B, has exactly one variety 1n common with the block Ву», 1 =2, 8,...1-1,1+1,..., т and 
none with Bẹ, for any j', j' #7, there are exactly (r—1)(r—2)+n-2(=p'n, say) varieties 
with each of which both the varieties Q, and Qy, where Q, and Q;' are any two varieties 
occurring together 1n any arbitrarily selected block B,, occurs seperately. On the other 
hand if ® be any variety which does not occur at all with Q; must occur in the r blocks of 
т replications, each of which has exactly one variety in common with r—1 blocks of 
different replications in which Qy occurs. Therefore there are exactly rU —1) (= p*i» вау) 
varieties with which each of Q; and Ф occurs in the whole design. From these considera- 
tions it follows that an affine resolvable incomplete arrangment with v = k* and b <v+r 
— | must always be affine resolvable p. b. i. b. design with parameetst i 
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a 
ven, b=nr, т k=n 
n, = r(n—1), п? = (п-1)(п-т+1) 
A =l А„=0 
py =|(т—1(т—9)+п—2 (т—1(%—т+1) (3.05) 
(r-1)(n- r4 1) (n—r)(n-r+1) | | 
Py = || (7—1) r(n — r) | 
r(n — r) (n—r?*-4r-9 ) 














When b = v+r—1, п, = 0 арат = n+1, and therefore the arrangement is an affine 
resolvable b.i.b. design This last result also follows from the general result obtained by 
Plackett and Burman (1946), which states that any affine resolvable incomplete arrange- 
ment for which b = v+r—1 ів а balanced one. 

It may be noted that the designs (8.05) are same as the ordinary lattice designs. 


Corollary 8.21. Any affine resolvable arrangoment with v = b = n? r=k=n 
18 a self-dual affine resolvable p.b.i.b. design with parameters 
v=b=n?, 1=k=n, n,-n(n-l) п„=п—1 
A,=1, A,—-0 


ру = п(п-2) n-i ру = n(n — 1) 0 


























n—1 0 0 n-—2 
The proof follows trivially from the theorems. (8.1) and (8.2). 


, 


: > Theorem 8.3. If we have an incomplete block design (not necessarily partially 
balanced) with v, b, v, k, such that the v varieties can bo divided into k groupe of n 
varieties cuch (implying v = nk), with the property that no two varieties occurring 
in a group occur together in a block, then on mversion the design will turn into a 
resolvable design. Further if the original design is affine resolvable, then the inverted 
design will be a resolvable p.b.i.b. design. 


Proof. We have о = nk and b = nr. Let Qu, Qu... Qim be the n varieties 
belonging the group бү, 1 = 1, 2,..k Now with respect to the n varieties Q,,, Qui. Qu 
we can always divide the b blocks into n sets of r blooka each, in such a way that in the 
-n blocks of a set only a particular variety Qu, вау. out of the n varieties Qu 0, .. 
Qin occurs. This shows that in the mverted design the contents of the blocks Qu @,..., 
Qin will be exclusive as well as exbaustive of all the b varieties. This being true for any i, 
the inverted design is always a resolvable one. Further if the design is affine resolvable, 
then, by the theorem 3.1, the inverted design is also a p.b.i.b. design. Therefore the 
theorem is proved. | 


Corollary 3 81. Inversion of a p.b.i.b. design with parameters (3.02) will always 
result in an affine rcsolvable incomplete block design with parameters v = пэт, b = nr, 
т, k = nm. 
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Proof. The design (8.02) is such that we can divide the v' varieties inlo r groups 
of n varieties each, such that any two varieties of a group are second associates with 
à, = U whereas any two varieties belonging (о two different groups are first associates. 
Therefore from the theorem 3.3 it follows that the inverled (3.02) design will be a 
resolvable design. Now let us show that the inverted (8.02) design can not be resolvable 
unle:s it is affine resolvable. As before let из assume Qa, ©... , Qin to be the n 
varieties belonging to the i-th group 09,1: = 1,2,...k. Now us Quy and Qi, i Fë 
(for alli 1, ј, j" occur together exactly in m blocks, and Qi, Ө, 7 F j' до not occur 
together at all, in ihe inverled design any two blocks Qi; and QU itv shall have 
exactly m varieties in common whereas any two of the blocks Qu, Qi ... Qin 
(constituting the t-th replication) shall have none in common. ‘This completes the proof. 


Corollary 3.39. An affine resolvable p.b.i.b. design with parameters 
v—b-—mnm, r=k= nm 


n, = n(nm—1), ng = п-1, А =m, А, = 0 
A 8.06) 
ру = ||5- 0 


р, = 6-28 n-1 





0 n-2 ) 


іза self-dual p. b. i. b. design, i.e., on inversion will remain an affine resolvable p. b. i; b, 
design with the same parameters. 


n—1 0 























The proof directly follows from the theorem 8.1 aud the corollary 3.81. 


In this connection it is interesting to n*te that an affine resolvable incomp lete block 
design with v = b = n*m, т = k = nm may not be a p.b.i.b. design as can be seen from 
the following example which is an affine resolvable arrangement with v = b = 12; 
т= К = 6. : 


1. (1,3, 4, 5,9, 11) 7. (2, 8, 7, 8, 10, 12) 
2. (2,8, 5, 6, 7, 11) 8. (1, 4, 8, 9, 10, 12) 
8. (4, 6, 7, 9, 10, 11) 9. (1, 2, 8, 5, 8, 12) 
4. (1,5,7,8, 10, 11) 10. (2, 8, 4, 6, 9, 12) 
5. (1, 2, 6, 8, 9, 11) 11.. (8, 4, 5, 7, 10, 12) 
6. (2, 3, 4, 8, 10, 11) 12 (1, 5, 6, 7, 9, 12) 


In this arrangement the variety 1 occurs twice with each of the varielies 2, 8, 4, 6, 7, 10}. 
thrice with each of the varieties 11, 12 and four times with each c£ 5, 8, 9 whereas the 
variety 12 occurs thrice with each cf the varieties 1 to 10 and no time with 11. Thus it 
oan not be a p.b.i.b. design. But inverting this we get 


1. (1,4, 5, 8, 9, 12) 2. (9,5, 6, 7, 9, 10) 

3. (1,9, 6, 9, 10, 11) 4.7 (1, 8, 6, 8, 10, 11) 

5. (1,2, 4,9, 11, 12) 6. (2,8, 5. 7, 10, 12) (8.07) 
7. (2,8, 4, 7, 11, 12) 3. (4,5,6, 7,8, 9) 

9. (1, 8, 5, 8, 10, 12) 10. (3, 4, 6, 7, 8, 11) 

11. (1, 2, 8, 4, 5, 6) 12. (7,8, 9, 10, 11, 12) 
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which is n solution of the p.b.i.b. design 
v=b=12, r=k=6 


п =10 n = 1, A, =3, Л, =0 
(8.08) 


8 1 1 0 


2 — 
Py = 


0 0 


























due to the theorem 8.1. 

The solution (8.0 ) reveals one interesting property. It has only one set of 2 blocks, 
тіз, the blocks по. 11 and 19 containing a complete replicatioa of all varieties and it 
may be noted that each of the blicks 11 and 12 has exactly three varieties зіп common 
with each of the blocks not in the replication. ~ In fact we can prove 

Theorem 3.4. If a p.b.i.b. design with parametera = 


v=nk, b=n*m, k, r=nm 
n, = n(k-1), n,=n-1, А = m, Л, =0 


Py = v—-2n n-i р, = 

п-1 0 |, 0 n-2 

has a solution with a sel of n blocks containing a complete replication of all varieties, 
such that any block belonging to the replication has equal number of varieties in common 


with each of the blocks not in the set, then we must have k = nm and the number of 
varieties in common will be т. 


(3.09) 
v7—n 0 














Conversely, if for a p.b.i.b. design (3.09) having a set of n blocks containing a 
complete replication of all varieties К = nm, then any block of the set must have equal 
number of varieties (namely m) m common with each of the blocka not in the set. 

Proof. Let Bu, В,,,..., Bon be a set of n blocks with a complete replication of 
all varieties and B,, B}, . .. By_, be the remaining b —5 = n(r—1) blocks. If а; be the 
number of varieties common between -any two blocks Ве; (for any fixed i, 1 {< n) 
and B, (1  j < b-n), then : : 

s Say = k(r—1) (8.10) 
as each of the k varieties occurring in By; will occur r—1 times in the remaining b—n 
blocks; and 
Xaj(aj —1) = К(К—1)(т—1), (8.11) 
ав any two of the k varieties of a block can not be other than first associates and во will 
occur together А, — 1 = m —1 times in the b —n blocks not 1n the set. 
From (8.10) aud (8.11) we have 


_ (n—1)(nm —h)k 


(b—n) Va) = Xa 2)" 


(3.12) 


(8.12) shows that (ау) = 0 when and only when k = nm. This proves our theorem. 
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Here : may be noted that as У(а;) can not be negative there can not be a p.b.i.b. 
design (8.00) with a se& of m blocks containing a complete replication of all varieties 
ifr<k. 

It is interesting to compare the theorem 3.4 with the following result: 

If a 1.0. design belonging to the series (P) v = nk, = n(nA +g), т = nà +9, К,А 
where g 18 ап integer given by (n—1)JA](k —1) haga solution with a set of blocks 
providing a complete replication of all the varicties such that any block of the replicution 
has equal number of varitics in common with each of the blocks not in the sct, then we 
must have b =v+r—1 and Л of the form nt+1. 

Conversely if for а b.i b. design (P) having a set of в blocks containing a complete 
replication of all varieties b = v +1—1, thon А should be of the form nt + 1 and any block 
of the set must have equal numhor of varieties (namely k?/v) in common with each of the 
blocks not in the set (Roy, 1952). 

X. Inversion of Some P.B.I. B. Designs. 


Partially balanced 1ncomp!ote block designs which are inverted balanced ineomplete 
block designs on re-inversion will obviously turn into b.i.b. designs. But will'the p.b.i.b. 
designs corresponding to the results (1), (2), (8) or (4) but not obtained by inversion on 
inversion always tuin into b.1.b. designs? Here № will be shown that in case of the 
results (1) and (8), the converse is also true. | 


Theorem 4.1. Inversion of а p.b i.b. design with parameters 
v=b, bV =v, r=k, К = 
n, =k(r—-1), n, = b—k(r—1)-1 
A, =1, A, =0 














py = жой. (r— k)(k — 1) | (4 01) 
Й (r-E(k-1) b+r=k(2r-k)-1 | | 
py = | ke k(r—k 1) | 
| k(r—k -1) b +h? —2 {Е (1—1) +1} | 
will always result in a b. i. b. design with parameters v, b, r, k, A = 1. (4.02) 


Proof. Аз А, = 1, по two varieties can occur together more than once. There- 
fore every block of the p. b. 1. b. design with (4.01) has one variety in common with each 
of k'(i^ —1) = r(k—1) blocks of the design Now from the relation n,p',, = nap'i, ON 
simplification we get v—1 = r(k —1) i.e. b'—1-r(k—1). Therefore the p. b. x. b. design 
with parameters (4.01) will always be a singly linked block design, that is, any two blocka 
of the design must have exactly one variety in common. This shows that on inversion 
the p. b, i. b. design (4.01) will always turn into the b. i. b. design (4.02). 

Corollary, 4.14. The total number of independent solutions for ap. b. i. b, 


design with parameters (4.01) are equal to the total number of independent solutions of 
a b. i. b. design with parameters (4.02). : 
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Fisher (1940) has worked out 79 sets of independent solution for the b. i. b. design 
v=16, b = 85, r=7, k=8, А = 1, ‘Therefore the p. b. i, b. design 
v—85, b—15, т=8 k=7 


n, = 18, n= 16, А, =1, А, = 0 


pu = 9 9 
8 8 9 6 
has also 79 sets of independent solutions which can be obtained by inverting the solutions 


of the b. i. b. design v = 15, b = 85, r= 7, k 23, А = I. 
Theorem 4.2. Inversion of a p. b. i. b. design with parameters 


9 8 


Ш 


Py’ 




















v=n(nttn+1), b-—m(n-li--m, r=n(n—l)tt+n, 
k=nttntl, n, = n(nt4+1), n, = n-l, A, = (+16 A, = 0 


Diy = n(n?i--n — 1) п-1 Py = || п?(пё 4-1) 0 























"n—1 0 0 n—2 
will always lead to an affine resolvable b. i. b. design with parameters 
v = n'in-l)ü-n', bo = п(п+п+1), r =nt+n+i1 | 





(4.04) 
k! —n(n-1) cn, А = пі+1. 
Proof. Let us choose any initial block B, and let the other blocks be B,,-By...,By-y. 
We shall calculate the variance о? of the set ofintegers а, d,,...05.,, where а; is the 
number of varielies common between B, and Bj. As each of the k varieties occurring in 
B, will occur ‘r—1’ times in the remaining b — 1 blocks, we have 
Уж —k(r-1) . (4.05) 
. Since any two of the k varieties of any block can not be other than first associates, 
any pair of the varieties in the initial block will occur exactly A,—1 times in the b—-1 
blocks and therefore we have 
Xa(a;—1) = k(k-1),-1) (4 06) 
From (4.05) and (4 06) we-get 


(6 —1)V(a) = а, - а? 


ж вр) 0-1) +k -1) = (4.07) 
Uptil now we have not utilised any properly of p. b. i. b design except that the p. b. i. b. 
design is a design with two associate classes, for which A, is an integer and А, = 0. Thus 
we can state that if the parameters of a p.b.i.b. design with v, b, т, К, А,, Ag, =O nre such 
that the R. Н. В. of (4.07) is zero, then the p. b. i. b, design is а times linked one, where 
— Кт-1) 

b-1 
design will turn into а b. i, b. design with А = a. This fact can also be utilised to prove 
our theorem 4.1. In the present case it can be verified that (b—1)V(a) is zero and 
8—1803P—1. 





а= d, = а, =...... = а-у ‚ ап integer, and therefore on inversion the p. b. 1. b. 
\ 
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k(r—1) 
E 
But from the corollary 8.81 we know that inverted (4.03) design will always be affine 
resolvable. This completes the proof of our theorem 


= nt+1. Thus on inversion (4.08) will always turn into the b. i. b. design (4.04). 


Corollary 4.24. All the b. i. b. designs belonginy to the series (O,) v = в", 
b = в? +8, r= 8+1, К =з, ЛЕТ, if existent, must be affine resolvable b. i. b. designs. 
‘This follows from the theorems 4.1 and 4.2, 
Corollary 4.22 The totality of solutions for the p. b. i. b. design (4.03) 18 identical 
with the totality of affine resolvable solutions for tho b. i. b. design 4.04). 
Thus the p. b. i. b. design 
v=14,b=8, т= 4, k =7, п, =12, n, = 1. 
A, = 2, Л, = 0. 
Diy = |10 1 | 


Pry = |12 0 























1 0 0 0 
has only ope solution as it has been shown Ьу Мапа! (1946) that the b. i. b design 


v = 8, b = 14, те 7, k = 4, А = 8 has only one affine resolvable solution (namely, 
the solution [y] of page 314). 


Corollary 428. Affine resolvable incomplete designs for which b = v+r—1 are 
always balanced. 

This follows from the theorems 8.1 and 4.2. 

It is interesting to note that the result of corollary 4.23 has also been obtained by 
Plackett and Burman (1946). In fact we can take the theorem (4.2) ава particular case 
of the corollary 3.81 if we assume the result due to Plackett and Burman for granted. 

My thanks are due to Mr. H. К. Nandi of the Calcutta University for kindly looking 
into the results of this paper, and to Dr. P. K. Bose of the said University for his kind 
interest in my work. 
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ON SOME PROPERTIES OF THE BESSEL FUNCTION 
K DISTRIBUTIONS 


By 
R. G. Laua, Calcutta 


(Communicatod by Dr. Р. К Bose—Received November 18, 1952) 


Introduction. At present the Bessel function distributions as introduced by 
McKay (1982) play an important role in the realm of graduation particularly for that 
region of the Pearsonian 3, — plane which lies below the Type III line. 

It is also, wellknown that the distribution of the classical D?-statistic based on p 
characters as obtained by В. C. Bose (1938) involves the Bessel function of the form 


const (ро. Доо Уд, | a, 


where с = n,n,/(n,--n,), where и, and n, represent the sample sizes for the two 
populations and A,* bemg the population value of Dy?. Next 8. 8. Bose (1037) made 
а oritical study of the Bessel function distributions (particularly I-type) and discussed 
its suitability for the purposes of graduation. 

The aim of the present paper is to solve some distribution problems connected with 
the Bessel variates by the application of the method of characteristic tunction3. Sone 
of the results derived in the paper are not new aad obtained earlior by some other 
analytical or geometrical methods by various authors. But still this paper serves as an 
interesting illustration a3 to how the technique of the characteristic functions can be 
employed as a. powerful tool in solving the dis ribution problems in statistics. 


Section I. The distribution of the sum of а number of independent Bessel 
variates :—We shall take tho form of the 1-6уре Bessel function distribution as 
dF (х) = const. 2#0-06-=],_1(8:#)0= (0< z< оо) 
where l,.,(8z*) is the modified Bessel function of the first kind аз defined by Watson 
(1922), ў 
Now the с. f for the distribution of tho Bessel variate 2 18 given by 


Pelt) = | ela). (1.1) 
| 
But since 2 Ф 
u 1 | Bat P-1+2) 
Iob) = > тр (F) (1.2) 


substituting (1.2) in (1.1) we have 
Palt; = const. (5 («cio exp d un : (1.8) 
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Now putting t = 0 since 


pO) / dF(z) = 1 
д 0 5 
(2/B)?-!a.e- #4" le = const. (1.4) 


Hence the distribution of the Bessel variate æ will be given by 
dF(z) = (2/8)? 210-09? . eth [s o7 9], ,(Baek)da (1.5) 


and the corresponding characteristic function becomes 


ү? ig 
й = 0-2)" а E 
iin a) Р-Н) Ch 
Let us now suppose that there are n variates z,(j = 1,2,. . ., n) wibh the distribution 
function for 7; a8 
аР (а;) = const. g,t1:7Do7*15, (В, zade, j—1,2,...m. - (1.7) 
then we have . 
Я вл 
t) = (1— it)-» | | | 
Palt) = (1 it) =P exp | лү” (1.8) 


Now it is wellknown that the c.f. for the distribution of Ње sum of several 
independent random variables is equal to the product of their separate characteristic 





functions and hence the о, f. for the distribution of the sum и =: +%,+ +> TES 
is given by 
- TS iB ? 
y = Pleat) = 0-i077 exp [12] j 
e) = Ще = 0807 exp Lig in) аш 
where 


n LU 
=> р; and &'-zB 
j=l gl 
Now by applying the Fourier Integral theorem, the frequency funcion of u is given by 


fu) ==. aK -mtp (dt = 2. Ef (1—it)-Pedt ар {2 -iut]. ^ (1.10) 


In order to evaluate (1 10) let us first of all find the value of the integral 


ee (ë de ex тк 
and Noob РТ) 
where (02-0; 5, с, d 0). (1.11) 
Now putting 1-it/b = —s[c the integral (1.11) reduces to the form 


І = l.p eic 1,7 bat) [m { 0-90-07 
2m g 





-c-i 


; -bce—ic 2 

= 5- bå св-1в-В(а+%). exp ше у) 
T —bc*ío 

(where w = bz) 


os i pagã- renter Sy (о f TUS e- *(—w)- (9+7) дар 


т=0 —bet+i@o 
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But the integral in the last expression is 


; = Вс іс 
4 -wf w) tdw = — t 
2 | в-®(—ш) о= тар >O 


the above integral being the Hankel’s expression for Г(ғ) as a contour integral cf. 
Whittaker and Watson (1920, p. 245). Hence the required integral is 


I = bå 6-1 guar $; Íb(ac)i]?* 


Ж r IT (d 41) (peto) 
Hence from the definition of n Bessel a if obviously follows that 
+(а- 
ris (© : jJ е-е 196 (ae) } (1.14) 


Now substituting а = 18; b = 1; c = uv and d = p, in (1 10) we have at once 
Че. | 
fe) =( 5%) exp u-4Bo - s Цви. (1.15) 


Thus we have established the repr ductive property of the Bessel variates, that is 
the di-tribution of the sum of а number of I-type independent Bessel variates is also a 
Bessel variate. 


Corollary 1. The distribulion of the sample mean from a Bessel population. 


Let 2,, 2,...... Tn represent a sample of size n from a I-type Bessel function distribu- 
tion given by 


dF(z) = const. zP-!e -*1, j(fz*) with its 


ep 00 =(1- y en [isi ar] 


If == (¢,+a,+......+2,)/n represents the sample mean, then the с. #. for 2 is 
given by 


=; # — [1 ү 11 8° ‘ 
a(t) = {on(t/n)} =(1 ү", ТР (1. 16) 

Hence itg _ it Non» 
[@ -i ELE ain -wa\(1-) dt (1. 10 


Now putting а = 387/27; b = па; c 2 = and d = np in the integral (1/10), the 


frequency function for the sample mean = becomes 


Ку (ipsi 


= const. zi*P-1g—-9«2 ]., i(nBA/ z) (1. 18) 





f(z) 
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The distiibution (1. 18) has been already derived by R. C. Bose (1986) by analytical 
method. 

Corrollary 2. The distribution of the mean from a Gamma population 

Let z, c$,...2, be a sample of size n drawn indep»ndently at random from a Gamma 
Population dF (æ) = const 2?-16- «dz. 

Now we note obviously that ав 8—>0 the distribution function tends to the Gamma 
distribution. Hence the distributim of the sample mean z will be obviously given by 
f(x) = const. z*?-6-** on taking the limiting form of f(z) ав В->0 ın the expression 
(1. 18). 

This has been already derived by J. О. Irwin (1927). 

Corroilary 3. The distribution of the non-central №, | 

Let 2,, жү...» be п independent п rmal variates where 2, is distributed normally 

_with the mean т; and variance о? (j = 1, 2,...n). In such a case the non-central X? is 
q 


„> 1? 


is usually defined by the sum X^? = 
с mi ! 


If now 2 16 a normal variate N(m, о) then the c. f. for the distribution of z* is given 
by 





gat(t) = а [ “exp( it аа em Wes 


“2 
= (1—2 it g?)-t взр A De (1. 19) 


` H 
Hence when zy is a М/(ту; с) variate for) = 1, 2...n and Х” = £ > =? the charac- 
> p O =1 
teristic function for the distribution of x’? will be given by 


1 2 
p(t) = (1—2 it)-** ері it m?[o? 


1-24 


Then by Fourier Integral theorem the distribution of the non-central X? 14 given by 


fo sd i owl um mle 2 ix 2 it) dt (1. 21) 


H 
where 1n? -z" (1. 20) 





2 
Now putting a = т, b=4; с= X? and d = jn in the integral (1. 11) the 
g 


frequency function for the non-central x? as given by the solution of the definite integral 
ın (1. 14) becomes 


$ - 
(deme (+) l- КОЛОК. , 0.22) 


where 


м = 1 Уту 
3 2* 
gi 
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Thus we see that the noncentral x? is a Besse! variate and hence from the results 
of Section] ıt follows evidently thaf if there are р noncentral x'3 with paramaters Aj* 


and», d.f.’s (j= 1,92... р) then the sun y'= Х + рё mass a's) folloy a 
noncentral x* distribution with the parameter A? = A FA, . . +А andn = п +n, 
++-.+n,d f. This reqroductive properly of the noncentral y? distribution has been 


shown by Р С. Tang (1988) by analytical methods. 


Section II. The distribution of the ratio of two independent Bessel Variatea. 


Let us consider two independent Besse! variates z, and z, with their distribution 
functions respectively given by 


dF (ж) = const. gi- Pe-o], (Byrd, for j= 1, 2. (2.1) 


We now proceed to find the distribution of u = z,/x,. Wo shall first of all derive the 
distribution of log u = log x, -log z, = w (вау) 


Then the characteristic function for the distribution of w will be given by 
со © oo 
Plt) af J et! dF(z).dP(z, = К f gtm- Пе], (8e tdr, 
ото `0 


o0 


xf amont LLorem, (2.2) 
0 


Now evaluating the integrals and substituting the value of К 


D n= — з 
-GG ar еН) 2» 
1 2 1 3 


in (2.2) we obtain 


ЕЕС 


1 «з 


VN үү 1 _1_Т(р+т+ї)Г(р,+8—Йй). 2.8 
$26 2/ arta й х г1Г(р, +7) 81Г(р, +в) a 


Tm) 3 =0 





In order to avoid unnecessary ccmplications, let us consider the case where 
a = a, = а and there by applying the Fourier Integral theorem, the frequency function 
for w will be 


fto) = d. fot melt 


ETEO, 


T =f) 8=0 





x i 1 
7 II'(p, +4) 8 II'(p 





/ e- "Tp, 4-7 it). I (p, +8 — it)dt. (2.4) 
TOLA 
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In order to evaluate the a in (2.4), let us now substitute pa+8—it = —3 and 
there we have 


a e-iet1(p, + 1+ it). үр, кв —it)dt 
т 
—o 


— ра – #190 
= aeo | e-*1.T(p, +р.+т+8+2) Г(-2)аз 


-р,—з-1®% 
= ect» (1 +67) (Ра 0 Tip, + р. +т+ в). (2.5) 
[Cf. Whittaker and Watson (1920)] 


Now substituting this value in (2.4) the frequency function for w becomes 
eo 15 
= {вона Уу) A 
fe) = ex {аве (В) A3) чеч» 


Г(р,+р,+7-+8) ew Pite) 
v le1L (p, 4 r)L(p,- 8) (127 o7 v)etetrt? 





(2.6) 


But since u = e" we have dw = dufu and hence the frequency function of u becomes 


ОО 


1 1 upckr-l 
CES чы са „зше = inse ic t eee OUT 
tla! в(р, +r, р» + 8) (14 uy teen emn 


Corrollary I: The distribution of the ratio of two non-central x's. 


It is already shown in the Cor. 8 of tho Section I of this paper that the non-central 
X! is a Bessel varinte. Hence if these two non-central x?’s independently distributed 
of each other, the ratio и = x,°/x,? will follow the distribution (2.7) above. | 


Thus if x? is distributed with parameter Aj and with п; d.f. (6 =1, 2) the 
distribution of и = x,°/x.? after some simplifications will reduce to the form 


Ки) = exp [= 30, +А,)} х У У (у. y 
т=0 sm 
ціт+т-1 


х 
ті 81В(2п, +7, іп, +8) с (Таран и 





(2:8) 


Now putting В, = В in the distribution (2.1) and taking the limiting form as 
В, — 0, the frequency function for и = z,/z, as given ia (2.7) reduces (0, the form 


fà = exp (- 2 > (i): dec > (2.9) 


the frequeney function for w = u/1--u will be given by 


fw) = exp] - L Oz р.) ша жы ра ов {48% |а) (2.10) 
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where 


» & a, (a1) £' | а(а+1)(а+2) x? 
(2, В.а) = 1+ Bet 1)2] B(B*1(843)817 


represents the confluent hypergeometric function. 








Now from the result in (2.10), the distribution of the ratio of a non-central ҳ? and a 
central x? follows easily. Some of the results derived in this section has been discussed 
by P. О, Tang (1988). 

Section ПТ. The distribution of the difference of two independent Bessel Variates. 


Let us now consider the distribution of the difference и = z,—z, where z, and 2, 
are two independent Bessel variates with their respective distribution functions 


dF (ay) = const. zjt*i-D, в-®], _,(Bya,t)da,, (j = 1, 2). (8.1) 
Now the characteristic function for the distribution of the variate z, will be given by 
= (1—it)- NM 
Palt) = (1-00. exp | ави). 


and similarily for 





= (L—it)7?s = 3 8, р 
es) = 0—40", exp [ В+ P| (8.3) 
Then the c. f. for the distribution of the difference u = z, —z, is given by 
nie Aap nc 
Fult) = exp {—3(8,7+ 8,2 Np xexp { (Pe 7 R (1—1t) 7 ».(1-r it)7» (B.8) 


In order to avoid unnecessary mathematical complications, let us now consider the case 
when f, = f, = В. In such a case the expression (3.3) reduces to the form 


1 p = у 
+) = 67th, | TER P (1 + it) ^9 8.4 
ult) etf. explo ccm] OAA (8.4) 
Hence the distribution function for u becomes 
emis f- 1 E 
=ош i UR GE l1—it)"^(1-4 itio P. 3.5 
а Г ux ES PT E VR IS D (8:0) 
Let us now make the substitution 1-Й = —z/u nnd then (8.5) gives us 
uq n В? : | PSU T 
= ——— "(——— че ir-iu Pf] + it Ps dt 
шел J Pe ‘ие Л E A 








PEE qu ee a] (а) P ea [2u)- Pda (8.6) 
= a OP EN 86 4(—#[ u) (1+ 2/2u) | 


Now expanding the exponent as а power series in u, (8.6) gives us 
в-18° в-Кир.-Т 


° w'io 
x 1 Ex e^*dz . 
Ки) = Ө х jr. 2 T! 927 3 {(—в)ь+ (1 + я [ди )рә+т (8.7) 


ы ро 








9—1868Р--1. 
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But it is known that 


E e7tda e" (Qu yk (P. - B2 
Oni J Capre me TA Wip) &-n-n-:)0u) (8.8) 


where Ў ь,„(ш) is Whittaker’s Function [Cf. (Whittaker and. Watson (1920), Page 840]. 


Further we have Wy mlu) = Wi, 4(w) hence the frequency function of u = z,—2, will 
be given by - : 





Е u(pit 5) 1 aryr 
f(u) = ect. Jip T) 2 bpm V ito, - 52, (rp, £27- (22). (8.9) 


For the case when p, = p, = p we have the important relation W,,,,(2u) = (2u/r)t mlu) 
where K,(u) is modified Bessel function of the second kind as defined by Watson 
(cf. Whittaker and Watson, 1920, pp. 878) and then (8.9` reduces the form 


ut- 1 РТЫ 


fe) = ND Ta Дүр, кюй тҮ 


(8.10) 


Corollary 1: The distribution of-the product zy. 


Let x and y be two independent normal variates with the distribution functions 
N(m; с) and №0; с’) respectively. We have to find the distribution of the product zy. 
Now making the variate transformation v = z/o+y/o! and w=2/o0-y/o' it is seen 
evidently that zy = const. (v*—1?) where the distribution functions of v and w are 

N(m/o; М2) and N(m/o; V2) respectively. From the corollary 8 of the Section I, 16 
-evidently follows that both v* and w? and Bessel variates with the parameters В? = т? [с? 
and p = $. 

Hence the frequency function of the product zy becomes that for the difference 
of two Bessel variates v? and w°. Now putting p = { in the expression (8.10) the 
distribution of u = |v? — w? | becomes 


= gim E: Bur 
Ки) = в t та Sil + pa K,(u). р (8.11) 


But since (2r)! = 277r II'(r + $) /rt 
e- iP 
Ки) = = ува Е, (ш). (8.19) 


The frequency function of the product ху where both = and y аге distributed 
independently normally has been obtained by C. C. Craig (1986). by direct method. 


Coroliary 2: The distribution of the difference of two Gamma Variates. 
Now as‘8 — 0 the limiimg form of the distribution of u in (8.10) becomes 


uiGr-12]1 1 


910-1) ji Tj (и) (3.18) 


Ки) = 


where и = 2,—2,, 2, and =, being two independent Gamma variates. The distribution 
(8.18) has been already found by Karl Pearson, Stouffer and David (1932). 
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Corollary 3: The distribution of the difference of a Bessel Variate and a Gamma 
Variate. 


Let us next proceed to find the distribution of и — z,—z, where т, is а Bessel 
variate and =, is а Gamma variate. Now putting В, = B and B, = 0 in the expression 
in (8.8), the characteristic function for the distribution of u will b» given by 





2 
pult) = ен. өхр [1 Ё? a cito it), (8.14) 
41—10) > 
Next setting 1-й = —2[u the distribution function of u may be written as 
X = —utia 2 cK. 
т Ве 9 Ра - \ = ^( =.) "de. (8.5) 
Ки) = е х a х з m exp 4-5) gr(—a) tu 8 (8.15) 


Now on expanding the exponent and integrating term by term as in (8.7) we shall geb 


1(p.t 9.) —1 ar ria 1 
= в-а у EHP te) т > 8 үа ) Qe жы, 
f(u) e B x 9i(p,t pj) x £ ( 9 ) ( 9 T II'(p, +7) W io, -p.--2 kp p tr—1)(2t) (8.10) 


For the particular case when p, = p, = p the density function of u reduces to the form 


T cell (E (2) T 
fe) 7 2” > 2 2 v II (p, +7) W ir, 4(@p—141), (84). (8.17) 





Further when p = $ the expression (8.17) further reduces to the form 


f) = oa ла) Рема. 7 (8.18) 
т=0 


Section IV The distribution of a linear function of the independent Beasel 
Variates. 


Let us suppose that there are m independent Bessel variates Tir 24... lm With 
their distribution functions respectively given by 


dF (23) = const. aye, 1(85 ade, for 1=12,...т. (4.1) 
We shall next proceed to find the distribution of the linear function 
м = А(А,&,+А,2,+...... +Аһ) 


where we may assume without any loss of generality, that all the Лу’з are positive and 
greater than unity. 


Now the characteristic function for the distribution of the variate я; is given by 
e ar 
(0) = иу AE (1-it)- 0r; ј = 1, 9,...т (4.9) 
т=0 . 


which evidently follows from (1. 8) of Section I. 
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Hence the c. f. Юг the distribution of u/A is given by 


eat = ] [^ ter» 25 Ba и) (ort) 


1"! 





= arg 2 
= 6-4 х Вг BB ue. m, 
iai 


93r, + etar П T П 
Тит TO бейт! 


ТА) (1 — AS) rt), (1—1A 7 (Patra) (4.8) 
Now we may write (1 —1A,t) = X(1— it) - 4-1) 
= X(1- it)t — (171/4901 —it)7] 
Hence (1—iAt)-& = Ay (1— it) ^ {1 — (1 1/1) (1 —:t) рә 


Ке 3 8; Cet Dh и ci payed ity te . 


т= 0 





Now substituting there values in (4.8) the c.f. for the distribution of u/A is given by 
m fi ar, 
pali) = expí- 1$ 87] > tesi nei Sa a ci) ление tat (4.4) 
1-1 Кичи 92 arf, Tn 


where 
Я а, = „керу = да, т, бату бт} 


апа 
= atm S Фит, ше: (-1/AY, for j = 1, 2,...m 


7=0 
Hence by the application of the Fourier Integral Theorem, the distribution of u/A 
is given by 


Ка) = d. faoal dt 


= 8 -i SB 2 BB. By 
3 9int- ERE. rl 
1—1 Tis T TO 0 Ty tec Tan 


g^ sl (u[A) хрен) +71 


4.5 
ОР „+рь+т, +... t TQ +7) (4.5) 


х 





r- 


since it is well-known that 


: ef в) 06 = S ; 


Corollary 1: The distribution of a linear function of Gamma Variates. 
On setting B; = О for j = 1, 2,...m in (4. 5) the distribution of u/A reduces to the 
for 


uj е-и [АР e tPatr=1 
(-S-. Г(р,+р.+...ра+т) ao) 


та: 0 
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Corollary 2: The distribution of a positive definite non-central "uan form 
in normally distributed variables 


Let 2,, 2,,...£4 represent n independent normal variates distributed with means 
t1, &4...4, and а common variance o?. Let us proceed to find the distribution of 
= Dayeaj;=xAx’ where rank A= m(<sn) and further A = ((aij)) real, positive 
n=l 
definite. Now we can always choose an orthogonal matrix C (i.e. CC’=1) such 
thas 040’= А where 


A 
Аз 
AS Àm 
0 
0. 
0 
Ay, Ag.--Ag being the latent roots of the matrix A defined by the characteristic equation 
[А-А | = 0. Hence by using this wellknown regult and choosing ап orthogonal 


transformation defined by х= XC where X= (2, 25,...,2,) and K=(X,, X,,...,X4) we must 
have и = xAx' = KAX’ = А,Х,*+А,Х,*# c AA X4? where each Л; > 0 (i= 1, 9,...т 
=”). Now it evidently follows that X,, X,...X,, are also independently distributed 
normally with à common variance о". 


Віпсе x = XC, hence E(x) = E(X).C 


and E[fx — E(x) (x — £3))] = E[C1X — EX] (X — E(X)]C] 
= CBX - EQOY(X — £(X)]] - 0 
Then E[{K — E(K)} (X — E(X)]] 


= C.F[fx- Е(х)}{ж— E(x))]- С! 
= C.(c7.1).C’ =.0*.Т, I representing the unit matrix. 
Thus it follows evinently that X,, K,...X, are also distributed independently 
normally with a common variance o*. Hence using the result of corrollary 3. of Section 
1. each of the squares X,?, K,*...K,? is a Bessel variate. 
Now we may write 
и = XAK = MX HAX H o НАХ и? = AA X PHA Xa +... + Mi Хз), 
where each of А; > 1 fori =1,2...m(<n). я 
Hence the distribution of the form хАх’ will follow the distribution of u/A as given in 
(4.5) of Section IV. | 


Section Y. The distribution of the ratio of two independent linear functions т 
Bessel Variates. 


Let us consider the distribution of 


AGAS... А2, 
Т АХ; ЖА За +. HAT n 
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where the z'a are independent Bessel variates and further A,,A,. -Àm and A^, AA... A'n 
are all positive and greater than unity. Further Let 


dF(z,) = const. zj1(:-Ve-771,, (8 x,t)day, (j = 1, 2,... m) 


dF(zy) = const. zy 9726-9, (Byz азы, (Е = 1, 2, . п). (5.1). 
Now, for simplicity in notation, let us write 
u = yjz, where у = А2, ЖА, +... Аһ 
g = Хау As m, +... ЖА 


Using the relation (4.5) of Section IV, the distributions of y and 2 will be given by 


RC Bm? 
ARG) = opf- MB Be ARS EE EE ral 
| Ta Tae Pad 1 m 


8 Y.yP.t (tpetnb.d4rEDÓO 


x ae. ААА 
“Tipit + +ра+т t+ ++) 


т=0 


AP(s) = exp [- HB, RB. Ree Ry) $ 81288026... Balt 
| (8) = exp i 1 2 vet n at. Hang T.. ul 


Bis а. 0470 


—s gp tot. Ра, Hetel 
x У Буз сб сёле з лы (B), 
4 DP EPs +- ря +8, + ++ 4+8) 


Now first of all, we shall derive the distribution of 
w = log u = log y — logs. 


Then the characteristic function of the distribution of w = log u will be given by 


puli) = f. | dPR 
оо 


1 
j=l kel Tj fa s 5 f, m 


e 
2 ВВ”... В| 
25, -23,1- . +28, 
815. 8, «8,770 2% = 81 l. 5n 
a,b, 


x a ———————————_————————_———————————————_——————__—__———___— 
Г(р,+ t+ ++ tty tt) 1р +. +рь $8, + +8, + 8) 


T, 1530 


o © - 
х f уїв-Уур.+ DP. +та+т-1{ x f 8—46 "gh; b. РИ. + +а-148. (5.8) 
0 0 


Now proceeding exactly in the same lines as in Section II the frequency function of w 
becomes 


fw) = d f imo tat 
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and finally the distribution u = e' becomes after some simplifications, 


ПЕЧЕРУ) 
1=1 k=l 


e Bn "E Bm eo В, "28 te Ви’. 


vont. т І. Tal 94st. +8) l. 8n 1 





Ty ту, Тынай 81, 8, . 8G, "m 


Min. „т. 
"So B(P, Q) (1 +u)P+Q (5 4) 


where 
P = pit Pat --- + Dm tty tees tty te 


Q = P tps +... +++... +в а 
where a, and b, may be expressed as 1n Section IV. 
Corrollary 1: The distribution of the ratio of two mdependent linear functions of 
Gamma Variates. 
Now on putting 8, = 0 for j = 1, 2, 8, .. m and also Вы = 0 fork = 1, 2, 8,...п 
in (5.4), the frequency function for u that is, the ratio of two mdependent linear functions 
of Gamma Variates becomes 


tpt. +patr—1 
f(u) = 7 Е ЖЫНЫ er c AL у кй (5.5) 
B(p,tpi*-- +Pmtt, ру ++++ру/+8) а ам 


т,а=0 

Corrollary 2: The distribution of the ratio of two positive definite non-central 
quadratic forma in independent normal variates. 

Let z,,2,...Z& be k independent normal variates distributed with means 
а, чз... ар and a common variance o?. 

Let us now proceed to find out the distribution of the ratio u = xAx’/xBx’ where 
X = (т, 2,,..., 2%) and rank A = m(< К) and rank В = n(< k) both A and B being real, 
positive definite. By applying proper orthogonal transformations the numerator and 
the denominator of the above ratio can be expressed as linear functions of m and n 
Bessel Variates respectively, with the corresponding latent roots as the coefficients. 
Hence, following exactlythe same lines as in Section IV and Section V, the distribution 
of the ratio (хАх )/xBx’) will be of the same form as given in (5.4). 


Summary. In the present paper а unified approach towards solving some distribution 
problems connected with Bessel variates is made by applying the method of characteristic 
functions. In section I the reproductive property of the Bessel variates (that is, the distri- 
bution of the tum of a number «f independent Bessel variates is also a Bessel variate) is 
discussed. Та Sections II and ПТ the distributions of the ratio and the difference of two 
independent Bessel variates are derived. Further generalizations of the results are 
made in Sections ТУ and У which respectively deal with the linear function of the Bessel 
variates and the ratio of two such independent linear fonctions, In each of the sections 
a number of important corrollaries are discussed. i 


72 | В. G. LAHA 


In conclusion the author wishes to express his thanks to Dr. P. K. Bose for 
his keen interest in this work and also for some valuable suggestions. 
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CALCUTTA MATHEMATICAL SOCIETY. 


Report of the Council for the year 1953 to the Annual 
General Meeting of the Society 


The Council of the Calcutta Mathematical Society has the pleasure to submit the 
following report on the general concerns of the Society for the year 1953 as required by 
the provisions of Rule 25. 

The Council; The Couneil of the Society for the year 1958 consisting of the officers 
and other members elected at the last Annual General Meeting and co-cpted thereafter, 
together with the Editorial Secretary, was constituted as follows : 

President 
Prof. S. К. Banerjee, D.Sc. 
Vice-Presidents 
Prof. М. В. Sen, D.Sc., Ph D. Dr. T. Vijayaraghavan, D.Sc. 
Dr. В. М. Sen, M.A., Ph D. Prof. V. V. Narlikar, M A. 
Mr. 5. Gupta, М.Ве. 
Treasurer 
Mr. 8. С. Ghosh, М.А. 


Secretary 
Mr. U. R. Burman, M.Sc. 
Editorial Secretary 
Mr. Р. K. Ghosh, М.8е. 


Other Members of the Council 
Dr. G. Prasad, D.Se., Dr. S. Ghosh, D.Se., 


Prof. B. В. Seth, M A., D Бе. Dr. B. B. Sen, D.Se, 
Prof. Ram Behar, Ph.D. Dr. 8. K. Basu, M.A., Ph.D. 
Dr. N. L. Ghosh, M.Se., D. Phil., 


Dr. B. S. Ray, M.Sc., Ph.D., 
Mr. B. C. Chatterjee, M.Sc., 
Dr. В. C. Mitra, М.А., Ph.D., 


Dr 


. H. M. Sengupta, Ph.D., 
. M. рона, М.8е., D. Phil., 


Dr. 8. Б. Bhatnagar, F. R. 8. 


General: The various activities of the Society have been carried on throughout the 
year in much the same form as in the past few years. The Council has the pleasure 
to report that on an invitation from the Society Sir Richard Southwell, F. R. S., 
Professor of Engineermg Mathematics in the University of London delivered a lecture 
on some problems in the theory of Biasticity at a meeting of the Society in January, 1958, 
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when he came to India to attend the Indian Science Congress Session. The Society also 
arranged another lecture on ‘‘Atomic Collisions” by Prof. H. $. W. Massey, Е. В. 8., 
Goldsmid Professor of Mathematics in the University of London, when he had occasion 
to halt at Calcutta on his way back to London from Japan m October, 1958. The 
Council conveys its grateful thanks to these distinguished Scientists for their stimulating 
lectures. 


Membership: The Council reports with pleasure that 11 new names have been 
entered in the Socieby's list of members during the year under review. 


Meetings during 1958: The Council held six meetings during the year and there 
were five ordmary general meetings devoted to the reading of original papers 
communicated to the Society for pub'ieation in its Bulletin. 


Publications: During the year under review the Society has published five numbers 
of the Bulletin, namely, Vol. 44, Nos. 2-4 and Vol. 45 Nos. 1-2. 


The Council desires to report that Lhe appointment of a Compositor m the University 
Press to work exclusively in printing the Society’s Bulletin, has expedited the publications 
to a large degree and it may reasonably be expected that all arrears in publications 
will be wiped off before the current year is out. The Council takes the opportunity to 
record here the Society’s indebtedness to the authorities of the Caleutta University for 
printing the Bulletin free of charge and the Officers and members of the staff cf the 
Calcutta University Press for their valued services. 


Exchange of Publications: Тһе transmission of the Society’s publications to 
various countries in the world has been carried on regularly during the year and some 
new exchange rolatious have also been established. 


Library: It ia gratifying to note that there has been no break during the year under 
review in the run of periodicals which the Society has been subscribing for the last 
few years, out of grants received from the Central and State Governments. These 
grants have also enabled the Society to add to its library a coliectien of some recent 
standard books on various branches of Pure and Applied Mathematics. 

Finance: ‘The annual accounts of the Society for the year under review have been 
presented to the Council in the standardised form by the auditors Dr. A. С. Choudhury 
and Mr. М. N. Ghosh. ‘The Council gratefully acknowledges its indebtedness to them for 
their honorary services. The Society received the following grants during the year 
under review :— | | < 

(1) Government of West Bengal m Rs. 1,000/- 
(ti) National Institute of Sciences of India Rs. 500/- 


and the Council takes this opportunity to offer its grateful thanks to the Government of 
West Bengal and the National Institute of Sciences for these grants. 


75 


ANNUAL REPORT 


8 





9 


8 


‘d 


“su0uipny 
‘“HSOHD 
‘AUOHGOOHO 


ШОМ 
"UV 


L L80°6T “SY ^" тутот 








6 07861 
6 L 21881 


9 TE 8999 
IT 9 79 


УТ 976.3 
9 от 


€ 6I 
6 9ST 
TT 97 
РТ 600°б 


conc a 


9 9 69L'T 
0 9 5 
6 Ал §80'T 
"BV "BH "d '8Y БИ 


(000°S "П 9n[s4 ээвЯ) 
(PUA ‘а D'X'XN) 89?oN а `9 (Р) 

eee (000'9 “SY en[ea 958 д) 
(ping [8190940)) ьэ30 М "q ^O (2) 





0 €T 986 xueg s2uraeg үејвод (аз) 
о 6185 (esuadsns ut) og 

6 T 888 з1рчү јо ҳавя рәш (n) 
8 T 969 (Puhd'q'D'X'M) оа (9) 

0 OT 9c9'8 9'pupjo чазя [euedurp (4) 
syarg 38 929088 49) 
вйшвув dp (и) 
Чвво от (4) 


Кї=зәлдәр ЧА (0) 
өопвүве 8018015) 


© © 
о © 
a со 


(#991942 әопвќәлпоә Surpn[out) впоәпзцүүәәьтрү 9 
u 8991842 yueg  ') 
(1919098) e3*380q ‘9 

K1euon jg ә Sutuuq `g 


0 vL $48 әЎввод 10) 
9 0 6600 "әјә вәйҝу, sxoogr'eredeq (1) 
0 0 008 Kie|eg є,210уѕойшоо (р) 
sugong `g 
e (Surpu:q Surpn[our) speu1nop x sxoog ‘в 
5904997 ‘5 
39904819835 "T 


S1u91428 inqsiqq 


“6D 0$ 09418 suorjeug[dxo раз поцеш1оуат 94} тул өопердооов 


чт pue 00149199} da пмз2р (13001102 oq 01 чт ÁJ pus ојәләт FULI вләцопод pus sxoog eqs YFA 49948 eous|eg өлодв eq) paurursxe oASq OMA 


'K3eroog [9orjeureqqu PY 





























31905180 eq Jo втәфшәрү әт, 


от, 
'8 L 190°6Т°8{ | тудо, 
8 8 95$ — — 
0 0 893 -———— 
0 0 8T ""  Xaeg sBarseg [sjsoq (0) 
оо 09 “(pond ‘a D A'A (9) 
0 0 081 (Punj[rereuep)sejoN тор) (9) 
jserejuT ‘9 
0 0 0091 
0 0 009  '"  seouerg Jo "авот зем (и) 
0 0 0007 '"  I92ueg 389A4 JO ‘4409 (з) 
8309129 'Q 
€ 8 0565 ——— 
0 €158 ө, (esuedsne ur) og 
ве ит" врәәоо “jeg `$ 
оо 0 e 83} потавішру ‘8 
0 0т 658 77 uonduosqus йт{здәдшәрү ср 
9 91 ТВТ 
6 L вет '7 (000'g "ex onea eot) 
‘Pung ‘а рУ `У) SON “ap (р) 
а IT e90'9 > (0009 "3H әпзА eong) 
(pung [wreusp) 8%40N "q "D (0) 
8 0 7554 
0 eI 869 qurg отаев pegsoq (0%) 
0 0 BL (esuadans ur) oq 
6 ТТ ЕТ ‘трат jo ҳов paju() (из) 
8 6 959 (Puuqp'q'o'W'x)oq (я) 
6 FL 975'> SPUI јо guasg [euedu (+) 
аи 48 920% [8 (9) 
9 тот 
8 Ly Ў” sdureys от (и) 
8 $ @ ^" qsso up (f 
418491093 JHM (9) 
ugeg Jaruədo ‘т 
‘ad `вУ "BH "4 `БУ "EM 
331412591 


696т "gau WXOS(T 1618 ONIGNY UVA AHL HOA ALAIOOG TIVOLLVKHHLVJA УШТООТУО HHL JO SINQOOOY SINHWHSUNESIC] ONV татноя 


ALAIOOS TWOILAWAHLVAN V.LLOO'IVO 


BULLETIN 


OF THE 


CALCUTTA 
MATHEMATICAL SOCIETY 


VOLUME 46 NUMBER 2 
JUNE, 1954 poe 
BOARD OF EDITORS 
F. W. Levi, Dr. Pum. Nar. В. B. SEN, D.Sc. 
М. R. Spig, M.A., Рн.О: R. N. Sen, M.A., PH.D, 
М. M. Basu, D.Sc. S. С. Mitra, M.A., PH.D. 
M. Ray, D.Sc. 


Р. К. Снозн, M.Sc. (Editorial Secretary) 


PUBLISHED BY THE CALCUTTA MATHEMATICAL SOCIETY 


° 


THE COUNCIL OF THE CALCUTTA MATHEMATICAL SOCIETY, 1954 


President 
Dr. В. К. Banerjee, D.Sc., Ph.D. 


: Vice-Presidents 
Prof. М. R, Sen, ”.бе., Ph.D. Mr. S. Gupta, M.Sc. 


Prof, V. V. Narlikar, M.A. Dr. B. B. Sen, D.Sc. 
Prof. B. В. Seth, M.A., D.Sc. 


Treasurer 
Mr. 8. C. Ghosh, М.А. 


Secretary 
Mr. U. В. Burman, М.Ве. 


» Editorial Secretary 
© Mr. Р. K. Ghosh, М.8е, 


Other Members of the Council 
Prof. Ram Behari, M.A., Ph.D., D.8c. Dr. В. М. Prosad, О.Ве., Ph.D. 


Dr. В. Ghosh, "”.8е. Dr. M. Ray, D.8c. 
Mr. В. C. Chatterjee, M.Sc. Dr. В. М, Sen, M.A., Ph.D. _ 
Dr. 8. C. Mitra, М.А., Ph.D., Dr. В. К. Chakraborti, D.Sc. 

. Dr. Н. M. Sengupta, Ph.D. Dr. А. C. Choudhury, М.Ве., D.Phil. 


Dr. M. Dutta, М.Ве., D. Phil. Mr. М. М. Ghosh, М.Ве. 


Representative of the Govt. of India 
Dr. 8. 8. Bhatnagar, Е.В.В. 


Price per volume Rs. 12/- (India) and Нв. 18/- (Foreign) 


бо: EXTENSION OF А THEOREM OF GLAISHER AND 
SOME RELATED RESULTS 
Bv 


L. Савыт, Durham, N.C., U.S.A. 
(Communicated by the Secretary—Received January 8, 1953.) 


1. The well-known formula of Wolstenholme 


p-1 


>: =0 (mod р?) 


T 
т=1 


where р is а prime > 8, has been generalized by Leudesdorf [for references see Hardy 
and Wright (1938), Chap. VII]; this in turn has been generalized by Rama Rao (1987). 


In this note we consider the numbers 40) defined by 


I1 


(r—kp—1) = z?7 — A(?297 +... А, (1. 1) 


r=] 


where К is an arbitrary integer and p> 3. For the numbers A, = A‘? Glaisher [Glaisher 
(19006) § 9] 





1 
HR (mod p) 
(1. 2) 
дт+1 | 
ины = EB. (mdp, | 


where 1 <7 < 4(p—8) and B,, denotes the Bernoulli number in the even-suffix notation, 


If in (1.1) we take z = (2k +1)p, we get 
A), — (2k - 1p АБ, + (2k + 1? p* Ap — ... = 0, (1. 8) 


from which it follows that 
АШ =0 (mod (2k +1)р*) 


апа ASP, = (2k + ІРА (mod (2k+1)*p*); (1. 4) 
indeed (1 5) holds (mod (2k 1)?p*) for p > 5. In particular for properly choosen k, А0), 
is divisible by arbitrarily high powers of p. 


2. In the notation of Nórlund [Norlund (1924), Chap. V] put 





t t at X 1" (Е) (Е) (Е) 
(^ч =X 27 воҳа, BP=BPO. 
mmp 
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Then В *Э(ш) = (z—1)(z—2)...(z — k) 
ond cm 
t (Е) = m—s RCE) 
X с» ВУ (2+) 26 В (у). 


In this notation the left member of (1. 1) is В) (z — kp), and 


(- yag = (7 HBP- kp). 


Now by (2. 1) 


%+1 
Bi (-hp) = Bg - Gre nipBip «(72 EPB- 
во that 7 
-( ре уве (= (21 в; >) kp(p-2r— з "ве 
Qr-1.) irt ar+l/ "mt ar J 


—4k°p*(p—2r—1) (p- an( P. 5 pgs. 


= Ages, + kp(p-2r-1)A,, + $k? p'(p -2r— По —2r)A,,— +... 


By another formula of Glaisher [Glaisher (19004), $ 19] 
Ages. = hp(p — 27-1) Ay, (mod p*) (р> 5, r>1); 
thus (2. 8) implies 
ACA, x4 (2k - 1)p(p - 2r — 1)4,, (mod p*) (p>5, r>1). 


Using (1. 2) we get 


Ape ++ 1) +В, (шой p*), 
which holds for 7 > 1, р> 8. 


In the second place 
BíP(—kp) = BP —QrkpBY? +... 


= Вір) (mod p?) (r 2 1). 


Consequently by (2. 2) and (1. 2) 
1 
А = РВ (mod p?), 


which holds for rz 1, p 7 8. 
Thus (2. 5) and (2. 6) furnish a generalisation of (1. 2). 


3. Let 





(2. 2) 


\2. 8) 


(2. 4) 


(2. 5) 


(2. 6) 
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Then we have 


=] =1 
Sale йек 
25k,ar+1 -S (kp st? + (Kk +1)р -.gyr * 


s=] з=] 


Since (Ар + 8)*7*1 + ((k + 1)p —8)?'*! ів divisible by (2k + 1)р, it follows that 


Starsi=O . (mod(2ke1)) (р2> 8). (8. 1) 

On the other hand if A’, denotes the r-th elementary symmetric function of the 
number (kp +1)7}, ...... ‚ kp*p—1), then by Newton's formula 

Въ. tA бы, +... tA Sb TTA’, = 0 (г = 1,..., p- 1). (B. 2) 


For r = 1, (8. 2) implies 4',=0 (mod (2k+1) p); fot r = 8, we use (3. 1} and find that 
A',z0 (mod (2k--1) p). It is now clear how we can prove generally that A’,,,,=0 (mod 
(2k +1) р). Since 

А) = (ep +1)...(kp + p —1)4's. 


it follows that А. =0 (mod(2k+1)p). 
In particular (8. 8) implies that for properly chosen k,- A{?), is divisible by urbitra- 
rily high powers of p. 
`` Jacobsthal and Ljunggren (1947) have proved the formula (p > 8) 


pr! р" 
( р" )-( JEP Bes (mod p*7*?), (4. 1) 


as well a more precise results. In particular (4. 1) implies 
rtl r 
(J)o mm 


& 
` If we put H” =( E ) then it is easily verified that 
H,—H,_,=H,-, ошау, on (4. 8) 


where К, is 8-th elementary symmetric function of the numbers £7!, 15# < р", not pli 
Using [Rama Rao (1987), Theorem 3] and the fact that H,.,-0 (mod n) it follows at 
once frcm (4. 8) that 


H.,—H,,20  (modwp")  (p>83). (4. 4) 
For n — p, (4. 4) reduces to (4. 2). 


To obtain a more precise result we require [cf. Ljunggren (1947) p. 8] 


8.= 5 1=' мт мер) 


= ET Вр") – Ву) — (mod p^), 
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where Вт(2) 15 the Bernoulli polynomia! of order 1. It follows that 


S,=-4By-sp* (mod р") i (4. 5) 
Similarly we have 
2-1] 
8, = 2 pm Bnp" (mod р?”). (4. 6) 
nob p |8 
Substituting from (4. 5) and (4. 6) in (4. 8) we get | e 
H,—H,.2-—4n(n—1)p"H, By- (mod п?р“"). (4. 7) 


This result can be simplified by employing Kummer’s congruence | Frobenius (1910), 
р. 842]. 














Bast — Bm в). М 
miro (mod p°) 
for p*^(p—1)|t, not p-1|m, т> e. Thus for example MES Aa 
Вю— = Byes т+1 М = т —1 4 8 
N- = M-3 (mod p**") (M = p'(p-1) (4. 8) 
and 
e Вн-1 —Bp-3 : 4.9 
Weg 55$ (mod p). (4. 9) 
Using (4. 8), (4. 7) becomes 
H,—H,_,= —4n(n-1)p**H,_, Bue (mod (n?p**, np), (4. 10) 
while by means of '4. 9) we get y 
H,- H, = —$n(n—-1)p?"H,_,Bp_s' (mod т?р? `1). (4. 11) 
In particular when p |n, (4. 11) imphes ; 
H,—H, ,5$ пар" Bp (той p*'?) (4. 12) 
which includes (4. 1) as a special case. 
DEPARTMENT OF МАТНЕМАТ!ОВ. 
DUKE UNIVESITY 
' DURHAM, NORTH O!ROLINA, U. 8. А. 
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RESISTANCE ON AN INFINITE CYLINDER DUE TO TWO- 
DIMENSIONAL MOTION PAST THE CYLINDER, OF A 
FLUID HAVING UNIFORM VORTICITY 


By 
Камит Kumar De, Calcutta. 


(Communicated by Dr. S. Ghosh — Received February 16, 1958 ) 


1. It has been shown in a previous paper (De, 1958) that Blasius Theorem сап be 
extended to calculate the thrust due to liquid motion past a cylinder when the liquid has 
vorticity. There it was proved that thrust and the moment are given by 


X-iY = но f (ui iode Pu uerius asd 
0 


Moment = — {о x Real f: (и — iv)?*da ' s : (2) 


In this paper these formulae wil be used to calculate the resistance of а 'oylinder 
whose cross-section is bounded by the curve у = 1 > 0 in the co-ordinate system given 
by the equation defined by | Я 
я mae be" bga ` ES (8) 
where 2 = z4iy, C= €+in. 

The integrations are comparatively easy due to the fact that the value of u—iv on 
the boundary can be expressed as an analytic function of $ 


9. First we consider the case when the motion at infinity is а shearing motion 
parallel to a straight line OX’ making an angle а with = —– axis. 
Let the shearing motion at infinity be given by ч, 
u’ = —U -2oy', v' = 0 along OX’ and OY’, | 
where 20 is the constant vorticity of the fluid, The stream function of.the undisturbed 
motion is then 
yo = Uy! + ву" 
= jdoIn'a*e*n + b*c7? + 2nabes "7r вов (п+1)] 
— ko [n*a*e?* cos 2Ẹ + 626-274 cos 9n£ + пав "7" cos (n — 1) ] сов 2a 
— do[b*e7?"* sin 2n£ — nae? sin 26+ 9nabe- 7? gin (n — 1)£]sin 2a 
> + U(be-*" віп пб — пав" sin £) cos & 2 U(nae* cos Ё -- be-™ cos n€) sina, (4) 


If = yo+ y, be the stream function for the disturbed motion, Y, satisfies the 
equation $7,7], = 0, and on the boundary 1 = по, Yo +). is constant. We see at once that 
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y, = – nabe? G1 сов (n + 1)£ + фоп?а? cos 20611721 cos 26 + ор? сов 226 —2%1сов 2пё 
+ опаб вов 2xe- (*7D* сов (n — 1) — $on*a? sin 2261-91 віп 2E + 3ob? sin 25e 7% gin BE 
+ опар sin 206 7 1)" gin (n — 1) — Ub cos ав-*1 sin né + Ub sin ae~” cos n£ 
+ Una соз 2629-1 sin £4 Unae?*-7* сов Ё sin a 
It is therefore the imaginary part of 
f; = Ao + Ве% + Ceis-Dt + Dein + Ев +1 + Реж, 
where А = naUe* cos a+inaUe™ віп а = naUe™t - 
В = —$4wn*a*e* gin 2a + Чоп? 0204". сов За = Чип? а? вт. о 
С = wnab sin 2a + 1шпаб cos 22 = iwnabe-™ 
D =- Ub cosa+iUb sina = — Ube- 
Е = —iwnabe*- 
F = фор? gin 2a + $16? cos 2a = 41ub?e- i2 
Since s! = z!--iy' = 26-8, we can write 
Yo = tu(z*+y*)+y, where y, ів the imaginary part of 
f; = Usei — 3ios?6- 9, 
The complex velocity at any point is given by 


Ш йр = — iws — Ue-i iugo 124 


~ifAet+2Bo% + (n — 1)Cei(- Dt 4 пре + (n+ 1) Bette а Point] a 


Since on у = no, = (——2ino, we have on у = to 


3 = naet+be-~™ = nagitt+2 + віп 2s. 
Therefore, on у =з 


u—iv = —io[naeitt?n. + be - i072] — Ue is + ти (паві + Ба") в Be 


р 


– i[ 40 +2Вв + (n - 1)Ce(n-Di t+ прет + (n +1) Beilat + по | (6) 


р 
= 


Tf M = — Ue Eine **(nae- 5 + bet) — (пав +? + bg m 7299) 


N = —i[Ae - 2Be' + (n — 1) Cei - DU + прв + (п + 1)Ee DUE то 
then 


: ; . 208 ; ‚йв dt 
X -iY = Не | (u—ioyd at = gio [ (3424 35-2 at (7) 
/ dt f ( dt’ ds ) 
and 
Moment ©. Вай | (м eT омм) а, (8) 
0 ` 


the integrations being taken round the boundary. 
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From (8) we have d 
di = in(bei*t ав) 
во that on 7 = no, 
bc Ll -£[ b nt; 4 0” points): | 
аа Wi bros uu does 


the expansion being valid, since b < а and yo >O 
On 1 = ть 


fora = 0 when n Æ 0 and = 2r when n = 0 
0 
Hence to calculate the integrals in (6) und (7) we have only to consider. ће constant 
terms in the integrands. We have 


fra =o, fma = о 
s dz 5 dz 


as there is no constant terms in the integrands. 


The constant term in м ів 
— пов -i«(b*6 -27n — па? о.) 
The constant term in 2MN is 
noUe 7 is(b?e 391. + na?e?) 
when n з= lor 2. Itis | 
Зое (526 -21 + а?в?л.) — 25 Uab (e 79's + eis) 
when п = 1, and 
4oUe *(b*e 41 + За? ev) + Biu*a*b(e ts — e9) 
when n = 2, 


Therefore, when n=+1 or 2, 
X —3Y = 4n'gigo Ua? en. - i 


or X = 4n?renUa7e" віп а, Y = —4n*rgoUa?6*9- сова 
When n = 1, 

X—iY = AzigoUa?*g*.- —QrigwU ab (e~ 9 + ei«) 
or X = 4rgwU sin a(a*e- — ab cos 2a) 

Y = —4rewU cos a(a*e?v» — ab сов 2a) 

When n = 2, 

Х —iY = 16nigoUa?6*1.—i- + Brigw’ atb (e74 — віз) 
or X = l6zooa? sin a(U e. + ор sin Ва) 


У = — 16500" вов «(Ue + wb вір да) 
For the calculation of the moment, we observe thal the'real part of the constant 


da 


term is M?e 2} 


is zero except when n = 1. It is 


2o*ab sm 9«(b*e v — a%e%) 
when п = 1, 
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The real part of the constant termin 2MNs ів zero except when n = 1, 8 ог8. 
It is 
—2U7ab віп 2a + 2u?ab sin a(2ab сов 2a — bte -3s. — ав.) 
when п = 1, 
— 240 ab cos 8a 
when п = 2, and 
108o*a?b sin 4a 
when п = B. 
The moment ia therefore zero except whea n = 1, 20r 83. It is 
2roU*ab sin 2a + 4gw*a*b (ae? — b cos да) sin 22 
when n=], 
24rewU ab cos За 
when n = 2, 
— 108лош?а?р sin 4a 
when n = B. 
In the particular case п = 1, b = a, the cross-section of the cylinder is an ellipse 
of semi-axes 
а’= 2a cosh по b’ = 2a sinh т, 
In this case 
X = поо sin a[(a! + b^)? — (a? —b"*) cos 22] 
У = — rgo U os a [(a' + b!)* — (a — 072) cos 2a]. 
and the moment about the centre of the ellipse 18 
ro U?(a * — b/*) sin a cos а + $row? (a? — b'*) sin 2a [(a' +b’)? — (a^* — b") cos 2a] 


These results agree with those given by Roy (1937). 


8. We now consider the case when the motion at infinity is given by 


u-—-—Ucosa—oy, v-—-—Usinactoz 


The stream function of the undisturbed motion is 
y, = Шуу cos a— z ein а) + $ (22 + y?) 
= U(be-™ sin n£ — пае" віп Ё) сова — U (naer cos Ё  be^"* cos n£) sina 
+ $o[n*a!e*u + brein + 2nabe - (571 сов (n + 1)£] 
The stream function of the disturbed motion is obtained by adding to ү» а term 
which is the imaginary parb of 
f; = Ae't + Det + Beil tne 
-where A, D, E are given by (б) 
The compiex velocity is 


it 


-и = M'--N'— 
u-io = М!+ is 
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М’ = – Us- —ш(пае\ +2. bg i72) 


№ = -i[Aeh +nDe™ + (n+ Еее], 


where 


Proceeding, as in the first case, we get 
X = 2n?rewUVa7e* зто, У = – Әптро 76°" cos а 
апа Moment =0 
except when n = 1. When n = 1, 
X = 2zpoUa(ae?. +b) sin a 
Y = – 2лрь аав?" — b) сова 
and Moment = 2xowU?ab sin За 
In the particular case of the elliptic cylinder of semi-axes a’, b* 
X = rowUa'(a’ + b!) gin а. 
Y = —rowU b'(a! +b’) cos a 
Moment = noU'(a/? — b") sin a cos a. 
These results agree with those given by Roy (1987). 
In conclusion, I wish to express my thanks to Dr. B. Ghosh, D.Sc., for suggestions 
and help. 


PRESIDENCY OOLLEGH, 
CALOUTTA. 
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CONSIDERATION OF ENERGY FLOW IN THE VIBRATION `’ 
OF A STELLAR MODEL 


Ву 
T. С. Roy, Calcutta. 


(Reoeived—February 27, 1968) A 


Summary—In this paper we have considered the problem of vibration of stellar model making use of the 
Energy Equation instead of the condition of adiabaoy. Itis shown that for opacity law of special kind if 
there be any stationary vibration of the stellar configuration there must be a node at the surface of the star for 
the velocity thereby suggesting that there can he no wave of strictly stationary type. The situation does not 
arise when strict adiabacy is assumed. 


Introduotion—So far many authors have considered vibration of stellar models 
making use of the equation of motion, the equation of continuity anda compressibilty 
equation connecting the pressure and density. But the discussion has so far been limited 
only to the adiabatic relation р = kg’, between р and о such a hypothesis led to the result 
that there cannot be any phase-lag between the displacement and luminosity pulsation, 
which is contrary to the observational fact. Under very general circumstances Milne 
introduced the idea that the luminosity variation should be measured by the rate at which 
the energy of the configuration changes. But even in such cases as was found by Milne 
great difficulties arise in finding ont the distribution of velocity, displacement etc, inside 
tho star, which are required in setting up the expression for the energy of the stellar 
configuration . Milne in order to compute the expression for these avoided such difficul- 
ties by considering a very symplifying assumption namely, 

бт 8R 
т В 
which is far from being wholly correct. 


Ав a matter of fact the assumption of adiabacy avoids consideration of the equation 
of energy. We shall in this note replace the condition of adiabacy by the equation for th 
flow of energy inside the star. ; 


We shall start with the following equations: 
(i) the Equation of Motion, 

(1) the Equation of Continuity, 

(iii) the Equation of Energy Flow. 


The first two equations are weil known but we have to set up the equation of energy 
flow 1n the stellar interior. It will be shown from these equations that stationary waves 
of the type usually assumed cannot exist in the configuration we are considering here. 


The Equation of the Energy Flow: We make use of the general energy flow 
equation given by Rosseland [(1949) Eq. (2.7) of Chapter II] m the form 


dE 


e gr +P div X = ee O—divF (1) 
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‚ In this equation E denotes the internal energy per unit of mass at any point inside 
the star. This E can be expressed in terms of density and temperature as follows :— 


gucci (2) 
e 


Subatitituting this expression of E in equation (1) and remembering that 


Ptotat = Pgast зат“ 


we get 
eL (ст + 1/0079) + (p +3019 div Y = es +0- div F (8) 
As regards Ё we express it as 
C C 98 
= — = ——— \ 
Pr Ро s; 47.) (4 
So finally we arrive at the energy equation for the stellar interior as in the form 
а 0,0 + бота 22 = 4 (o & Store) 


This energy equation has got to be used along with the equaticn of mction and the 
equation of continuity for the determination of the motion occuring in the stellar interior. 


Those two equations are 


TERMS: ; 
de, ,divY-— \ 


with these we have to consider equation (Б). 

We uxe these equations to consider the pulsations of a stellar model. 

In order to be able to follow the motion analytically we have to consider a model m 
which the integration can be effected to a great extent completely. Here an opacity law 
bas been assumed for which the equilibrium configuration is given by simple function. 
‘This law is indeed entirely hypothet:°al but the subsequent integration at least show the 
behaviour to which the stellar configuration subject to the equation would tend. 


The Equilibrium Structure—The equations of equilibrium are, as usual 


dp | СМ,о 
ác m 
ам, 
"uec mE (9) 
and 
d xL 


gen =- 6. (10) 
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Here in the last equation (10) we take an expression for к different from any existing 
expression not on any physical grounds but for the fact that for this law of variation of к 
the above equations have got simple integrals in terms of known functions in closed form. 
Such configurations are amenable to analytical treatment. We take an expression for 
a8 follows 

к = кб-6 ТЗ (11) 


Using this expression for x we easıly find the integrals of the above equation to be 


p= 208 Нч, $ -1,) (12) 
M, = Ang, Вт (13) 

R? 
ок Qo T | (14) 


These above expressions are the values of these quantities in the equilibrium stage. 


The Pulsation Equations:—To study the pulsation of the model the equilibrium 
configuration of which has just been found out, we proceed with equations (0), (7) and 
(5). For small vibration we suppose the pulsation amp litude to be a quantity of the first 
order equations (6), (7) and (5) given 











ау bert teh О Әр, 2, е) JoV 
| кА ~ 2 ( 0h ev 0р) +497 (15) 
dT, рәт, (үҮү-1Т, в, (y- Du в [on on, өт 3 130, . 2 ƏT 
+ 81 _ ly 901 (ү 8/80 21. Cfo Y 44 001 а ав Өте] 
di^ Or бе aR КО ow ae а 
Be, до, OV _20,V 
кл ee r al 


In these equations r really denotes г, and as usual quantities with suffix O denote 
their equilibrium values. The quantities p,, T,....etc. denote the deviations in the values 
of p, T...etc. from their equlibrium values po, Ть,... во that p = р,+р,, T= T,+T, and 
soon. To solve these equations we follow a particular method. We cannot find the 
exact solutions of these equations. But since we are interested only in the values of the 
quantities V, T ete., in the neighbourhood of the boundary we find expressions for these 
quantities in the neighbourhood of the stellar surface, r — R 


Let us now therefore put 


szR-r 
and V = (at Bs +yz’ +...... ) eft (18) 
Т, = (as bs? +... ) ein (19) 
= (Ac pa уг? +...... ) er (20) 


where а, 8, r, а, b, A, p, v are constants which may be real or complex. 
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We take T, to begin with the term 2 (the absence of the constant term) since T,/T, 
should be finite at the boundary, 16. at 2 = 0, But T, is at least of the order of 2 when 
z tends to zero. Naturally therefore T, must begin with the term. We shall now assume 
that о, B, y etc. in (18) are real. This means we are centemplating some stationary 
vibration for the velocity inside the star. Let us now substitute the expressions (18), (19) 
and (20) in the equations (15), (16) and (17), and equate powers of z. Then we get — 





nia = 4nGo,(Rp—a)—in{(R/p)at+4aGRa} (21) 

ай = 20) f 4R ag aR R 22 

п?В tn Go(2yR 2) inf aR a+ — à b+8rG " (22) 

тА + Fee a = eo- 20 а (28) 

асры) ea 
2(ү— 1и В 052 — в|= (ү — " 20 АЛ 1 „3° ] д о 

20-18 Fare E ogon o DE E взора + ато] — (25) 


Here in these equations excepting а, 8, у, the other quantities such as Л, р, a, b ete. 
are all supposed to be in general complex. So that if we now put 


A=), tidan B= pr ting, а = а, +іа, etc. 


we find that the above equations (21-25), when геа] арі imaginary parts are separated 
reduced to 


(n? +4nGo,) «—4nGo, RB = Ёла, 4e RA, (26) 
Е а. +4т@ВА, = 0 (28) 
u 
800, a+ n'B—8xGo Ry = AR па, + Н, +8х@Вти, (27) 
uh 
4R,,2R + 8=б Вы, = 0 (29) 
uR u . 
М =0 (80) 
nd, = 2® «+098 (31) 
R 
аб (32) 
пы = 9% 8 2oy (88) 
qu; +86. = -pt (84) 


—р.а = 8b, (85) 
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where 
р, = yD, Ban (56) 
‘ р. = ВоВ (87) 
а= (r-1 № 8 вов | (88) 
в = (0—1) J Rest 689) 


Obviously from equations (27), (80), (82) and (29) we get 
а=л = —b,—0 (40) 
Equations (40) lead to the important condition by equation (85) which really means 
that the stationary vibrations of velocity must have a node on the surface of the star. 


Ihe other equations ike (26), (28) etc. determine the quantities аз, Аз etc. which we shall 
not discuss here. 


Let us now consider the corresponding case of adiabatic pulsation, the equation of 
energy being dropped. Since we are considering T, = 0 at в = 0 and o % 0 at = = 0 
we have, 


E: = Кова t kig? su. (say) (41) 
о 


Again because of Ње adiabatic hypothesis 
go 


p mat (42) 
бо 
Hence using the expressions (19) and (20) we get from equation (42) and (41), 
(kos + Кү? uu... MA t ua +...... ) (48) 
= аа-+Ьз%+...... ) 


Equating therefore the coefficients of powers of in (48) we have, 

а, = koda, b, = kA +key, a, = kA, etc. (44) 
where a = a, +ia, eic. 

Again with the previous assumption, viz., that a, В, 1's in expression (18) are real, 
we obtain from equations (27) and (30) which are valid in the adiabatic case also (being 
the equation of motion and the equation of continuity). 

A, = 4, = 0 (45) 
ав in equation (40), but they inno way now lead to Hence we conclude that in the 
adiabatic case the surface is not a node in the case of stationary vibration. Another im- 
portant conclusion also follows. 

Remembering that A = A, +iA, eto. we see that the quantities A, a, a eto are purely 
imaginary as A, = a, = 0 eto. Also by hypothesis « is real, во that onthe surface of the 


^ 
\ 
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star i.e. at а = 0 considering the expression V and T,/T, from equations (18) and (20) we 
have 


V = ае“ and T, = Àa i.e = ^ віби+=№) 
T, Yo Yo 
This shows that the temperature and the velocity variations have a difference of 
phase equal tor; or in other words, the temperature at the surface of the star is in 
phase with the displacement. This implies that no phase lag in the usual sense exists. 


Conclusion :—In the treatment of the vibration of a stellar configuration the usual 
condition of adiabacy is replaced by. the strict equation of energy. То get an integrable 
case a hypothetical law of opacity is assumed. It is then shown that for general non- 
adiabatic vibration of small amplitude a stationary vibration of velocity should have a 
node at the surface contrary to observational facts. It is however shown that this situation 
does not arise in the special case of adiabacy when further the temperature fluctuation 18 
in phase with displacement. 
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NOTE ОМ LEGENDRE, POLYNOMIALS 
Bv 
L. Caruirz, Durham, N. C., 1. 8. A. 


(Communicated by the Secretary —Beceived March 1, 1953). 


1. T. S. Nanjundiah (1950) gives a proof of Turán's unequality 


A,(z) = Pale) — Рь„_(т\Р„, (a) =0 (-1<5=51, һь1) (1.1) 
that depends on the formula 
(1—2*)D,(z) = nin + 1)A4(x), (1.9) 
where 
Dalt) = Pj'(z) ~ P4, (2) Pays (a). (1.8) 


[See the review by G. 82650, Mathematical Reviews, vol. 18 (1952), p. 554]. For other 
proofs of (1.1) see Szégo (1948). It із easy to prove (1.2) by means of the recursion 
formulas for Р»(2) and P,(z). We wish to point out the (1.2) characterizes the Legendre 


polynomials More precisely we prove the following 


Theorem. Let {f,(x)} be a set of polynomials, deg ј„(а) = п, folz) = =1, f,(x) = z, 
satisfying 


(L-2z*)(f2—-f,_, 241) = n(n +L — fa ifi), (n zx 1). (1.4) 

Then falz) = P,(x) for all n = 0, 2, 8,...... 
Proof. Assume f,(r) = М. forO<r<jn. Then (1.4) may be written in the form 
(1L-2)(P3—P. 17,1) = nin 1)(P3 — P, 1). (1.5) 
We wish to show that (1.5) uniquely determines f4,,(z). Otherwise fy.,(z) = 
Ри, (2) +9(2), degg(z) x; n-- 1. Examination of the coefficient of 2?^ in both members 


of (1.5) shows that the coefficient of z^*' in fa,, is uniquely determined; consequently ' 
degg(z) < п. Then (1.5) gives 


(1—°)Р .g' = n(n+1)P,_19. . (1.6) 
Since the polynomials (1—2*)P. (=) and P,-i(z) have no factor їп common, it 
follows from (1.6) that 
g(z) = C(1—2*)P. (zx, 9'(2) = Cn(n.+1)P,y-1(2), (1.7) 
where C isa constant. If C +0, then (1.7) implies 
(1-2?)P. (z)—2zP. (0) = n(n--1)P, (2). 
Comparing this with the familiar differential equation 
(1—2?)P. (£) — 2P} _ (2) +n(n—1)P,-1(2) = 0 


we reach a contradiction. This proves the theorem. 
8 —1868P—8 
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Alternatively one can prove by the method of undetermined coefficients that fx+1 13 
is uniquely determined by (1.5). 


2. Du Plessis (1951) has given a very simple proof of Grosswald's formula 
(Grosswald, 1950) 


т 
а ) (n +7)! 
mof ELI A. 2.1 
(5 Pall) or !(n —r)1 ры) 
using only the generating function af P,(z). In the same way one can prove 
т 
2) (2A) a. 
4 \ розу = Ahar 2.2 
(ж X) (л + 8), (n—7)! (22) 


d : E (—1)"7*(2A)5. 
(35) PRU“ ы pl 


where (а), = afa +1) (a+n—1) and P(e) denotes the ultraspherical polynomial of 
degree n [for notation see (Szégo. 1989), p. 80]° -Differentiating both members of 


Mr (1-221 wu?) =$ Ро) (а) ш" 
nm 0 


т times with respect to z, we gel 
© r 
9r(A),w'(1—9zw + u*)-^-* => (2) POX(z)w^. 
aee 
For z = 1, the left member of this equation becomes 


"(AY ww! (1 —1w)-200 = 9r $ (2А +22), „ 
2А), ш" (1 — w) = (À) w L WE w”, 
Hence 





d r (2A + 27). a (2A) ney 
(=) о ШЕ (n—r)! + (п-т) 


which proves the first of (2.2). 'ГҺе proof of the second part is exactly the same. 


If Р( 9 (z) denotes the general Jacobi polynomial of degree n, then [Sz&go, (1989), 
pp. 61, 62], 


| Р йш) =(“+°)#(—п,п+а+В+1; «+1, 135) (2.8) 
ü $ 2 п 2 
z PC (x) = {їп +a + В РО 8+1 (2). (2.4) 


Repeated application of (2.4) yields 


P 
d 1 
(2) Pal Pla) = Ln a +В + Р, Pen). (2.5) 
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Since it is clear from (2.8) that 
п+а 
rena (7) 


we geb using (2.5) 


(a), Pls В(1) = doreBen(^ "= шалаа 





Similarly the formula [8z8go, (1989), p. 58] 
PO P(-2) = (-1)°Р{# 9 (2) 


yields 


ay PC B(—1) = (—1)%- (2) ре 201), 


and therefore by (2.6) 
4) (a, 8 = п_+(п-+а+В-+1),(п+ В) nor 
(= РНЕ 2 (пт)! 
Since 


PO (2) = ES РОО) (а= А) 


we see that (2.6) implies 


рат ы or | е 


B Po ) 1 (2А), (n 22), m+rA- -1a-. (2А), .„ 
а X (А+ Ф) (п-т)! ОА) (в т)" 


kel 
Or 


(2.6) 


(2.7) 


which 1s identical with the first of (2.2). In the same way we can verify that (2.7) 


reduces to the second of (2.2). Finally for A = 4, (2.2) reduces to (2.1). 
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ON INTEGRAL REPRESENTATIONS OF MACROBERT'S E-FUNCTION 


Bv 
- М. М. Вози, Lucknow, U. Р. 


(Communicated by Dr. S. C. Mittra—Recetocd November 20, 1951, Revised April 28, 1958.) 


The object of the present paper is to obtain certain integral representations of 
MaeRobert's E-Function and to deduce integral representations of allied functions. 
Let © 
e(p)*f(). Then e(pjp = | ө-”}й@ 
0 
Let us write p+ta?/p for p. Then since 


oo 
Е, (2) = Hae) f өхр{—(1+}е'/йН-—-1@, 
0 
we obtain, on changing the order of integration on the right hand side, where we assume 
that such a process is justifiable, 


ара" 0) frp ee Io] ator f AOE (ot) at. () 
0 0 
Let us put у=-$. We get 
Е dp[e(p + 2а? [р){р+(р + 40* [р] = тї F t—te-ot f(t) dt. (A) 
0 0 


Let f(t) = Г()ї#-4(1+4)-°; (р) = E(«,83::p)p- (67? 
Substituting in (A) and writing 2 for p, we get 


Гаев, В+{::+ 40/2) (2+ 
0 


= miT (a) f o-s- reat 
0 
= nta-PE(a, В::а), В(а) >0, R) > 0. 
If we write x = $ae?, then z-ria*/z = a cosh 8, (1) reduces to 
f aiee В +4 :: а cosh 6)eY*/(cosh&** 6}] = (2r)t E(a, @::а) (2) 


or 


f ome. B+4::a cosh 6) cosh &0/cosh&t* 6 = (47)tH(a, B ::a). (27) 
0 


If we put cosh Ө = z, this reduces to 


f абы, 9 ioo Плеер = зы, Вир). (27) 
1 
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In a previous paper (Bose, 1952), we have proved that 
p^ C7 E(s, 8: p) E fP(9)I(8)/ DG), (a, 8;v; – 1, 


во that if we interpret (2°), we get, after we have written р for u and divided both 


sides by p'-!, 


Г(в +4) f aero. B4; v;—æ/cosh 6)cosh 46/совћ+40 = (32)1I'(g);F,(2,8;v;—a) (8) 
0 


Again let us write 1/p for p in (2"). 
Bince 
pE(s, 8::1/p)2ti6*5—1K, (2H), 


we geb on interpretation aud after a little simplification 
] gl -8- 0Кр {ita jt} (a — 1) 1da = n0 1E g-a 2tt) 


1 
If we write 8—« = n and t? for t and 2* for е, the above reduces to 


[ рын = Hn/t)#K,(2t). 
1 


We can write (3) in the from 








D(p+ 0. 4ө[(р/созһ 6),F (2,8 +4; и; – р/созН 6)cosh 36/cosh£-18] 
0 


z(nit-te-UWicesen-,i6-9 (0) 
Let 4(a+B+1)-v=k, &(«—8) = —m. Since 
Wr, m(2) = И, (8), 
we get © 
|. d6 [exp( — 4t cosh ӨТ, 4.4 (f cosh 0) cosh 36/cosh"*36] 
0 


= (Ат), a(t! 
Let us again write р? for a in (2") and divide both sides by p?4. Since 


(1/р%8-1)Е(«, 8: p?) т{Г(х)/Т`(8 + ИК P (a; 8 $;— 10), R(9) > 0 


Putting z = 2° and interpreting, we have 


© 
f (£[2)99,P (a; B+1;- На-На 
0 


={Г(8+1)/1(8 eie f 88-1 Fla; 8-1; - 40) dt 
0 Е 
ог © 
[ 2-4 (2 —1)-+Е,(а; В +1;-1 [242 
К 

= dig ЧГ + D/T(p- DLP, 8:85, В+1;—#) 
We have proved before (Bose) that 


Ela, 8:: p?) = Г(«)Г(В),Е,(а, 8; 1, $; 1) 


(4) 


(4") 


(8) 


(6) 
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Therefore on putting p* for p and 2? for z in (2°), we get 


f B+4;1, $; — 122/22) -38(a* — 1)- tds 


1 
= rtf (8)/T(8 3) Е. (а, B; 1,4;—1°), В(В) > 0. 
Similarly, since 
1/р Ela, 8:: p?)  T(z)T (g)z,F,(a, 8; 1, 8;—ic) 


| f Fae B+R: L dide iter —л1)-%4, 
1 
= Г(@)/Г(8+40ҺЁу(@‚,В; 1, 8;—127), В(8) > 0. 
We know that 
exp (—4t*)tr-1 = I(v)p exp (2p?) D..,(p). 

Let us put 

f(t) = exp ( —à?)t-1/T(v) ; e(p) = p exp (#01) D.,(p), R(v) > 0. 
We get 


f exp (а? cosh*0) D _,_ (а cosh 6) cosh #0 26 
0 


= (фт/а) {10+ /T (v 1) exp (407)D_(,44)(a); Rv) >-+ 
where we have put v--1 for v and р = $ae*. 
` If we put sinh 46 = z/4/2, we get 


f Ha 1+2) D.., ifa(1 +e?) аз = (т/а) (и + 3)/T(v -1)] 


0 


Again 
e7 "tti = (2p) -PT(y -2)e G9) D _ („+ f(2p) 731, 


we geb after making the same substitution as before, and simplifying 


/ 10 exp {1 | (Ва cosh 6)} {совћ 40; (cosh 6)#*t1}D_ (i3) ((2a cosh 6)71] 
0 


= {rt/vt eD (да) 
Let sinh 40 = (tan 6,)/ / 2. The above reduces to (on writing 0 for 6,), 


[row {сов?0/(8а)} cos 0 D- (,42){cos 0/(2а) 49 
0 


= ($dz)k(v 1) 71689 D_ ay {2а)-4, RO) 2-1 
Again we have 
[e-stti6-D)/ 4 tyi = (v + 3)pet(Gt2)D.. f2t(p -a)t]/(p -- a)*. 


99- 


(7) 


(8) 


x exp (ф4а")Р.,+ь(а); RO) >—4 


(10) 
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Substituting in (А), we get 


9rcH T (1v +4) f exp {(2p + a)” j (87) D _,[(др+ a)(2p) 312p + а)-!4р 
0 


= «+ [apo egi], Rv) >0 
0 


/ exp ((2p + а)* /(8p)}(2p + a)-1D -,((2p + a) (2p) -3)dp 
0 


= E(Àv, 4v::22a)/ [4T (var }. (11) 
©, Next let 
f(t) = ts-#/(L+t)*t#; (р) = Г +n—p)ptetPW _ -,{(р); R(L+n—p) > 0. 
Therefore 


Г(1+п p) foe + 3a? /р)=-1 exp (р + 3a? /pYW -n,-a+tlP + 20”/p) dp 
0 


= si f dilo-ertn=r-+/ oe tnl, R(n+4—p) > 0. 
0 | 
Let р = фав. The above reduces to 
f о-и exp (фа cosh 6)W —»,-.44(4 cosh 6) cosh $6 d6 
0 


= (tn)tH(n+p, n—pth :1a)/{[n+p)D(L+n—p)a*}, Вп-в+3)>0. (12) 
Next let а2> 0, B>O and «+В = 1. 
We have proved before that (Bose, loc. cit.) 
B(s, B::ip)E (2, 8:: —ip) + POMP FC, 85 157?) 
and E(a, 8:: р) =Г(а)Г(В),Р (а, В; 13-4) 
We have by a known formula (Humbert and Mclachlan, 1941) 


Г(@)Г(8)„Ё,(«, 8; 1;=#) =рп-і f» (—4p!z!)E(a, 8:27?) dz. (18) 
NE, 
Therefore 


(xt /р) (а, 8:: – їр) (а, 8:: — ір) / [UI (9) 
= Г рса, Влас) ах. (18/) 


0 
Let us now write а = x? and 4p for р. We obtain 


(яр)+Е (а, В :: 2ip*) E(o, 8:: —2ip*) 


= Г(а)Г(В)р f onmes 8::271) ая. 
о 
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B 


Hence we see that 
(ap) *E(a, В :: 2ipt) (а, 8:: —2ipt) 
 I()I(9)t7kE(, 8:172); (B) 
where we have assumed that а > 0, 8 — 0 and «8 = 1. 
My best thanks are due to Dr. 8. C. Mitra for his help and guidance iu the prepara- 
tion of this paper. 
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STRESS DISTRIBUTION IN THIN AEOLOTROPIC PLATES—1* 


By 
GuwaApHaR Paria, Kharagpur. 


(Communicated by Prof. В. В. Seth—Received February 2, 1958) 


4. Introduction :—The fundamental equation satisfied by the stress function for a 
thin aeolotropic plate and its formal solution have been given by Green (1989), who has 
also considered the stress distribution in an infinite strip of the plate due to forces, either 
longitudinal or transverse, acting at any internal point, or on the boundary of the strip ; 
in a semi-infinite plate due to forces acting along or perpendicular to the boundary and in 
a wedge due to force at the vertex. In all these cases he has used the method of real 
variables, given by Filon (1908) and subsequently followed by Howland (1929). In an- 
other paper Green (1945) has also used the complex variable method for the solution of 
the fundamental equation satisfied by the stress function and has applied it to solve the 
problem of a semi-infinite plate acted by an isolated force at an internal point. In the 
present paper the stress function has been expressed in terms of a function defined by the 
Fourier Transform of the stress function. The fundamental equation is then reduced to 
an ordinary differential equation, the solution of which consistent with the boundary 
conditions, leads immediately to the determination of stresses. Sneddon (1951) has 
adopted в similar method for the solution of problems of isotropic plates. The following 
cases will be considered in details: 


(1) а semi-infinite plate with a concentrated force acting at an internal point. 


(2) a strip of infinite length but of finite breadth acted on (a) by a concentrated 

force and (b) by an isolated couple within it. 

2. Fundamental Equation and its Solution. Let us consider an infinite thin 
elastic aeolotropic plate of constant thickness. ‘The material of the plate is assumed to 
have two planes of symmetry at right angles (о each other and also atright angles to the 
plane of the plate, Let these planes be taken to be parrallel to the z and y planes, and 
the s plane is taken parallel to the plane of the plate. Assuming that the plate isin a 
atate of ‘Generalised plane stress’, that is, the stresses considered are means with respect 
to the thickness, the mean stresses are given by 

i = ar oa a ~ 
= Se Be -ia (1) 
in cartesian coordinates, where x is the stress function. 

The relations between the mean values of the stresses and the strains in the case 
considered are 

1 — 


ырс аа ира A 2 
Erw p^ T,” буу EU Е. "= y (2) 





+ An abstract of this paper wae published in the ‘Proceedings of the Fortieth Indian Science Congress, 1968." 
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with the further condition that 

9i = 92 
E, E, 
where E, and E, are Young's moduli in the = and y directions respectively, о’, is the 
Poisson's ratio of the contraction parallel to the æ axis to the extension parallel to the y 
axis, o, is the Poisson's ratio of the contraction parallel to the у axis to the extention 


parallel to the х axis, and д, is the modulus of rigidity associated with the directions of 
z and y. 


(8) 


The compatibility equation of the strains is 


Dene , Vey _ O egy 





oy? Or!  Ozóy Ф 
This equation together with (1), (2) and (8) gives (Bokolnikoff, 1949). 
ot ах ot : 
= +2k 5757 + 54 =0 5) 
where 
к = at, в, L- 903) (6) 
ш Р, 
п = у (0 
апа ү = (Е,/Е,)+. (8) 


The solution of the equation (5) consistent with the given boundary conditions gives 
the stress function Х. 

In the present discussion we shall frequently use the Fourier Transform Theorem for 
the rth derivative of a function, (Sneddon, 1951) 





d f aye КУЛТ ЖУТ. r " 

an! da* etde = ( ta) (ant f(z)e ах (9) 
a —%® 

provided the first (r — 1) derivatives of f (x) vanishes ав 2— + оо. The above relation сап 


be written as 
Fr = (~ia) F (10) 


+0 
where ғ= 1 | f(z)e*zdv ів called the Fourier Transform of the function f(z). 
Multiplying the relation (5) by в“: and integrating with respect to z between the 


111148 — co and + оо we get by using the theorem (10) 


d* „ 2 " 
Gs -92kf dp *£*)66. £) = 0 (11) 


where 


бй J x(a, needa (12) 
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Applying another theorem by Fourier (Sneddon, (1951), namely, 


пн F(a) = aoi | f(x)e*dz, then, f(z) = Е А f F(a)e-ida (13) 


we get from 


D 
X(z, 1) =} f G (n, Qe-'d£. (14) 
—o 
Again, the solution of the linear differential equation (11) is 


G(n, &) = A(£) cosh £an + B(£) sinh £an + C(£) cosh £8n + D(£) sinh £87 (15) 


where A, B, C and D are independent of 1. but are, in general, functions of ё and + ч, 
+£8 are the roots of the charasteristic equation in m, 


-kEm e£ = 0 (16) 


во that а = {К+(КЮ®—11И, В = fk—(k?-1)t} (18) 
ap = 1 (17) 


and, а and 8 are assumed to be real, thatis, k7»1. Multiplying the equations in (1) by 
вї® and integrating with respect to х between limits — оо and + оо, we have, by using 
ihe theorem (10) 


[ = d''a Pies = 0G 
{т 4 {г — — 30 2 = А 
areX*da ae [ yye'*dz = —£G; E x= i£ us (19) 


The stresses can now be expressed in terms of G. For, by the theorem (13) we have 


from (19) 
= L f UG у= | збу о = | ас te 
~ On ion dy? i ys Qa Жа Без дл ДЕ : dy о7%06 (20) 


When the stresses on the boundary аге given, the constants A, В, С and D are 
determined either by the relations (19) or by the relations (20). hus, when G is deter- 
mined the relation (14) gives the stress function x and hence the problem is solved. 


The mean displacements u and v along the т and y axes can also be expressed in 
terms of G. Multiplying the first of the relations (8) by e'* and and integr ting with 
respect to x between the limits — со io + oo and using the theorem (10) and relations (19) 
we have 


i [.1 @G с 
éd — 1 
fv "ЧЕ E, dy? 60] 


from which, by the theorem (18) 


“Ef | us TS g- ea] е-е dé (n 


Similarly, the third equation of (3), gives 


H [ 1 © ©, 1)28] zi 
=— +) #4. (22 
li E EC dy E, щі dy i : 
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If the function G is even in &, the relations (20) reduces to 





d'G 
2 





1 [Сев oos goag; a =1 | {1б am grag бол 
mJ mos dy 
On the other hand, if G is odd in £, 


~ ; 0 3) PET : 
m=i f SE sin te dn yy = - | £' вір ёх d£, =: | 292 eos edt ( (20.2) 
т 
0 





8. Isolated force in an Infinite plate. As a solution of (5), if we take the 
stress function А 


F a 
X = — 2.02 3 142,242 -1 wy 
Әл (а? — 6?) [сут +В faery log (a +“ ү. 1 )+х {ап E" 


а? 2.2,.,2 —1 ey | 
L faery log (a+ g^r*y*) + tont EYY |], (28) 


the corresponding stresses are using a = 1, 


CE A [emen (ъв | 





ВиО Е атау РУ 1 | 
99 = — satan | та By _ (c.g? tp | | (24) 
2л(а? а 4 gr zip 
Ty | 
zy- -_ КУ _ | x ne = (py De], | 
Beep) Ы анау С + уу |) 
А]во, TZ == 22 сов 0+ zy sin 6, гу = ту cos 0+ yy sin б. : (25) 


Considering a circular boundary of radius т, the resultant stresses оп the boundary 


in the z and y directions are | 
r з 
f ut = о; Јав = в. (26) 
0 


0 

Hence the value of x in (28) represents the stress function for an isolated force F in 
the positive direction of the y-axis applied at the origin. Equivalent results are given by 
Green (1989, 1945). 

4. Isolated Couple in an infinite Plate. The relation (23) gives the stress 
function X(z, y) due to a force F acting along the positive direction of y-axis, If an equal 
and opposite force acts аб O’ at a distance ‘a’ from the origin O, the corresponding 
stress function will be —x(z—a, y). Hence, for а couple of moment 

М= Ра · (27) 
having rotation from у to = sense, the stress function is given by 


X = Ҳа, y)—x(æ—a. y), that is, x = «002.0 (28) 


when 'a' is very small. 
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Thus from (28) and (28) 


х = cr [сг + 8?) lant w — (oiy? +27) варт! Му 1. (29) 


'The corresponding stresses are 











PORUM М ү?ғу [ alra’ y +1) _ Blog Y? +1) ] 
n (o? mae B?) (x? + a*y?y?)? (a? + В*ү*у*)* 
~ 2 Мужу f Во +1) _ «(ep +1) р 
yy п(а? = В?) [ (x? + a?y?a?)? (x? + ey ] | (80) 
= - My [резе ce aha шыр е э] 
2п(о2 — В?) (ж? + a? yy)? (x? + 8*2?) | 


In a subsequent paper we shall apply the above method for the solution of the 
problems (1) and (2) mentioned in the introduction. 


In conclusion, I thank Dr. B. R. Seth fcr his kind help in the preparation of this 
paper. Ialso thank Dr. D. N. Mitra for checking the results. 
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CERTAIN THEOREMS ON SELF-RECIPROCAL FUNCTIONS 
By 
В. М. Bosz, Calcutta. 


(Received March 4; 1968) 


Section I. 


4. In this section wé first obtain certain new theorems bearing on self-reciprocal 
relationships between three pairs of functions. 


Let 9,(p) and f(tj be two functions satisfying the integral equation 


t) dt 
Ф,(р) = [ite т > 0. 
0 
We then prove 


Theorem A. Let p™++9,(p) be Rm; then z-"-Xf(zr) is also Ra, provided z-7-i 
f(x) ig continuous and absolutely integrable in (0, co). 


We shall first establish the following 


Lemma 1. Let 
f _af(a)de _ | ®Ё(ж)Чд 
А (cayo y (а? +2)": ' 
where т > 0, а 2 0 and f(x) and F(x) or more generally f(z) – F(r) are continuous in 
(0, <=), then f(z) z F(a). 


Let G(x) = f(z) - F(z). Then 





#02) dz _ 


А (x? + a)! 


Since this integral 18 uniformly convergeat with respect to a in (ау, а.), we can 
differentiate 16 with respect to а. D.fferentiating n times we geb 
z G(x) dx 


Grama 7l | 0) 
0 


Now, let z*-- a = afz; 


we then get 
fof Netze] mea = 0, = sa 
i оо 
then — $(1) = G(0) and $(0) = Lt. Gle) 
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so that o(2) is continuous in 0 = s = 1 and we get 


1 
/ o(2)27277! dz = 0, (n =1, 2, 8...... ) 
0 
Therefore it follows by lemma of Lerch’s Theorem 
o{z)=0, or G(z)z0. 

The result follows by similar arguments if we take z"f(z), and z'F(x) instead of 
zf(z) and zF(x), provided т zx à(r—1) =0. 

This lemma can also be proved by the method of Operational Calculus. We, how- 
ever, give the method of Operational Caleulus in proving the following more general 
result which we shall require in proving a general theorem later on. 

Lemma 9. Let G(z) be continuous in (0, X) and absolutely integrable 1n (0, со) and 

ao Й 
| Ga) dz 


Д (2% + а") 


, 


where a, m,n 22 0, then G(z)z0. 
Let z™ = s and a™ = p. Then we have, on interpretation, when 1/р с f 


ao 
f etta lm) - 1G (gllm) da = 0. 
“0 


Therefore Б 
f «6:92 = о, t 


0 


where : 
С, (a) zl g lm) -3G (gllm) da 


0 
zm 
= nf G(u)du. 
. 0 


Evidently G,(z) 1в a continuous function of а апа G,(0) = 0. Integrating by parts 


we get from (2) 
© 


/ e-"G (a) da = 0. 

0 
Hence, by Lerch’s Theorem, we get G,(e)z:0. 
By differentiation it then follows that С (=) =0. 
Now we proceed to prove Theorem A. 

By hypothesis we have 


р" (р) = | v (pz)J s (pz)a* 5, (x) dz 
0 


- м (pz) Ju (pz)z" tt dz f(y) dy _ 
о 


2.101 
o ктуу" 





CBRTAIN THEOREMS ON SELF-RECIPROCAL FUNCTIONS 111 


Changing the order of integration, we get 
mJ d 
p™tto(p) =pt f f andy i eae ч 


Hence © 
2"T'(m + 1)e,(p) = ] fly) Ko(py) dy. (3) 
0 


Apain 


/ fly)Ko(py) dy = 2*®Г(т +1) f; fly) dy ] y nam ыш 
р ^ (z^ р?)'%*1 


0 
and on changing the order of integration we get 


20 mil * 
f кр ау = Pran "жт | у" s (xy)f(y) dy, (4) 


Therefore ias "ant iF (zde 
9, д (2? + pmi 
where e 
Fo) = f inet) n fy, 
0 
But by our definition ^ а) а= 


ei(p) = ha phy 

Therefore by the Lemma 1, we get 

F(z)zz-"-if(z) 
i.e. © 
/ V (2y)J (ту) - у-" *f(y) dy = "4 (2), 
0 

provided =-”-*{(2) ia absolutely integrable and continuous in (0, со) and т > $ and F(co) 
exists. 

We must now justify the changes in orders of integrations. The changes in the 
orders of integrations will be justified if the following conditions hold good: 

(а) F(z,y) is a continuous function of both the variables ina zz 0, y 250 


(b) р 
] F(z, y) dy 1s uniformly convergent in the arbitrary interval O 3 2 za 
0 


[ F(z, y) dz is uniformly convergent in the arbitrary interval 0 у 5 6 
0 


(d) * 
faf F(z, y) dz is uniformly convergent in а > 0. 
0 0 
We take ned 
F(a, y) = 87 7 P) (Rim) > Ф) 


(2? + yy" 
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апа 


oq ym !](ж) (шу) 
Fe у) =e 
The condition R(m) >$ сап now be waived by analytic continuation and the theorem 
holds when m > $. 


Theorem B. Conversely, let z7 "^ *f(z) be Rm; then a"**9,(z) is also Ви, provided 
the integral for the self-reciprocal property exists. 


We have 
атаја) = | V eya(evdy-” Hl) 


0 
The proceeding as before and changing the orders of integrations, we have, as in (8) 


and (4) 
mt ылы De. 
| М (pz)J 4 (pz)a** 5o, (z)dz = F mea f(y)E,(py)dy 


zntidz 
3 21m 1 
А (x? + p?) 


= р"+і f une = p"*ig,(p), 
0 


2% + р?)”*1 


= pri 


/ м (zyJ т(ху)у-"-ЗКу)а 
0 


thus showing that 2" 16, (x) is Rm- 


The changes in the orders of integrations are justified here as before and assumed 
permissible. 


Let us next consider tbe pair of functions f(t) and ¥,(p) which satisty the integral 
equation 


yip) = B М (pt) Ky (pt) (t)dt 
0 
When m = +4, this reduces to the Laplace transform 
© 
= Л -pt 
ha) =,/ 2 | e(t 


Theorem C. Let p'"J,(p) be В; then z—"f(z) is Rm, provided z^?"f(a) is 
continuous and absolutely integrable т (0, со) and m 2 $. 


We have 


Paty) = f v oun ri) реча (dp 
0 


= | мев)" | V (рэк (ра) а) de. 
0 0 
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On changing the order of integration, we get 
v6.9) = [була f mmi (ржу dz 
0 о 


? gk-nf(z)dz 
= D(9m-1)9mysme. | 27 DENT. 
NOUO dE 


Therefore 


—— "+ [ mio "дах. 
1 (y) 2'^Г(2т + Пу | бая 


Again, we can write 
ie) = | Уро) (раз/а) 
0 


" " Я "HJ, (ay) d 
= @"Г(2т+1)р E 2mf(z) af лз 
On Е the order of integration, we get 
ут Е(у)ау 


V. (p! = 2#=Г(2т +1)р"++ (руе 


(5) 


where eo 
Р) = | V (умту) afla) dz. 
0 
чола} ?ymHF() _ [Г уї-"/Д(у)йу 


A ae) game cae E 
By Lemma 1, we therefore get 
| F(y)ey""f(), 
provided z^'"/(z) is continuous and absolutely integrable ın (0, oo) and m с> 4 and F(co) 
exists. 
In this case we take 
| F(z, у) = ey? Jos (py)K «(zy)f(x) 
gi my tU (zy) f(a) 
(рут 





Е их, y) = 


the ranges of integrations being from є to infinity, ultimately s—0. 


Theorem D. Conversely, let z^?"f(z) be Rm; then р" у, (р) is Ram, provided the 
integral for the self-reciprocal property and т > 4 


We have о 
amfa) = | (аа) yf) dy 
0 


Then proceeding as in the previous theorem and changing the orders of integraticna, 
we get as in (5) 


f: М (py)J sm(py) p*"V.(p) dp 
0 


I += (а) dz 
= Гот +1) тув" | LE 
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and “att F(x) d 
= 98mpD(2 mtb] © zjaz 
у. (у) = 2?7T'(2m *- ly | ету 


x " zi-m х)4х 
= Pmr (2m +1)y n f arios, 
0 


Hence eo 
] V (ру) sm(py) ра" (р) dp = у (у). 
0 
The changes їп the orders of integrations are assumed justified here asin the 
previous case. 


Let us next consider the functions f(t) and (р) as well as the pair f(t) and у, (р). 
where 


0 
and " 
(р) = | (pt)^* Ky, (ptf (t) dt. (5) 
0 


When m = à, (5’) reduces to the Laplace Transform. 

Theorem E. Let p"t*j,(p) be Rem; then z-"-*f(z) ав Rm, provided є-"- +] 2) is 
continuous and absolutely integrable in (0, со) and m > $. 

We have 


yrs) = | Vesp) р" 
0 


© o 
= | eet tap | oic бра уе) а. 
0 0 
On changing the order of 1ntegration we get 
yr.) = yt | "Газ f mte УК „(радар 
0 0 


09m d 
вит (9m +1) | een (6) 
Therefore " (шай 
—9mpi 2 
yaly) 2 2'"I'(2m + 1)y? Д жуйт 


Again o 
vi) = | дак (pa) de 


0 


ЕЕ m m m 
= 21 rne fa f(x) ed 2 


On changing the order of integration, we have 


Yalp) = 29^ Гат + 1) p? (ee mE Aid. (7) 
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where 7 . © 
F() = fv (жыгу) атто). 
0 


Hence by Lemma 1, we get 
F(y)ey-"^ifty) 
i.e., 


f М (ту) (zy) £7" Tf(z)dz = y-"-tf(y), 


0 


provided z-"-f(z) ıs coatinuous and absolutely integrable in (0, оо) and т = $ and Е(оо) 
exists 


Theorem Е. Converscly, let z-"-*f(z) be Ry; then p™+tb (р) is Ran, provided 
the integral for the self-reciprocal pr perty exists and т > 4. 


. This result can be easily proved by proceeding as before. 


Theorem С. Let p™~4),(p) be Rsm; then at~™f(x) is Rm, provided at-™f(x) is 
continuous and absolutely integrable in (0, оо) and т > $. 


If we write in (5') zf(x) for f(z) and J,(p)/p for 4.(р), we get the integral equation 
for ¥,(p). Thus Theorem G follows immediately from "Theorem E, if we write af(a) for 
f(z) and у.(р) /p for (р). 


In the same way from Theorem F, we reduce 


Theorem H. Conversely, let zk-"f(z) be Rm; then p"-hj,(p) is Rsm, provided the 
self-reciprocal property exists and m > $. 


Я. The following results are immodiately deduciable from some of the above 
theorems. 


_а т +1 SN т+1 
doz) [t2 Клава (рг) K,,(p2), 


"od mes | 
= К (2) da. 
Yalp) | pa { ра) +1(р2) ¢ f(z) da 
On integrating by parts and assuming that /(0) = 0 and f(ee) is finite, we get 
Yalp) = p” | innu рау} (а) da, 
0 


Therefore » 
рф = / (pz К. (p2)f’ (2) da. 
0 


Applying Theorem E, we get 
Corollary 4 If р"+5/20,(р) be Ramis; then c77-9Pf'(z) із Km41 and conversely. 


Again, let /'(0), f'(co) be finite. Then assuming that differentiation under the sign 
of integration is permissible, we have from 
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d = "d mtl І ei 2 MEL \ {ajd 
ARAG J IAO epa f) de = ‚| AOI Enla} afl) ds 
ploy} = EL (ps) Ens. (pa) Де} de 
Proceeding exactly as before, we get 
Corollary 2. If priset py (| is Hamas, then oman [ера] із Бъ and 
| dpt ^? , dz i 
conversely. 


Let again Lt. Ч [ар (#)] = 0 and Lt. a [2f/(2)] be finite. Then we get as before 
„0 d «= 48 


ага . d ; is 
Corollary 3. If prit t [oov] із Rom+s, then Е +- $ fepe HE 


Rat. and conversely. 


Ezamples : 
(1) Let us take f(t) = И" в 
then {с=®-#]({) = thtt et, 
which is Rm. 
We have 
Ф, (р) = f cemere mma = p (m+1) f omma eee mem dt 
0 0 


On putting 4i? = y, we geb 


© 
vas ертен / етғут +y; ($p) ("+ dy 
0 


The H-function of Mac-Robert (1942) is defined as 
E(s, 8::2) = Гб | o-wy?-1(1+y/2)-edy, BIB) > 0 
0 


We, therefore, get 
2% p-2(m+1) 
= -E -1::4p° 
Ф, (р) ESE (т+1, m+1::4p°) 
2mp- (m+3/2) 


so that 
P Фр) Г(т+1) 


E(m +1, m+1::4p?) 


М. М. Bose (1950) has shown that 
p^ 6*9 Elo, S(a-* m 1) ::ip'] 
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Hence taking а = т+1, we find that 


p™tto,(p) 
is Ra. i 


We thus get an example of Theorem B. 
(2 We have proved (Bose, 1952) 


© Fv; l+o; -dat)üz'yzde |OT(cQI(e-126 ga 
| (e ня жыз шла 





On writing 0+4 = m, v = m and k = p we get 


z'"^F(m;mri;-àr)dz _ (m+ b)P om-1,- 
Г (a? + р?)т+1 DCN Р-Я: 





0 
Let us take 


9,(p) = A-p-oe*PD.ss(p), where A = a numerical quantity ; 
then f(t) = ,F,(m; mth; – 412). 
Then p"*ie,(p) = Ap™- tett D (р) 
and Ету) = tn Fim; m+4; 3), 
It Ваз been proved by Varma (1987) that 
р" *etP D (р) 
is Ra. Also B. Mohan (1941) has proved that 


t-t Fm; m+4; — 30) 
18 E. 
Thus р”++Ф, (р) is Rm and so ie also £7" 7*f(t. 


The above is therefore an exampie of Theorem B. 

8. We now proceed to a general theorem. 

Theorem I. Let g(x, р) and h(x, p) be two continuous and symmetric functions of 
z and p in 08 = zz оо and 0 р оо, auch that 


Гелер, p) de = gly, p), m 30. 
0 


Further let f(t) be continuous and absolutely integrable in (0, оо) and let 


[9(р, t)|dt and | |h(p, t) | dé 
| [ 


exist and be integrable in (0, co). 
Also let © 
v(p) = | glz, р) fle) dz. 
0° 
Then, if jiz) be Rm, У(Р) із also Ry. 
We have 


мерте) dy = 10. 
9 
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Also by Hankel's Theorem 
Гея Im (az) g (=, р) da = h(a, р). 
0 


Тһеп © © 
vie) = fate, mas | ve) uten fn du 
0 0 


On changing the order-of integration, which is obviously permissible, we geb 


vip) = f ме f ver) stem =. 
0 о 


= J h(y, p) f(y) dy. 
0 


Therefo1e D 
| V (bp) Ja (bp) (p) dp 


0 


= [ «t» Ут (bp) ар f h(y, p) Ку) ау 
0 0 E 


=f fiy) dy | (bp) Jmlbp) Му, p) dp, 
0 0 


on ehanging the order of integration, 
= ү) 
Theorem J. Converseiy, let (p) be Rm. Then 


vib) = | v tab) 7.6) Wp) dp 
0 


= f vo) Jm (pb) dp | f(y) g(y, p) dy 
A . 


0 


= ft as f votis tiat p) dp 
0 0. 


= f». b) fly) dy. 
о 


Ву by hypothesis 
v(b)= f i90 b) az 
о 


Е f f(a) de f V (zy) Jmlzy) Му, b) dy 
0 0 

= f hay | ven Imlay) fle) de 
0 0 


= | My, 0) Fay, 
0 
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where a 
F(y) = | м (zy) J (my) fla) da. 
. ге. 
Непсе x . 
[ hly, Б{Е(у)— f} dy=0 (8) 
"a 


The question now arises when is F(y)ef(y)? 
Now let G(y) = F(y) —f(y) in (8). 
1f Му, b) = е7, then by Lerch's 'heorem Gly)=0 


Again И G(y) be continuous and absolutely integrable in (0, еә) and 
(у, b) =1/(y™+b™)", where b,m,n>0, then by Lemma 2, we get Gly)=0 


Section II. 
Self-Reciprocal Function involving two variables. 


Some of the theorems established before (Mitra and Bose, 1958 and Bose, 1952) 
and in section 1 of this paper can be easily extended to two or more variables. We shall 
content ourselves by proving below only a few theorems extended to two variables. , The 
methods of proofs given for two variables clearly -indicate that they can be extended to 
more than two variables. 


1. We fist proceed to prove the following : 


Lemma 3. Let F(z,,2,) bea continuous function of both variables in 0 <<], оо, 
Oz 2, < оо and be such that 


50 „00 р 
[ f Фарр, z,) dz, dz, = 0, 
о "o 
where ру, Pa> 0; then F(z,, 2,) 0. 
Let © 
/ eP F(x, £) dx, = p(x). 
0 
Then since obviously the integral converges uniformly in 0 = 2; = оо, $(z,) 18 a 
continuous function of z, in (0, X). We have, therefore, 


[ 79 1e) de, = 0 
0 
where y(z,) is continuous. 


` Then by Lerch’s Theorem y(z,)z0. 


Therefore | 
f F(z,, =.) dz, = 0. 


0 
Hence, by Lerch's Theorem, we finally get F(z,, 2,)=0. 


With the help of Lemma 8 we shall now establish the followmg: . 
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Theorem K. Let 


D oo 
эф.) = pipa | f еее fla, 2) dz, de, 
о "o 
and further let p,"7p,^-*o(p,, pa) be self-reciprocal in the Hankel Transform of order 
т +1 with respect to p, and of order п +1 with respect to ру. Then т”, ж») 
is self-reciprocal in the Hankel Transform of orders т and п with respect to p, and p, 
respectively, provided f(z,, z,! ав continuous in both the variables т O zz z, < оо and 
052, 5 оо and во з also z,"tiz,"tkF(z, х,) which has been defined iater on in (9). 


By hypothesis, we have 
=“ o 
f / м (pi) V (рза,) 7. 1@,г,) „+ (рыть) - (Pr, РР," 1p,"73 dp, dp, 
0 0 


= x," te," tela, 2.) 


Ji 


ane f | ec e eR (у gs) dy, dy, 
о ^0 
We therefore have 


ы © 
2,72," TI e m wm у, Ya) dy, dy; 
0 0 


eo © 
= T [ p, p J meV) na (Psa) dp, ар, f f oreraa, ta) dt, dt. 
о `0 


0 0 


On changing the order of integration on the right band side which 18 assumed per- 
missible, and then integrating with respect to p, and p,, we get 


o © 
| / e Ку, у) dy, dy, 
9'0 


_ ДК (п + д)1 (n +3) * ок Jt, t 3 dt, dt, 
da rcm M dc E (t, E] +2, 2ym-+8/2 (t,? + 2.2)" +8? 








т 
со 


=f Гао ^s S eH Gb HOT ACY t (st), y dy, dy, 


оо 


ao 


= 
=] [ mmy уту nt dy, dy, 


E © 
х / f м Qa) мо) аА) тн, 0) dT, dta 
о '0 
on changing the order of integration again, which 15 assumed to be permissible 


We therefore, have 


Í f ет GM tydy mty mt By, уз) -fiy,, y3)]dyi dy, = 0, 
о "o | 
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where 
Fyny) = f f otto (ate) uit) Ju) 67-774, ty) dt, dt. (9) 
0 0 


Hence assuming that f(y,, y,) and y,"**y,*** F(y,, y,) ave continuous functions of 
both variables in 0 = y, Sœ, OS y, 5 оо, by Lemma 8, we get 
F(ys, y) 83:7 73,7 f], Ya), 
which proves the proposition. 


Theorem L. Conversely, let 


© 


9(pi, Pa) = рар; / / в-ар) f(z,, z,) dz, dz, 
о `o 
and further let z,7 "7 z,-^- Yf(z,, ж.) be self-reciprocal т the Hankel Transform of orders 
т and n with respect to p, and p, respectively, then p,"-*p,*-* ф(р,, pa) is self-reciprocal 
in the Hankel Transform of order т +1 and п +1 with respect to p, and p, respectively, 
provided the various changes in the orders of integrations performed in the course of the 
proof are permissible and the integral for the self-reciprocal property exits, 


We have, by hypothesis, 


grm te, H(z, Ta) 
= | М (zy) у (7:9) Jay) Ј.(2,0,) jm ut fts, уз) dy, Чуу. 
0 0 
We then get 


e(p,, Pa) = Р.Р Q7 m RR CR z.) dz, dz, 


е7 Om py mHip wi dz, dz, Я 


J `0 
ac © 
= pips f f £ Om PET (т, zr, tride, de, 
о ^0 
0 


ô 
© 
f (гу) М (2,91) Jy) Ja(,u4) y,7 7 tya Ку, Ya) ау, ЧУ» 
0 0 
= э] f y, "ys Yn у) dy, ау» 
0 0 


x | | О J (z y.) 7 „(2303) 2,7! 2,1 daz, da, 
о ‘в 


on changing the order of integration, which ів assumed permissible, 


| Quen? Dm + Bro, 3 f f(vi, Уз) dy dy, 
= 1 Ра | 3 
т o % + 


yP)” tp, +y tE 
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Henoe we have 
А [Гу (р,#,)/ (p424)J mtl PZ) аа (рае). 5p," *Ф(р., Pa) dp, dp; 
0 0 


е +++ (т + 8)Г(в - 2 V (2182) 


‚Т 





D „0 
f Дориана) dp dp, 


0 0 


Sf J ПСЕ Ya) dy, dy, 
(p? - y, P) (р, у.) 


_ Вит (т +8)Гт+3) (212) 
" 








* 





РА D 
p,*3J mtl Paz) Pat? S и (р 23) ар ар: 
х Г] Ку, эу, dn, | (p, ty (р, ys ye : , 


on changing the order of integration again, which is also assumed permussible, 


il 


0 
И! в- (пее) (у, y3a)dy, dy; 
0 0 


- g, 7 ta tols, 2,) 
Theorems К and L are extensions of theorems I and II (Mitra-and Bose, 1958) 
Next we prove the following theorem and its converse. i 
Theorem М. Let e(p,, Pa)/Pı Pa be self reciprocal in the cosine transform with 
respect to p, and pa, then f(x,, =,) is self-reciprocal in the sine transform with respect to 


both æ, and z,, provided f(a,,x,) is continuous in both the variables т 0 29; оо, 
i = 1, 2 and so is also Ё(х,, т„), which is defined below in (10). 


At the outset we note as before that the various changes in. the orders of integrations 
performed in the course of establishing the theorem are supposed to be justifiable. 
By hypothesis, we have Е 
(pi, Pa) A 901, Ya) сов р,1 сов dy, d 
- Pay ys: 
тур» Vila Pih зУз ad Уз 
vy 


Employing the relation 
Ф(01, Ya) = Ya Гене, m, dz, dz, 
"o "o К 


and then changing tbe order of integrations, we get 


D „= d o | 
(р, Ps) = 2 J f Fan х.) dz, а, f f 87 9.5.*94 cog py, cos pays dy, dy; 
р: Pı Ty. 56 о ‘о. " 





к. rx 24) 2,25 dz, dx, 
(2,7 t p,!)(z,* +2) ^ 
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è 2 ind 
EC M (2,4) da, de, f [snae sin 2,9, sin zy, dy, dy, 
о `o о 70 - s 


9 © > i © о 
m Е [ 6 t PS de, da, [ | Нун, ya) sin туу, sin туу, dy, dy; 
ото `0 ^0 


on writing x, for y, and x, for y, and vice versa and then changing the order of integration 


© © 
=| f ers, т) йа, dz, 
0 0 


where у 


Е(2;, 2,) = = JE Г. Куь, Уз) sin zy, яца Уз dy, Чу, (10) 
We, therefore, get 


/ [ oe. Pe [ра 2,) — P(z,, z,)]dz, dz, = 0 
о 70 


Hence by Lemma 8, we have f(z,, 2°) = F(z,, 2,),' which proves the theorem. 


Theorem N. Conversely, let f(x,, 2.) be self-reciprocal in the sine transform with 
respect to both x, and z,, then 9(p,, p, [рур 18 self-reciprocal in the cosine transform 
with respect to both p, and pz, provided the integral for self-reciprocal property exists. 

We have 


B 


9 2 © ` 
(ел, 2.) = z ] y Кул, Ya) вт туу, sin TaYa dy, Чуу; 
оо 


then making use of this result in the relation 


Ф(ф,, Pa) Pa) a TE pum) т, т.) da, ах 
р, Pa n ч н | | 


and on changing the order of integrations which is supposed permissible, we get 


© oo © 
ЕЕ = | ] Ку, Ya) ау, а, f f е Me) gin zy, sin 23у: dy, dy, 
. Di Ps 7 0 0 


m NE уз, Ya) Yı Ya буу dy, 
(pi! yis + vs?) 
Therefore we have 


2 [Fo ) 
«d ] UA совр, а, сов p, 2, dp, dp, 


» Эр, у, а 
РИ dp, d Г fi, Уз) Yı Ya ау, ау, 
-(* y | | Pıtı р: 2. ар, Gps р J (p,3 +y) (Dy? + Yq") 


2) ШЕ | сов р, 2, cos р. =, dp, dp 
2 Vu Yay du. dà [ 1 atp tpa 
-(3y f Ку», Уз)У Уз « Yı Ya (p? ky, (pl + Yq?) 
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on changing the order of integrations again, which is assumed permissible, 


р = m em +E) Б = (2, Zs) 
= WOW f(y,, y) dy, dy, = E. 
0 0 7 


2123. 
These two theorems М and № are the extensions of theorems III and IV (Bose, 


,1952) to two variables. 


By proceeding in the above way we can also make similar extensions of theorems V 
and VI, (Mitra and Bose, 1953). 


2. We next proceed to extend the results of Theorems C and D to two variables. 
For this we first establish the following : 


Lemma 4. Let G(y,,y,) be bounded and continuous in both variables т 
О = у; оо, i= 1, 2 and further f! G(y,, уз) | у; exist and be integrable im (0, co) 
0 ` 


If also G(y,, Ya) be such that 


f @(у\, Уз) dy, Фу» 
: y," t a?)^ (уут + b™" 


where a, b 22 0, m, п> 1, then G(y,, y,) =0. 
First, let 





Gs, y.) d 
H(y,) = Qui h 


Then G(y,, Y2) being bounded, the integral on the right hand side is uniformly 
convergent with respect to y, in (0, co). It, therefore, follows that H(y,! is continuous 
in (0, Y), where Y is arbitrary and hence Н(у.) is bounded and integrable in (0, Y). 


Further 
| | @(у,, Ya) | dy, 
fin | H(yj) | dys sj dy; (y, "(y mam . 


Y. 


Changing the order of integration which is ВЭ permissible, we easily get 


Ts | H(ys) | nsf atm dy, f emsan <a J” | Gty,, Ya) | dy, <s, 


ү, (у, т + (у? + a9)" 
whenever Y," > Y; z Y, вау. 
H(y,) is thus absolutely integrable in (0, са). 


Pines H(y)dy, _ 


(y, + bm y 


hence by Lemma 2 we get H(y,)=0. 


Therefore we have 


G(yi, Ya) dy, =0 
nro" 
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Hence again by Lemma 2, we get G(y,, y,)=0. 
With the help of this Lemma we shall now prove 
Theorem О: Let 


у:(р,, Pa) = T1 У (ру) М (p.25) К.„(р,2,) К.(р,=,) f(2i, =, de, dz, 
0 0 


and furthe let p,?™ p," (p,, Pa) be self-reciprocal in the Hankel Transform of orders 8m 
and Зп with respect to p, and p, respectively. Then z-?" 2 (,, æ) is self-reciprocal in 
the Hankel Transform of orders m and n with respect to x, and a, respectively, provided 
y, у, HY, y.) and у" ут F(y,, у.) are continuous in both variables in 
© у; = оо, 1 = 1, 2 and are absolutely integrable with respect to y, in (0, оо) and во 
also with respect to у, and further 


= 
[ y "ty, 7** | уз, уз) | dys , (=1, 2) 
`0 


со 
J уу,” | F(y, Ya) | dys , (i = 1, 2) 
0 


are integrable т (0, оо) where F(y,, у,) is defined below in (11). 
We have by hypothesis 


y; ys P QR Ya) 


= [ [vous M (руз) sm P33/ d sn (Da) P1" P2 V (фара) dp, dp, 
`0 


М (руу) M (р,92)7 5 m(PiY л) anl PYP Pa” dp, dp, 


yl 
oo, 
о у е 


x i м (ру®,) м (paz) Kg (p,,) Ka (ps,)f(m,, £1) dæ, йж, 
0 0 


| 


ГГ мел) safe, =) de, de, 


"o ^0 
х jJ / P1? pa I aml P1 Y1) К„(Р12,) 7 зя(рзуз)К (рае) ар, рз, 
0 0 


on changing the order of integration which is assumed permissible, 





| img t "f(x T ) dz, ах 
25 3m52 SME), INTE 1 2 1) 2 1 2. 
= Г(2т +1) (2n + 1)2 2 "у, Уз ] ( E 3 +(e, E ay zi 


Hence, on writing p, for y, and p, for y, and y, and y, for e, and =, respectively, 
we geb 





| | my -n dy, dy 
= 2 5 Meth H+ yu ys fY, Ya) ду, dy, А 
№. (рь, р.) = 2?"2'^Dl'(2m + 1) Г(2п + Пр, Ps AA (у, єр," Hy, + pnt 


1-—1863P—3 
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Again 
Vini Dg) = 2!"2'"T'(2m + 1)T (2n 1) p,7*tp,?' 1 


© юк aft, f. du. di 
x M жүї^%тд„{-3%ү'д\, 2.) dz, da, pj з Чт mee Ta Ya) dy, Ja 
o h М Qty (Pa + ys"! 








" m+ Yo "nti dy dy 
ж = Э?тоїтГ 9. +] Г 9 +1 mti › га Г i Yı 1 2 - 
( m ) ( n )р, 1 д (p? tU, £m (8 t ya зү 


AD © А 
х | f М (2435) V (21) (жү) Ja (z,7,) e, 7", 7" f(z,, Ta) dz, dz, 
"o `0 


on changing the order of integration again, which is assumed permissible. 
Hence we get 


[ | Vui myt- ?f( Yis Ya) dy, dy, _ sj. в. уу вы Yo) dy, dy, 
( 


(1,2 +р;2) feta t fa E nur Yi 2407 т (у 2 +р, 2)їп+1 , 








where 
© 
Fly, у,) = ] Г. (куу) у (2495) mE YI n(7,9,) v, "9m, (т, г.) da, dz, ; (11) 
о "0 
ns i ie [yE PAAY Ys) е Зу PG, Ya) ]dys dys _ |, 
Я А (Y + py7)7™ My? + p 2291 


Hence, provided y, *^"y,*""r(y,, yo) and y,™*ty,"*tF(y,, у.) and continuous functions 
of both the variables in 0 < у; < со and other conditions stated above hold good, we get, 
by Lemma 4, 


Fiy, YEY у, SY Ya) 
which proves the proposition.. 
Theorem P. Conversely, let ж, "д "т, z.) be self-reciprocal т the Hankel 
transform of orders m and n with respect to x, and x, respectively, then Pi Pa” Ч (ра, Da) 


18 self-reciprocal in the Hankel transform of orders 8m and 8n with respect to р, and p, 
respectively, provided the integral for self-reciprocal property holds good 


Proceeding as before we get 





Sois ? miyy tEh ) dy, dy 
Р = mm Tn + 1)?" # | [5 Ya Yi Уз 10032 
YP Pa) 2 (2m + 1) ( nct )р, Р: ee (p,? 4g Am (p, 4 y, m 


But by hypothesis, we have 


Ed e cu F(y,, Ys) = yy YY, Ya) 
Hence we get 





wf n К : 0 eP a tomy ф-т dy, 
обра, Ba) = R 2m + 1) Tan + Lp tps f J REPE 


й 5 (py? + y, ^P? AUDE + yg?) 
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We get also by proceeding as before 
ГГ» (рут,) у (Раа) (р) anl paxa) p, ^p, (р, Pa) dp, dp, 
о “o 


N 
= PMN n + 1)Г (2н + 1x2 tg i S yEy" fly, уз) ау, dy, 
` ў * 0. p (z,* + y,*)mtt(g 2 + y mi 








s o "727. Mmi, 3-4 
gm iz nti Tı T, 
2 


— p Mm. m . 
= 11 T, Ya, Ly}. 


It 1s worthwhile to observe here that the theorem holds good, provided the various 
changes in the orders of integrations are justifiable. 


Proceeding in a similar way we can establish the extensions of Theorems E, Е, G,H 
and also of Theorems A and B to two variables. 


In conclusion I wish to express my grateful thanks to Dr. S. C. Mitra for his kind 
help in the preparation of this paper. 
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TURBULENT FLOW IN А PLANE WAKE ОЕ A COMPRESSIBLE 
FLUID 


Bx 
М. Ray, Agra, U.P. 


(Received—March 10, 1968) 


4. Introduction. The problems of turbulent flow in a compressible fluid have 
been studied by some authors. Abramovich considered the case of the mixing 
of a parallel stream with the adjacent medium at rest and Gortler (Gortler, 1942) 
re-examined the same problem and obtained some improvement in the velocity profiles 
on assumption, due to Reichardt, that the exchange coefficient is constant over each 
cross-section of the mixing zone for free turbulence. Ра! (Pai, 1949) took up the problem 
of plane jet exhausting into uniform stream and of the mixing of two uniform streams. 
Recently he (Pai, 1952) extended the case to the problem of an axially symmetrical jet. 


In this paper, the problem of a plane wake in a compressible fluid has been studied, 
using both Prandtl's mixture length theory and Reichardt’s theory of free turbulence. The 
fundamental equation of motion has been simplified under the assumption of small pertur- 
bation and the variables have been transformed by Mises’ transformation. For free 
turbulence Prandtl’s number has been taken to be unity, so that the energy equation 
gives at once Crocco’s relation for the temperature distribution. 


It is found that when the Prandtl’s assumption regarding the constancy of the 
mixture length over any section of the wake is adopted, the solution gives a finite breadth 
фо the wake; whereas when the Reichardt’s assumption regarding the constancy of the 
exchange coefficient over any section is taken, the breadth of the wake becomes infinite. 
It is also found that when the velocity and temperature distributions are identical, the 
case degenerates to the corresponding problem for the incompressible wake. 


2. Basic Equations. Very far down-stream inthe wake, if the motion is steady 
boundary layer approximations hold good. The pressure would be nearly constant across a 
section of the wake, the transverse velocity small compared with the longitudinal velocity. 
The axis of z is taken along the axis of the wake with the origin at some unspecified point 
jn the neighbourhood of the cylindrical obstacle. Let и, be the undisturbed stream velocity 
and (u, v) the components of mean velocity in the wake. 


The equation of motion in the z-direction is 


ди ди _ q ou) 
Кал ay ay "у › (1) 


where e 18 the mean density апа = is the exchange coefficient of the turbulent flow. 
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The equation of energy is 
дї д 9 ( ot) (5%); , 
u— + ov— -—-—lseoc]-4s0l —), (2) 
Um °бу Oy Ө Sy 
where i is the heat-content. 


The equation of continuity is 
3 3 
—(gu =—(00) = 0, 3 
52 Fay! ) (8) 


and the equation of state for a perfect gas is 
io = const = 149», (4) 
where suffix 0 denotes the value in the undisturbed stream 
The boundary conditions are 


(a) оп the axis of the wake (у = 0), 


ъ= 0, (5) 
а A 
an 0:0 i6 
ду 
(b) at the edge of the wake, u = u,. (7) 


8. Simplifications of the equations. According to the mixture length theory, the 
Prandtl number for free turbulence is equal to unity. The equations (1) and (2) are 
satisfied by Crocco’s relation 


i= A,+A,u—u?/2 
or i,—i = c(u, — ш) - 3(u,? — u?). (8) 
Let us now put 


u= (1 — w), (9) 
where w is small compared to u,. 


Neglecting squares and products of small quantities, the equation (1) reduces to 


д» _ 0 2) 10 
ets B Gy)" (10) 

The equation (8) is satisfied by 
ви = 95, eo = - 2. (11) 


We now change the independent variables (=, y) to (=, y) by means of the transfor- 
mation formulae 


(5 ).= 3). - (8), 


| 
| (12) 
©), | 
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The equation (10) then becomes to our approximation, 


oe = wars). (18) 


Now according to Prandtl's theory 
ди 


ey 


t= 11 








where 118 the mixture length which is assumed to be constant over any one section of the 
wake. But и ів least so that о is greatest in the middle of the wake (у = 0), hence when 


y is positive, is negative and therefore 


t= = пи бы 
ду 
= —Iu,29(1 E (15) 
Таке Й = az, (16) 


where « is в constant. 


Then the equation (18) comes to our approximation, 


n -auae (y), (17) 


We can now replace e? in the right hand side of equation (17) by e, as this will not 
harm our approximation. Hence wo get 





Qo Өш Dw 
—=-2 o o — AUI 18 
Oz ee Oy oy? (9 
To solve this equation, let us put 
w = 2-0) (19) 
where = Bzc*y. (20) 
We then get from (18) 
fin) +з!) = 48 (п) (9), (21) 
when we take 1 
В = (22) 
1,00 


Before we solve (21), we must find out the conditions to be satisfied by f(n). 


4. Solution of the equations. From definition, we have 


(65) ае (80) унн уе 


where y = и,рохіп. 
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Therefore Juez tnde + usg tdy = gudy — оойт, 
giving ev= — #000047 (28) 
and oudy = чот, (24) 


From (28) we see that о = 0 when 1 = 0, thus у = 0 corresponds to y = 0. 
From (24) we get 


1000 


dy = cid 
у= йб 1] 


= Molo} vids from (4) and 9). (25) 
IgtkoQ L—w 


But from (8) and (9) we have approximately 


ЕЕ РЕ А (20) 
Hence dy = {1 — (и, fio) (e — чо) + о 
or dy = іа — (us[ io) (c – чо) (0) + fein (27) 
Hence Y 
y = аи ou c1) f" fpi, (28) 
i Я 
ав у = 0 when 7 = 0. 
Further 
ды quom = LE act fig, (29) 


ду oy 0010 
во that the condition S =0 when y =0 or E — 0 when y — 0 reduces to the condi- 


tion f’(y) = 0 when у = 0. 
Thus the boundary conditions are 
(a) on 7 =0, Ра) = 0, (80) 
(b) at the edge of the wake, f(y) = 0. (81) 


We are now in a position to solve equation (21). The solution corresponding to the 


conditions (80) and (81) is 
3/2 
E \ 
fa) 18s i (5) ү | nd 


во that 1] = 1, corresponds to the edge of the wake. 
With this value of f(y), we have from (28), 


y = аїр fi (еа) -1} e ou 11$ ire Jy (83) 


If D be the drag per unit breadth of the cylindrical obstacle, we have 


D= 2 [аш аду 
0 
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т. 
=2 ] цу from (24) 

0 
8/2) а j 
Чо? o^ Ooo” [ fi- 2) Vay Uo tho Qor]o* ў 34 
9a ` 90а _ (34) 

—2Q be the rate of transfer of heat from the fluid to the cylinder we have 


2 f e —1)dy 
0 


—9Q 


= 9u,tc — te) Oo [ve dy from (26) and (24) 
0 


a Ug" Oo(C — Uo) пох 
2a 


Hence from (88) we get 


yaa CEP ОШОН: 


Thus the edge of the wake is given by 


D Q 
= ttnt —— + ———-. (37) 
He s 20" 00—00 


Thus Prandtl’s assumptions (14) and (16) give a finite breadth to the wake with 
a parabolic profile. The profile however does not start from the axis of the wake, but at 
some distance from the axis, depending on the dimension of the cylindrical obstacle. 


в. Relchardt’s theory. According to Reichardt’s assumption, the exchange co- 
efficient = is constant over any one section of the wake. 
We take here | в = 02%, (148) 


where © is a constant. 
Then the equation (18) becomes, replacing e by ог on the right hand side, 


9 
xo = AU GQ? g” 


Өг 





9}? ` 


+1 
Putting X T the above equation becomes 


25 = обо? A e (188) 

We again риб w = X-lf(), (19a) 

1= BX-W, (202) 

then (18a) gives Кл) +1 (п) = – 6009), (218) 


8—1868P—8 
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with B = 1/ (ели, (22а) 
Solution of (21a) зв Ну) = exp(— 4") (82а) 

satisfying the conditions Г) =0 when у = 0 

and Кл) = when y = oo. 


Thus the edge of the wake corresponds to 1 = co 


Proceeding as before, we have in this case 








+ + 7 

ume 5 Yet (=) [5 caa. y m ; 
y 4 5) А 172 u,/ lt, (2-4) -1 А exp( — 1). (83a 
Also we have D = 90и (na] u;)*, (84а) 
and -2Q = 90и (c — шо) (nauo)t. (85a) 

Hence + 
р Q 
= © GI + ( + ) | 

; ( uj (n + p) Е © C a JP (8ба) 


Thus Reichardt’s theory gives infinite breadth to the wake. 


6. Incompressible liquid, If the velocity distribution be similar to the temperature 
distribustion, 


i e. iji, = uju, = 1—o, 
then from (26) we get (мо |1) (в — uo) = 1. 
In this case the equation (88) gives 
у = xig (38) 
and (888) gives y = [ип - 1) tz (**9 P? y. 


The result (88) corresponds to the case of incompressible liquid with Prandtl's 
assumption. 
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NOTE ОМ THE POSSIBILITY OF POLYTROPIC STARS WITH POWER 
LAW FOR OPACITY AND SUBATOMIC ENERGY GENERATION * 


Ву 
G BANDYOPADHYAY, Kharagpur, West Bengal. 


(Recewwed January 11, 1959, Revised November 11, 1958) 


Introduction ; It is a very common practice with astrophysicists to consider stars in 
which the opacity, к and the rate of generation of subatomic energy, в obey laws given by 
the equations 


к= К. eT (1А) 

Е = C . eT”, (1B) 
where К and C are constants fora particular star but depend upon the stellar material. 
These laws are very suitable for homology considerations. Kramer's law of opacity is of 
form (1A) and Bethe's law of energy generation given by 

є oc oT -1e- ВІТ 

ean very well be approximated by form (1B) (Binha, 1044). This proves the plausibility of 
the assumtions given by equations (1) The characteristics of such models, therefore, are 
worth investigating. This paper investigates under what condition (i.e. under what relation 
between я, v, b, w) a model with law given by (1), can give rise toa polytropic star i.e. 
(p oc T", n finite) of finite mass and finite central temperature. The radiation pressure 
has been neglected in camparison with gas pressure. It should further be noted that the 
ordinary isothermal model does not come under our discussion, since n is finite. 


Investigations. It ıs well known that їп а star under radiative equilibrium (with 
spherical symmetry) 


qm з 1 l 
de eae Um @) 


where T is the temperature, P the pressure and m the mass enclosed by a sphere passing 
through the point under consideration and having its centre at the centre of the star. The 
constants e and G stand for the velocity of light and the gravitational constant 
Now using (1) and the well known relation 
P = RoT (8) 
and the assumed polytropie relation. 
о= А.Т" (n, finite) (4) 





* The summary of this paper has been printed ın the Calcutta Session (Jan. 1952) of the Indien Science 
Congress (Mathematics section). The conclusions have since been refined. 
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(А being a constant), we easily get 


1 nm 
АЕ. f modnm, (5) 
m 
0 
where z= 8-—v—(l[+a)n 
. 8(%+1)ЕКОА=+®+1 6 
A 16racG | (6) 


We'shall now show that = = 0 and y = 0 is tho only possibility if (5) is to hold 
provided we subject the star to the following physieal conditions: 


(1) T is finite at m = 0 i.e. at the centre 
(2) T = 0 at the surface where т is finite, 


The proof runs as follows. 


Case I. z=0 
In this case (5) gives 
m 
о 
и 
which on differentiation gives 
1 
I = TY 
А 


which leads to either 
T = const. (non zero) 
or y=0,A=1. 
T = const. and n is to be finite leads to, by virtue of (8) and (4) 
P = const. 
which is absurd and thus the case 
Т = const. 
is ruled out. The second possibility, however, is admitted. Т = const. (non-zero) also 
contradicts physical condition (3). 
Case II. 2-20, zy (the inequality holding strictly) 
Now, (5) gives 


d(T^m) A. dm 


(Тату тие 
which on integration gives 


(Т=т)1- ие = А. mi-vl» + const, 
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But since Т is finite at m = 0 it follows from this equation that the constant of 

integration must vanish and we get 
T9-y = AX 

which gives z — y, (T — const. being ruled out for reason stated in Case I) thereby lead. 
ing to contradiction of the hypothesis. 

Case HI «#0, = = 5. 

In this cage we get from (5) 

т = (const, x Тату» (7) 
which gives А 
т oc T«lG.- 0 provided A#1 

which can never yield the result that T is finite when m = 0. 


If, however 


A=1 
we have, from (7) 
T” = const. 
i.e. Т = const. (since = = 0). 


This alternative is ruled out for reason stated in Case I. 

Case ТП. = 3&0, т< у 

As in case II we get 

(T?^m)179l* = X . т1-0= + const. 

or 1 = А. Ту-= + сопві. TY-*(mysle-1, 
This cannot give Т = 0 for any finite m. 

Thus we see that 

z=y=0, A=1 (8) 

is the only possibility when the star is a polytrope. Further it follows obviously that when 


(8) is satisfied the star is a polytrope, the constant А and the polytropic index, п, being 
given by the relations 


А = 1 
апа z=0 
respectively. Elimination of т between z = 0 and у = 0 will lead to the requisite relation 
between а, у, Б, ш. Also y = 0 implies uniformity of subatomic energy generation, 
{physically or effectively). 

Conclusion. Eqn. (8) with the help of eqns. (6) gives us 
3-—v—(1+e)n = 0. = 
w+nb = 0, 


as conditions for the star to be a polytrope. The following cases are possible: 
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Саве Т. Ра 8 





1.0. astar with uniform rate of energy generation throughout can be а polytrope. 
Case II, 10 = (0), п = 0, у = 8. 
A homogeneous ster is possible with generation independent of temperature and 


opacity varying asthe cube of temperature This case has to be ruled out on physical 
grounds (though it does not infringe the mathematical conditions taken as basis in this 


paper). 
Case ПТ. (8—v)b-- (1+ a)w = 0. (9) 
In this Case 


Hence а polytropic star is possible when the exponents occuring in (1) satisfy (9). 


This case has also to be ruled out as neither w nor 6 15 negative in any physical law. 
However the interesting point to note is that in this (hypothetical) case though the physi- 
cal law does not make the rate of generation uniform effectively it becomes so by virtue 
of the relation 

w+nbd = 0. 
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Зи Memorium 


PROFESSOR CUTHBERT EDMUND CULLIS 





The members of the Calcutta Mathematical Society received (April, 1954), with 
great sorrow the news of the death of Professor C. E. Cullis Foundation Member of the 
Society. With him passéd away the last of the band of great enthusiasts who founded 
the Calcutta Mathematical Society in 1908 and steered it safe through the trying period of 
its early days. Himself, a great scholar with established reputation asa teacher of 
Mathematics, and with zeal for study and research in Mathematics, Professor Cullis be- 
came the righthand man of the late Sir Asutosh Mookerjee in his great work of reconstruc- 
tion of the University, specially with regard to mathematical studies. * Those were indeed 
Homeric days for Calcutta as a seat of learning. ‘Ihe old Examining body was gradually 
shaped by the sole cffcrts of Sir Asutosh into a teaching University for Post Graduate 
studies; the Hardinge Professorship in Pure Mathematics was founded and with the 
munificent gift from the late Sir Rashbehary Ghose, a Charr for Applied Mathematics was 
also created, Prof. Cullis was later called to be the Hardinge Professor of Pure Mathe- 
matics and take charge of this department of Post-Graduate studies. He occupied this 
chair till his retirement in 1922. | 

T'he activities of Professor Cullis were confined to Calcutta and to the Bengal Engi- 
neering College in its suburb. In the Presidency College, and in the University of 
Caleutta he had taught Mathematies to nearly one generation of students, many of 
whom later distinguished themselves in India and abroad. It is interesting to note that 
both S. М. Bose and М. М. Saha studied Mathematics with him in the Post-Graduate 
Classes in the Presidency College, Calcutta. Students of Mathematics considered it a 
great privilege to be a pupil of Prof. Cullis. In dealing with a subject he always started 
from first principles, which he was never tired of stressing, and developed tbe most 
intricate points in his characteristic lucid style. As he had a low voice he used to write 
out all arguments m full on the blackboard— a stupendous task by itself. Prof. Cullis was 
greatly loved and revered by his students. The writer happens to be one of the ририв of 
Prof. Cullis and stil remembers vividly how all his fellow classmates were united in 
their sincere love and admiration for their distinguished teacher. 

C. Е. Cullis was born on the 15th of April, 1868 and was educated at King Edward 
VI High School for boys, Birmingham, England. Не got prizes in Classics and Modern 
Languages and was а good athlete. He finally chose Mathematics as his speciul subject 
for study, got a scholarship from his school and entered the Caius College, Cambridge. For 
reasons of health he had for a year to take to travel and went to Australia and New 
Zealand in sailing ships. After taking the two parts of the Tripos Examination he gained 
the Smith’s prize in Mathematics for a work entitled '"The movements of perforated solids 
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in incompressible fluids". For a year he studied in the German Universities of Jona and 
Berhn, where he got his Ph.D. degree. 

C. E. Cullis came out to India, first as Professor of Mathematics in the Bengal 
Engineering College, Sibpur, near Calcutta, and was later transferred to the Presidency 
College, Calcutta. Here he remamed fora number of years till he was called to the 
Hardinge Chair for Pure Mathematics. In the Presidency College а Юте number оѓ 
youngmen who came to study mathematics attended his lectures. Some of tham kept 
correspondence with him even for a long time after his retirement. Professor Cullis 
enjoyed his teaching and his students were devoted to him. After retirement from the 
University of Calcutta, Prof. Cullis settled m Gloucester and carried on his mathematical 
studies even up to a very old age. At Christmas 1958, he suffered from gastric ulcer and 
had to undergo an operation At first he seemed to recover, but a sudden collapse 


oceurred on March 20, 1954. He is survived by a sister who communicated the sorrowful 
news to the Society. 


Prof. Cullis took great interest in the Calcutta Mathematical Society, of which he 
was а Life member, even to the last days of his life. Being aware of the difficulties of 
publications in India he has left a legacy of £560 to the Society to be used for meeting its 


publication expenses. The Society received this sum gratefully as the last gift from one 
of its great benefactors. 


Х. В. Sen, 


CERTAIN THEOREMS ОМ SELF-RECIPROCAL RELATIONSHIP IN 
OPERATIONAL CALCULUS—I 


Br 
B. М. Boss, Calcutta. 


(Received —March 83, 1968) 


If 9(p) be the Laplace Transform of a function f(t), 


then © 
(p) = p | ө-т), () 
0 
where p ів а positive number (or a number whose гей] part is positive). We usually say 
that Ф(р) is operationally related to f(t) and that f(t) is the interpretation of e(p). Follow- 
ing McLachlan and Humbert, we write sombolically. 
e(p)cf(t), or f(ty>9(p). 

We have recently obtained certain theorems (Bose, 1952 and Mitra and Bose, 1953) 
bearing on self-reciprocal relationship between 9(2) and f(z). The object of the present 
note is to obtain a generalisation of some of them. 


Following Hardy and Titchmarsh (1987) we shall ғау that if a function be self-reci- 
ргоса] in the Hankel Transform of order v, then it is В, and further that a function is Re 
or R, according аз itis В. џ, or Ry. 


The folowing results of the Operational Calculus will be required for our purpose: 


" n, @° [ (p) : 
fi) C n» =, | ®Р ] y) 
(y ft>- ure =) #®) Ф(р) (iii) 
РУ) 2p"e(p) и f'(0) = 0, r = 0, 1, 2,.... ®—1 (iv) 
and Goldstein's theorem giving (Goldstein, 1932) 
90090042 [кача З 
i t =f i С) 


0 0 
where 9(p)Cf(t) and ¥(p)<g(t), provided the integrals converge and the-changes in the 
order of integrations required are justifiable. 

We shall also make use of the well-known theorem due to Lerch (1903), which 
states that if f(t) be a continuous function satisfying it. 


We know that 





р о i 
(p? + Ь%++ ere уз, уң (vi) 
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and also on writing v +1 for v, we have 





2 + үз! | | 
О Ё) а Buses. (via) 


Taking the relations (1) and (via) and applying Goldstein’s theorem, we get 


a o 
b*z^f(a) | (ую Г, d” Tole) = 
f {фе азан” Е 2H T(y +8) z +„1(®ж) dz? 92 ps, (R(v)> 1) (1) 
f 0 
the change in the order of integration involved in the process being justified, provided 


the following integrals converge: 


(1) 





f “periz "where F(2) = 2"/(а) 
0 


апа (2) © © 
| J «91209 Jde. where № =[v+3], or f atm | F(a) de 
. 1 1 
according as N or 2v + 8 is smaller. 
On putting b = p in (1) and then intepreting with the help ot the relation 
| | DE с лї MT anie R>- | u 
(prx унн Сатук) n J,(bt), Вб) > —1 (vii) 


we веб 


ra 
0 
i.e., © D d^ (a) 
itt ] (wt) kT (еа "га (- р / (pz)4J рее 27, [38 as, 
0 0 
T (RG)-1. @ 
We obtain the relation (2) by applying De La Vallée Poussin's theorem for changing 
the order of integration on the left hand side to the ranges 0 < 525 оо and 
0< 1 5 оо and then making «0 and 1-0 and the convergence of integrals required 


ob © n 
wH f 7. te" fd (- ирт | Jalpan 5 [ $9 је, R(»)«-1 
0 


1 © 
for this is that of (1) f | F(z)[dz and (2) / z-v-i|F(r)|dz, where, as before, we 
0 1 - -2-44 га 


write F(z) = z"f(z). 
| Now, let a*-’-+/(z) be R,. Then from (2) we have 





i^f) (— "р-н f (рх)}47„ь(ра)тУ++ _®. [ #2) pas. 
я ах x 
Hence by virtue of (ii), we get 
үң d^ ү o(z) d” [ (р) 
—1)" ef + ++ [= | (ут [ | 
(—1)"р А (pz), (ра) t$ | С de =(—1)"p d Lp 


4.6., 


/ (ва зрада 07. [20 us = pe [ a RW)>-1 (8l 
0 
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1 f. 
which shows thut д" i [:3] is Ra. 


We thus have 





Theorem А. If z'—-if(z) be R,, then rti i [?@ | Ву, provided 
T T 


n 


fe la^ dv and [Гете | dz converge. 
0 0 





Again let 2+3 i [© ] be R,41. Then from (2) we get 


i -,- ny d^ [е(р) 
ttt | (аЛ, (ео if(z)dz 2(— 1)"p — 910) |. 
| | dp [ | 


Hence from (ii), provided z"f(z) 1s continuous in the arbitrary interval (0, X), by 


Lerch's theorem we get 


ien Г (z£)4J ели" 3 f(2)de = РАБ (4) 
0 


Гн ea - ода = nt. ВЫ 


e., 


0 
showing that z"7*-*f(z) is В, 


We, therefore, have conversely, 


Theorem B. ПГ а TE [22] be R+; and z"f(z) be continuous т (0, X), then 


gt (а) їв R, provided / g»-^v-| (а, | ас cenverges. 
0 
Particular cases. Theorems І and II proved before elsewhere (Mitra and Bose, 1958) 


follow as particular cases of Theorems A and B respectively when n = 0. 


Also Theorems V and VI provided before in the same paper become, merely parti- 


cular cases of Theorems А and B respectively when we put n = 0 and v = ~ $. 
Again applying the formula (iv) when n = 1 to (i) we get 
d .d? e] TN 
— [А = 1)%? — | 2E 
Jil 'f()] S C-1)*p Др" [ plo (viii) 
provided Lilt] = 0. 
130 


Now taking the'relations (vii) and (viii) and applying Goldstein's theorem, we get 


ba ( ааа (= 1)%т+р-»+1 f” ДЕТ а [22] 
(e 1l br -r8/2 "2v DU +3) J, (bæ) тот dz, Е(у)> — 1 -(5) 
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provided, ав ір (1), the following integrals converge: 
(1) 1 d 
J le@riae, where Fla) = [e"f] 
0 


and (2) Í æ- | F(x) | dz, N =[v+§], or f^ [Е(=)|4<, according as. N or 
1 1 
2v+2 is smaller. 


Let us put b = p in (5) and then interpret the result by means of the relation (vi a) 
and we get 


pee / a= pilet) [а^](ш)]датэ(—1у"р-'+! f artaJ (pa) 4 | 22 as, 
0 0 


ie., e d id d^ [ (2) 
+ + P n —1)9»p-vtt t y1-5/2 
i J (Иде i; f(z)]dz2(—1)"p | (pz)*J,(pz)z Tpe |. 
` R(v)>-1 (6) 


1 
provided the integrals (obtained in a way similar to that for (2)), (1) is х | F(x)| dz, where 


0 
F(a) =L [адај] and (2) f | Fíz) | 42 converge. 
1 
Now, let 2744 [efe] be R,+1; then from (6) we have 
E z d" [ 9(p) м 
à vtt tJ уз “| AE = 
КАД (9]5(- ptt | (a Ура) sl - } В(у> -1 (7) 


showing that zv*9P 2 » ] is В 


We thus have 
Theorem C. If T: [z^/(2)] be Rizr and Lt[z^f(z)] = 0, then 2+8 Ld [ ?e | 
dz =-+0 dz” 


c 


is R,, provided the convergence of the integrals referred to in (6) holds good. 


Conversely, let avt Al? I. [22] be R,; then from (6) we get 
dz z 


Ела а —1)"p? dp pm, 


_Therfore from (viii); provided ipea] 18 continuous in (0, X), by Lerch's theorem 


we get 


ph / е ааб Галуба) ] de = S [ef] 
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i.e., » 4 7 d 
T (0H pilata $7 [efi ]de = icr pee ВЕ: 
т * 4 
0 
roving that z^ [2] is Бру. 
Thus we have 


Theorem D. If PEE C Te =| 22] be R, and 2 [а] 18 continuous in ‘0, у) and 
dz 


ее) z)] = 0, then =- cL ze (х)] is R,41, provided the convergence of the integral 


f «eren 
1 


Particular Cases. ‘Theorems III and IV provod in the same paper referred to above 


dæ holds good. 





follow as particular cases of ‘Theorems D and С respectively if we put п = 0 and v = -$. 

Let.us next take (via) and (viii) and apply Goldstein’s theorem. We then have 

*(d[dz) [arfle)}dx _ прое f: m sen E 

[^ (b, + 212), +8/ рела : HJ, (ба) — d dz, R(v)-—-1 (9) 
provided the convergence of integrals referred to in (1) with (x) = (d/dv)[z"f(z)] holds 
good. 

Further putting b = p in (9) and then interpreting the result by means of (vii), 
we get 
i [аўы ehan A pene) dem 71r f (ра) радни © [80 Ја, 

А dz я d” |. x 

R(y)--1 (10) 
‚ provided the convergence ot integrals referred to (for the relation (2)) with 
F(x) = d[dz[z"f(z)] holds good. 
Then proceeding as in Theorems C and D, we easily get the following: 


Theorém E. If æ- ad l [а"/(а)] ba R, and Lt[a"f(z)] = 0, then атн г = | |= i 
T c 


1 
В„„, provided ihe convergence of integrals referred to in (10) vis., / | F(z) |42 and 


0 ` 


ПЕН where FG) = Са”), holds good. 
1 
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Theorem F. Conversely, if geri Ф. ~ [9 ] be R,+ı and pfo )] is continuous 
2% 


т (0, X) and Lt[z"f(z)]— 0, then z^: È [anfia] is В, provided the integral 
=+0 az 


T d 
--i1.4 
f i dz 


1 


[z^f ()] 


dz is convergent. 








Particular Cases. Оп putting ^ = 0 and у= —4, we get Theorems I and II 
proved before elswhere (Bose, 1952), as particular cases of Theorems F and Е respectively. 
Further applying Goldstein’s theorem to the relations (11) and (vii), we get 


"ba*tif(z)de _тї(—1)"®—+Ү+! 
„Дт atta шур 


provided the conditions regarding convergence of integrals referred to in (5) with 
F(x) = z"f(r) hold good. 





etg (bx) 2 [2] Ry» -1 (11) 
A dæ” l a 


Then putting b = p in (11) and interpreting the result we get 
oo 
tr f (= а)" - 7f (а) оС 1)*p- "+4 f (pz)4J „(раде * * d [m] dz, 
z 
0 0 
В()<-1 (12) 
provided the integrals referred to in (6) with F(x) = x"{(x converge. 


Then we easily get the following results: 


Theorem G. If z"-*-if(z) be R,41, then zT Tes R, provided f gti (а) dz 


and f $089 Ida converge. 
1 


Theorem H. Conversely, if T [9 be В, and z"f(z) is continuous т (0, X) 
c 2 


0 


then z*7*7if(m) ів R,+1, provided f ж" '-%|](х)| de conveiges. 
1 


Particular cases. If we put n = 0 and v =—#, we arrive at Theorems ПІ and IV 
proved before (Bose, 1952), as particular cases of Theorems H and G respectively. 
Again, applying Goldstein's theorem to the relations (iii) and (vii), get 


?bz(rid|dzy"W(z)e _(—1)*xtb-vt1 (7 
(£? + Ба 2+ 3) 





2*J (bz) (22% ()de, Во)» -1 (9) 


provided the integrals referred to in (5) with P = (x(d/dx))" F(x) converge. 
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Further putting b = p in (18) and interpreting the result by means of (vi а), we 
get 


bn ] (EHI leam а 4 Y fz)ds m Crypt | (pa) рг) (27 otn) de, 


R(vy)7» -1 44) 
provided the integrals mentioned in (6) with Flax) = (z'd/dz))"f(z) converge. 


We then easily deduce the following results : 


dW dW . I». 
20) f(z) be Б, уу, then zc) ф(х) is В, provided 


the convergence of the integrals referred to т (14) holds good. 


Theorem I. If z-i( 
Theorem J. Conversely, if a*7 (ey ea be В, and (22) те) be continuous т 


(0, X) then or СЭ is H,í4, provided f 2772 LY fto da is convergent. 
1 





Particular cases. When n — 1, Theorems I and J lead to Theorems XIII and XIV 
respectively (Bose, 1952 [2]). 


Treating finally the relations (iv) and (vii) as before we first get 


Жр +1 e 
Е вае z*t»J (bz)ọ(æjdz, R(v)>—-1 (15) 
„(ботан anri o а) 


and then 
o n 
үн / (ед ет fiz) dn p rk [| (р (paja*tr-to(zjde, Rt) -1 (16) 
`0 


0 
provided the integrals referred to in (6) but with F(z) = f^(z) convege. 


Hence we deduce the following results : 


Theorem К. Iíz-*-if^(z) be R41 and f'(0) = 0, r = 0, 1,..., n—1, then д 
© © 
o(r)is R,, provided f xi fax) | dz and / z-7'7i|f^(z) | dz converge. 
С 1 0 
Theorem Г.  Converscly, if 2"+:-+ф(2) be В, and further {7(0)=0, r=0, 1,..., n—1 


and f"(z) 18 continuous іп (0, X) then 2-12) i8 Ву, provided f mias 
1 
converges. 


Theorems XV and XVI (Bose, 1952) are but particular cases of Theorems К and L 
respectively when n = 1. 


Examples. We now proceed to give certain examples of some of the theorems just 
established, 
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| The examples, we contiuct involve MacRobert’s E-funetion (1042), which is denoted 
by the symbol E(z, 8::z) and is defined as 


EN Bla, 81:2) = ге | eri >) “ar; в‘в)>0 . (a) 
о 


which is, equal, to Г(«)Г(8)в4*1 е+8—1) Wa. 4 (04-8), 408—«): 


Further when 200, E(2, 8:2) ->Г(а)Г (В) and when 2-20, E(a, 8::2)-0, provided 
R(a) > 0 and Rig) 0. | 


We sha!l make use of the following properties of the function proved by-N. N. Bose 
(1950 and 1952) : 


(1) the recurrence relations : 


BE(z, В::2) –Е(о, 83 1:2) = (1/2) E +1, @+1::х) (b) 
- «E(a, 8::x) - E(x 41,802) = (1/2)Е (2+1, В+1::2) (с) 

(2) ‘the Operational relations : 
Elz, 8::3p*) CU (JE). F Gs Z 1,4; —3#) (d) 
E(n-$,1:4p*)cs*(—1)27 Em г (в te) (e) 


(3) thd self-reciprocal relation : 


: 
[wa payee Bla, ЕУ: 32342 = р-*-%Ё(а, кк: 38), O>-1) ( 
0 





which тшеьпв that poeta, АТ, 452) ig R, 
On differentiating (a) which is assumed pérmissible, we get 
d i: 1 raais 
TEO В::а\ =, Bet 1, 8+1::2), 


whence. on writing йа? for z, we bave 


d 2 4 T $ 
КЕРШЕ, 54e?) = SEG 8+1:: 427) (gi 
Also we have 


oft E(a, В: =] = EEG 8+1: da) - Ela, 8::42*) 


and therefore by means of the recurrence relations (b) and (c), we get 


311 El, pian] 


da 


„е Hn, piden Blat], 8 :: 427) (А) 


- = Юве. Fide) СВ, @+1::{°), (i) 
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From (d) and (e), we easily get the operational relations: 


Е(1, $:4p*) cete ci" (j) 
EG, 1: 4р?) Crte~t? t (k) 
©“ Е(8, 1:: 4p?) си (1-В)в-* @) 


Also by writing n +1 for n in (6) and then combining the result with (в) by means 
of (6), ‘we get р s 





i 
s Een, 24р 17 п [es пъ (e ie) (е i], п=0,1,2.... (m) 


and in partieular 
2 2 2 тї а 1395-4 
| —E(3, 2::4р ет ail et), (n) 


Further proceeding as in (h) we have 


£i Bla, 8:: i] 


Qs Bg, вы) (а +1, piat). ©) 


Theorems А and B. Let us tako n = 1 and v = 0. In this case Theorem B states 
that if vid! s] is R,, then e*f(z) is Ro, provided zf(z) is continuous. 
c c 


Let (р) = E(1, $::4p?), then by (j) f(t) = xte-3". Obviously zf(z) ig continuous. 
By G) we pave 


tuii 
| 4[о(ж)]_ 2 is 
n is | яв rasa 


which. by virtue of (f), is Ry. 

We then expect that x#f(z), i.e., пет" 18 Ro. 

Tt is known that the function (Mehrotra, 1984) 
(ni gre aM (р) 
is R, Hence zizie-i*' is Ro. 

We have thus an esample of Theorem B. This is evidently an example of Theorem 


А as well. 
Consider next п = 0 and v = $ and the theorems state that if o(z) be Бъз, then 


(а) is E, and conversely. 


EE: 


R 


"ғ 


"Taking (р) = 2,86, 2::4p%), so that by (m) 10) = Arif ec ^ 
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we find that p(z) is Rg by virtue of (f) and fo, в., drizo-7i" is R, 


Illustrations of the theorems when n = 0 and v = —1 are the following: 


We take ф(р) = E(t, 1::4р*), then f(t) =. лів" and we fiind that $(2)/2 is В, and 
f(x) is Re This is what we should have according to the theorems. 


Again applying Goldstein’s theorams to the relations (McLachlan and Humbert, 1941) 
des pR H (4p?) ] — Ур] tt -,GU) 





and 
Fra сір at 
we get | 
| На) 27] віп ЛС J EXE a 
"M Гы J-,z?)dz = —a7*[H*(4a*) - Y(32*)] 
EE E Qt } | 


Hence we get that 4 
52 Н $) - Yale") ] is Ry. 


Taking тї 

Ф(р) = pH Gp) - Y,3»?)] 
во that К = 8J t), 

we arrive at the fact that e(z)/z is В, ard f(z) is Re. 


Theorems C and D. Let us take п = 0 and v = +. Then Theorem Р. states that 
if (х) be В, then (1/z)f'(z) is Reg, provided:Li[f(z)] = 0 and f'(z) continuous. 
2-30 


From (n) we have 
2 vs 2 "f d, 36-4) d хїн -4 
pi dp), р ir 136-10) dt = = qu 
and therefore t 
2 HG, 2:3p)c - 7. | Рен = ое e-t" 2]. (4) 
0 


i 
We take Ф(р) = 2B, 2::4p7), then we have f(t) =~ Це + Qe 2], 
р 


+ 
Evidently = tfr] = О and f (z) apron is continuous. 


Now, 2$(=) = (2/2!) E(g, 2:: 42°), which, by (f), is Е, and (1/z)f'() = = (тї /4)x26~ iot 
which, by (р), is Re. Thus the above is an example of Theorem D and eveidently alga 
of Theorem О, | BN. 7 
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Let us again consider the case when n = 0 and у=-$. Treating the relation 
(1) as before, we get 


Р Е($, 1:: 3p?) Cint te t" (r) 
and hence 1 
LBG, аср) cieli]. 
We tako 1 
Ф(р) = рае, 1::{р°) 
so that f(t) = kM5(1—6e- t). 


It is evident thet Lt[f(z)] = O and f(x) = Зевс" is continuous. 
z30 7 
We also find that 9(2) is E, and f'(z) is В, and this 15 what should havea ccording 
` to the theorems when n = 0 and v= —4. : 


Theorems E and Е. Let us take n = 1 and v =~} во that Theorem Е gives that | 
4d [2] ae | а Е а i epe 
if ex 2 |ів R,, then gao | is В, provided go] is continuous and Ll [af(z)] =0:. 


From (o) we have 


н, 2:147) |= - E, 21427) 


Now let us take 9(p) = FG, 2':4p?), then by (m) f(t) = ditte. 
The conditions regarding coutinuity and limit are easily found to be satisfied. 


rs Bays ал 2) |= 2/8, 3:323), which, by (f), в В, 


We therefore expect that d/dz[zf(z)] 
ixi[8z?—2*]e-*7 is Re 
By applying Bailey’s result (Bailey, 1980) that the function 


ы —n ar 
g(x) = {2 тр јене 
ip + R, according as n even or odd integer and taking п = 2, we get (hib 
{1 + (82 — фе 
is В. Hence, by virtue of the fact that e-**' is R, we finally get thut 
iri(8z?—2*)e-i€ . 


ig R, The above is also an example of theorem E. 
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Theorems G and Н. When n = 1 and v =—}, Iheorem H states that if aa 


is Б, then af(x) is E,, provided 2/(х) is continuous. 
Let Ф(р) = E($, 1::4p°), then by (k) f(t) = аїв-:". 
By (h) we have 


which, by (f), is evidently Re. 
We then expect that af(t) i.e., ntze~i? is В, which is in fact so. 


This serves as an illustration of theorem G also. : 
М ә 


Again considering n = 0 and v = —4 and taking (p) = р E(3, 1::$p*), sothat, by 


(r), f(t) = 4n*te- 1", we find that 9(z;/z is В. and f(z) is R,. This is what we should have , 
by the theorems. 


Theorems I and J. When n = 1 and v = 0, Theorem J states that if 2*9'(z) is В, 
then zif/(z) is R,, provided z/'(z) 1в continuous. | 


We take e(p) = E(1, 4::p*), then by (Y КИ = #в-*". 


By (g) we have gigl(z) = E E(2, $::42"), which is evidently Е, by (f) 
1 
Also zif'(z)— —тїх%Зв-4 which, by (p), 18 R, itis easy to see that zf'(r) is 
continuous. Thus the above is an illustration of theorem J and also of Theorem I. 


Theorems К and L. We find that the examples given for Theorems C and D both 
serve as illustrations of Theorems К and L in the cases when n = 1, у=$ and, n = 1, 
y = —íi. 


In conclusion I wish to express my thanks to Dr. 8. C. Mitra for h's kind help and. 
interest in the preparation of this paper. * 
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STRESS DISTRIBUTION IN THIN AEOLOTROPIC РЕАТЕ$—И 
i By 


GuoNapnHaR Paria, Kharagpur, West Bengal. 
t (Communicated by Dr B. В Seth—Recevoed March 28, 1958) 


1. f Introduction. In a previous paper a method of Fourier transform of the stress 
function has been given. for the solution of the generalised plane stress problems, when the 
material of the plate has two planes of elastic symmetry at right angles to each other and 
also at right angles to the plane of the plate. In the present paper, this method has 
been applied to find the stress distribution in (i) а semi-infinite plate with a concentrated 
force agting at an internal powt and (11) a strip of infinite length but of finite breadth 
acted on by (а) a concentrated force and (b) an isolated couple within it. 


a: Exprésslons for the Stress2s. It has been shown that the function Gn, £) 
defmed by 


Gin = | Xe, medz (1) 
satisfies the differential equation ЕЗ 
4 
(da е +E) OG. 0 = 0 (2 
where п = үу (8) 


y and k being constants depending upon the elastic property of the material. 


The stresses zz, yy, ту can be expressed in terms of G as 


20 т 
NE ezeudz сү ; f sonis - -&G; f rye'dz = ЛЫ (4) 
dy" -® -® dy 
or, in “Келш. forms, ив 
R 1 > dG 








; mJ, dy 
when С is an even function in &, and 


V HE i jes 
s^ T А dy? 
when G is an odd function ın &. 


We also recall that, if a concentrated force F acts in the positive direction of the 
y-axis аб the origin in an infinite plate, the stresses are given by 


o 


D Faa — 1 dG. 
=-1 f 26 cos ged, же [2% вір éx dé (5) 





E ~i if ede 
1 f eG sin gx ag; ej- E f 292 сов ge ag (6) 
0 0 


п 











wi fee os Fy? [ oa’? + ley (eg oga | | 
Эт(а5— 83) zi ait z, tB yy? | 

В Pyy [eee E (87у a | } (A 

yy 25 (a? — g?) 2° tayy 2? +B Y 2,4 | 1 
Nae y= E Fi [ са ZEN Cer De ] | 
Эт (22—68) L str uy а? +8*ү*у ) 


154 G. РАВТА 


while for а concentrated couple of moment M, the strosses are given by 














Д lo Мужу ео _ Blogy 1) 
m т(а% — £^ (x? + a? 4*y?y* (x? + gq*y?)* 
ae Мүғу Biray? +1) _ «(esp +1) B 
yy = z(a? — g?) [ (x? + а?ү®у*)*# (z? + ^y?) | ( ) 
2 1.,2.,3 2.,2 | 
— Мү Blora ^ +1) (x? -a yy? o a(o 82ү? + D amd: Ys 
ус 9n (o^ — 8°) [ (x? + a3y?y?)? (23+ B?y?y7)? | | 
where a = (ee 08-195 8 = (Е (FP -1)95; ap = 1. 


8. Concentrated force in a semi-infinite plate. We consider a semi-infinite plate 
bounded by one straight edge y = b, this edge being parallel to one axis of symmetry 


(z-axis). ТЇ а concentrated force F acts along the y-axis at the origin 1n an infinite plate, 


=ч. 


the stresses 22), Уу}, zy, are given by the relations (А). Оп the edge y == b these are 


ја = (с,а?у? + 1)а *y? +1) 6 

(ео), ae =F dot SE ]. 
gee co КЇ oss tele La ei. Е. д 
(YY yas Qn(a? —B?) [ e+e p? eee |= Ф, (2 (z), t ey 


oes 2709. egy DE. qu REDE ы. 
(2) = cpm 23 + озү? сее JF ve). 


To nullify the stresses yy, and 20; on the boundary, we are to superpose в -вітевв 


system 22, "TA уз such that they vanish as у->— оо and 


(Y¥a)yab = (x), (У) ,-ь = ez). (8) 
Ав а solution of (2), let us take 
G = Aa! ё! aw + Вв! €! Bri (9) 


From (4) and (8), we have, 
— [Aol (oh Bolin] = 2 f эдш) cos fa dr=9,(¢) | 
S (10) 
Ге ааа ече gBo стая] = 2 f ер) sin бе а= ,0. | | 


о 


These are satisfied if 


Ф À Pa В = Pı 1 Pa { 
ге SLE ea ЕТ, B= -? п i (Là 
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` Віпсе A and B are both even function in ¢, (5) gives, 


х oo 
~ 


a [ £ (a3 Ato + 8% Beth) cos £a d£. 
T 
уу, =— 1 f eum + Bet&") cos fa d£. t (12) 
0 


vy, 


M / E aA ofen +B Beth!) sin £2 d£. 
T 
0 


To evaluate 9,(€) and 9,(¢), we substitute the expressions for 9,(z) and $.(«) from 
(7) in (10), and after integration, we have, 





©. = ЕІ.(0) со = FALjGG) 8 
em aL; sc дї (18) 


where 


(6) = gri + 1)е 699 — ihr p Lectt 
| Z 


L,(§) = 8(c,a^y? + 1)e7 6r — а (0,82? + 1) - 8% 


Substitution of these values in (12), gives 


«AL руз 90 P. » _ E 
m moie] [G5 19e £y(b- 0) — (a L, + L.,)g2o- t&v n Joos gedg 
m=- С = (еее Joos fe dg} (15) 
ey. cm | [@1 sett — GL, +оо £e dé 


0 


The complete stresses are given by (15) together with.(A). In particular, the edge 
stress is given by 





(22), (22, +22) (16) 
From (15), we have 
A Fy? Е 
ату. = zip) | 0, + (2+8)L,} cos & d£ . 
Bubsti'uting the values of L, an! L, and integrating, 
= _ Fb [22867410 ызыл " 
(хт,),„› = zz (o3 — В?) T? + ay b? А a p p*rtb, (17) 


From (7), (16) апа (17), 





—, 00 Fb [ c, +1 _ cg * +1 ] | 
(zz),-5 (2—8) EPIS а? + pb? (18) 


' 
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For an isotropic material, y > a 8 —1 and o, = о, = c, > At Bee 


2Fb оса? 0 


80 that (тт)у.ь = = +" 


(18) 


Equivalent results are given by Green (1945). К 


4, Isolated Transverse Force in an infinite strip. Let there be an infinite strip 
whose edges, given by у = +b, are parallei to one axis of gymmetry, which is taken ав 


the z-axis. Then y-axis will be parallel to the other axis of symmetry. The stress 


system zz, Ws 29, in an infinite plate due toa force F acting ‘along ћ6' y-axis are 
he 


given by the relations (А). On the edge у = b, 





рте _ Fb [ (ra'y? tija (rer +18 
(же,),„ь та e 2? + ab? д? + 82263 ] (20) 
PN zx | ‚47 
(уу) нь = Ф (а); (Yayo = — P4(2), -J 
where 9,(z) and p(z) are defined as in (7). 
On the edge y=—b, (уу)у-ь = 9,(2), (туу = — 9, (2), i (21) 


To nullify the above stresses on the boundaries, we are (о superpose a stress system 
695 


- Lum 


22, ууа, zy such that 


on the edge у = b, (дуз = eh (Rc 8) c фә 


v Hi 
e o EIE 


and on the edge y=—b, (ууз) ы = — 9,2), (Ey)ys-s em) c5. (88) 
Let us assume as a solution of (2), 


4 


G = В sinh | £ |zyy + D sinh | & [yy tuaroa Li" (24) 


The relations (4) with the conditions either (22) or (23), give Te 


(b^ Ww 


-E(B smb |£ |ayb+ D sinh | £| Byb) = 2 f ee) cos беде), 
0 


élé |Ү(«В cosh] | аур + ВШ cosh | £1 £ 839) = 2f 9, (=) sinh £z да. (e) 
о 
These аге satisfied if : bod. ofa 


B cosh | £| Byb е, /22 +sinh| ¢ | Вур e,/£ EI) — .. 
a cosh | È [ «үр sinh | £ | Byb —8 sinh | £ | eyb cos | [ Вур ! 


- = fs ac. (26) 
асов [£| «yb 9,/€?+emh [ & ayb s / r£ LED i 
а cosh | & ] «yb sinh | £ [Byb —8 sinh | é| «ур cosh| 1846 | 








Since both B and D are even functions in &, the relations (5) give 
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D P Сла рН / EB (д) sinh £ayy cos £z d£ 
JT 
0 


(27) 


а 


ER бар 2 a. (В) зр ‘) sinh d 
ns En bat uy = £*D(£) sinh Eyy cos fæ d£ 
0 
zl f ers cosh fayy -- D(£) cosh EByy ]&m Ex d£ 
T 
0 К 
To evaluated 9,() and 9,(€), we substitute the expressions for 9,(z) and 9,(z) 
from (20) in (25), and after integration, we have 
- - F4L 
e,(£) oF FL (6) Ф, = Y a(&) 


~ (а — 8?) , 2(x3 — 87) 
‘where L,(¢) and L4(£) are given by (14). 








(28) 


, Substituting these values in (27), we get finally, 
e us Е (L.p со 6yb + L, sinh £91) sinh ёаүу оов ёт q 
+ У -у- а cosh ётү& sinh 6816 — В smh Саур cosh Bi 


zs DU ae 1а cosh ayb + L, sinh ayb) sinh £y cos gx 4 
aay ta f "Wa а cosh ayb sinh в 8 sinh fayb cosh Byb £ 


Mam 2rla’ -8) 





fe cosh fayy{L,8 cosh Вур + L, sinh 2816} — 8 cosh Вур, cosh £ayb + L, sinh fayb | 
А а cosh ayb sinh 2816 —В sinh ayb cosh Вур 


х віп fe d£. (29) 
The complete stresses are given by (29) together with (A). On the edge y = b, 
(2), ъ= (22.), «5 + (22_)yan and hence, 


ъ= PCO 2092 ав +8) tpe nb (оз) 
2т(а +B) (x? + aty b>)? + 81262) 





+ Py 1 сов £z [(c,2?* + 1){(8 cosh 846 + x sinh £Qyb)e- 5? sinh £ayb — ... 
202 — 87) D a cosh €ayb sinh 5816 —8 sinh ayb cosh үр 





.. — 8° sinh £8yb] + (08777 + 1) f(2 co-h ayb + В sinh ayb) 
e-€* sinh £8yb —a^ sinh £ayb]]d£. — (2971: 
8. Isolated Couple acting at an internal point in the infinite strip. If the plate be 
unbounded in all directions, the stresses xz, yy; and zy, due to а couple of moment 
M ere given by the relations (В). On the edge у = b, 
8—1868P— 8, 
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Gier al с see AT) gera] 














т (T? + ау) (а? Вуз ча 
~, 00 Мува [ (oyaty?+1)8 _ (pt Ds 1. 
(ууз)у-ь = eal (x? + 02753)? (2° + B*y7b?)4 ]=¥.@) t (80) 
A н, My p(o ay? +1022 — ®%ү*Б®)  o(o. p^r? + 1)(@? – g?7b7)].. 
СЕЕ И Јем) | 
end on the edge y = —b, 
(уў}»--ь= —4@), (09v o a). (81) 
We superpose a stress system e, Viu. ту, such that 
on the edge y = b, rises hla), rues —Ya(2), (82) 
спа on the edge у = --b, (Jj ye -5 V (2), (zy). ъ= — (5) (88) 
Let us assume G = B sinh |£ | ayy + D'einh |£] pry (84) 


The second and third relations of (4) with the boundary conditions either (82) or 
(88), give, 
E(B sinh | | ayb +D sinh | £] 810) = 2i f» sin éz dz zy, (£) | 
° А k (85) 
С1611(В cosh | | «xb +8D cosh ЈЕ | pyb) = -2f 4 (2) сов {а dr= —,($). | 
0 
These are satisfied if 


p= В озь gyo, МЕ? +sinh| € | pybya/ GL E10) | 
[е] оша Е] в ТР cosh lT о 


р= a cosh | £ | ayby, /£* + sinh | £| ауьф, / Gy | E18) | 
8 cosh ТЕТ Byb sinh [ор —2 sinh | £ | Byb cosh [| аур’ J 


Since both B and D are odd functions in £, (0) gives, 








тл, TENys- т en [eso sinh зуу віп £z d£. 
0 
way a yy. жы куз | £'D(£) sinh €pyy sin £z d£. (87) 
ш 0 


zy,— не [«B(£) cosh балу - 8D(£) cosh Byy] cos £z d£ 
0 


To evaluate $,(&) and V,(£), we substitute the expressions for V,(z) and ¥,(*) in 
(85) from (80), and after integration, we have, 
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zn M Myć ; 
4. (6) do? оз) (9 (6) = 9007—69) 100), (38). 


where L,(£) апа Г, (&) are given by (14). Substituting these values in (87), we get 


22, + үй» = a (L,8 cosh ¿Byb + L, sinh ёВүЬ)ё sinh ayy sin fz ge 
8 cosh 286 sinh farb —2 sinh үр cosh ayb 





My? (^s cosh éayb + L, sinh fayb)é sinh ёВүу sin St qe 
2т o Ê cosh Вур sinh ги — а sinh 6816 cosh gayb 





жа, a] yy, = 
ata y Ууз (89) 


+ Му [a$ cosh ёхү y(L,8 cosh £8b + D, sinh #816) —... 
EP =$ у 8 cosh Eyb sinh ayb —a sinh «Вур cosh ayb ` | 


..— BÉ cosh £&yy(D,x cosh £ab +L, sinh gayb)]cos ёс d£. J 





The complete stresses are given by (39)and (B). 
When y = b and z—cc, from (39), (Carslaw, 1921) 


a ~ 3M 
£c, p? 1 1y, 2M 4i M and 22. +a Y yy ips 


80 that gau 
mee and 9930. 


Also since the complete stresses yy and zy on the edge y — b vanish and 22,0, 
we have the edge stress at a great distance 
—~_ 8M 
т. (40) 
Since this is independent of а, В and у, we see that the aeolotropic plate behaves 
as an isotropic one at a great distance. The cdge stress (40) for an isotropic material was 
given by Sen (1942). 
At any point on the edge y = b, the stress is given by 








(2), ъ= (22) yes (22), (41) 
Substituting т = 2.816 and үр = £, (42) 
we have 
mb? — 28 cay +1 е сүр te |+ cse? Y pr 
y a= | gi-g! [ 692,2 at — (mtl) x 2(1—8*) KE sin fy, dé, (48) 
where, 


f(&) = & Ца — da o7 (8? cosh £, +sinh €,)} sinh «^£, + 1870—68 66 
х (a? cosh a?£, + sinh o7£,)}sinh £;]/(« cosh #7£, sinh &, — sinh a?£, cosh &,) (44) 
and dz түшү +1 (45) 


cg +1 
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The integral in the right side of (48) can be evaluated for given values of æ, by the 
method given by Filon (1929). This method requires that f(£,) must have the limit as 
£, tends to zero, This condition is not satisfied by f(€,), аз 


je) - 6: ole (46) 
when £, ів small. If we define 
ЕЁ) = КЕ) -8(1— 8d) Б et, - (47) 
then F(¢,) satisfied the required condition. Hence we can write 


I(z,)= | K&) sin 2,2, d£, = siga) Tic tante, [ren sin £,2, dé, (48) 
0 





К 1+2, 
For а specimen of spruce wood, when the grain of the wood ів perpendicular to the 
edges of the strip, we take the elastic constants as follows; (Green, 1989) 


1 1. c 1 
— = 155, == 0'587, —= 083, — = 11:5 | 

Е, * Е, E, Mi H (49) 
во that а == 1:8188, 8 = 0°5525, ү = 0°4411, o, = 07502 J 


With these values of the constants, the effective upper limit in the integral in (48) 
may be taken as 10. Weare also to note, while evaluating the integral numerically, 
that, for ё, > 4 


[x? 4+ 8]4, 
K&) C'asmh &, — В cosh Ё, (50) 


The results of calculation for the edge stressis given in Table I Та the figure I, 


2 ‚ч 
the continuous curve gives the values of n (02), ь for different values of a/b. The 


dotted curve gives the corresponding values when the material is isotropic and was given 
by Sen (1942). 


Table 1 
x, 7/36 7/18 т[9 z[6 x[4 
a/b 0.021 0.042 0.058 0.128 0.191 
? — 
ua (уу 0.4802 0.9256 1.5964 1.9150 1.9708 
LA 7/8 2/2 22/8 x 4n/B 
afb 0.255 0.883 0.510 0.706 1.021 


rbt ^^ 


2M (22) у-ь 1.7881 1.5497 1.1678 1.1607 1.1678 
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Figure I 





00 05 ro 
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In conclusion, 1 thank Dr. B. В. Seth for his kind help in the preparation of this 
paper. I also thank Dr. D. М. Mitra for checking the results. 
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А NOTE ON CLASSIFICATION OF QUADRICS BY THE 


1. 


MATRIX METHOD 
Bv 


SHANTI Narain AND Кам Bmuanm, Delhi, 


j (Received—January 21, 1968) 


Quadries are generally classified by considering the roots of the discriminating 


cubie or the nature of the centre and central planes. The object of this note is to obtain 
systematic criteria for various classes of quadrics with the help of elementary resulta in 
the Matrix Theory. 


2. 


The following elementary notions and results of Matrix Theory will be required 


for the investigation in question: 


I. 


п. 


ТУ, 


3. 


If A= [ay], В = [Бы] be twomxn and nx p matrices, then their product 
AB = Сват хр matrix where: 


% 
С = [са], са = > ал. 


1771 


Hank. If every minor of order (2+1) of matrix is zero and some minor of 
order о is 4-0. then о is said to be the rank of matrix. The symboi о(4) 
will denote the rank of the matrix А, $ 


If A, В are any two matrices such that there exists a non-singular matrix Р 
with the property P'AP = B, where P'is the transpose of P, then А, B are 
said to be congruent. 


Ihe ranks of two congruent matrices are the same, 
A matrix P 18 non-singular if and only if its determinant |P | Æ 0. 


The determinant of the product of two matrices is the produci of their deter- 
minante, i.e., | АВ |= [4[.|В], 


The matrix associated with a quadric. The matrix 





a k g A 

h b v 
Q= 

g f с w 

u v w 22] 





will be said to be associated with the polynomial F(z, y, 2) == аа? + by? + ca? -9fya + 9982 
+3 ху + 2иа + 20у +2wz +d. Also by the rank and determinant of F(z, у, 3), we shall 
mean the rank and determinant of the matrix Q. 
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We shall first prove the following Lemma which is fundamental: 
Under every change of rectangular cartesian aves, both the rank and the deter- 
minant of Fix, у, в) are invariant. 
Let the equations of transformation of coordinates from z, y, 2 Х Y, Z be 
а= 1,Х+т,Ү+лп,2+р,, 
y =l X tm, Y +n +p, 
z = 1,Х+т,ї+п,2+р,, d 
80 that the matrix 


is orthogonal. 


The polynomial F(x, y, г) and the equations of transformation can be written in 
matrix forms ав 





| а h g ий s 
F(z, y, в) = [= y z 1] P d H 
9 f c w 8 
M v w 1 Га | 
ae ГТ, ту n, P. | м 
апа y | = hom, т dd 1 
a от п р, Ё ` 
Lud [o 0 о 1] 1 | 


The matrix associated with the transform of F(z, y, 4), vis. 

















1, l l; Ol; a h g u | | 1, т, n, р, 
m, m; Ms 0 h b f v | 1, Ma Ny Pa (1) 
Ty КА Ns 0 | g f e w | А тз п; Ps 

L Py Pa Ps li u v w d | Ü 0 0 1 


is congruent to the matrix Q, associated with F(z, y, z). 
Also the determinants of the premultiplier and the postmultipher of Q in (1) are each 
equal to unity. 


Hence the lemma follows. 


4. We know that there exists an orthogonal matrix 


| L т; ny 





| 1, m, na 
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such that the corresponding linear transformation 


| z | | hom, n, | 
y = | 1, т, na 
| 4 | L ls ms na | 
transforms ах? + by? + са? + 2fyz + 2982 + 2шу to Ма Ау + AS? 


where A, А,, А, are the characteristic roots of the matrix 


т 
| 
& 








Га В 9 | 
Р=|һ b f). 
» f c 





This rotation of axes will throughout be denoted by the symbol R. 
8. We note that e(Q) <4, e(P) <8 and e(P) < e(Q). 


The following cases arise: 

I 09) = 4, о(Р) = 8. 

Ву В, F(z, y, z) will be transformed to a polynomial of the form. 
A42? + МА + 2u,2 + 20,9 t 2w,8 +4, 


where none of Ay, Ag, Аз 18 zero. 


Shifti igi (—75 Si; из) | 
ifting the origin to x 
it takes the form, Ae? Ау HA? +k, 


As its rank is 4, k £0. 


Thus the quadric is -central—an ellipsoid, В hypeboloid of one sheet, а hyperboloid of 


two sheets, or a sphere. 
Also as the determinant is an invariant, 
IQ] = AAA = | P[k or k= [QI /[ Pl. 
п. . e(Q)-—4, о(Р) = 2, 
By E, the transform is of the form 
Аза? + À,y* + 2иүг -2v,y + 2ш е t d,. 


Shifting the origin to 
( di „алй 0) 
м А 
we obtain Az? + Му? + 2w,2 T К. 
Ав its rank is 4, w, #0, 
Shifting the origin to (0, 0, —w,/k) 
we obtain Аа +А„у* + 2ш,я 


80 that tbe surface is а paraboloid, 
4—1868P—8, | 
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Also Q| =A, Aw? or ш, = (— 9 (А, 1, 
IH. e(Q) = 4, e(P) = 1. 
By E, the transform takes the form, 
Х,а? --2u,7 + 2v,y + 2ш,в t d,. 
Shifting the origin to (—u,/À,, 0, 0), 
we obtain Az? -2v,y + 2w,z +d, 
whose determinant is 0. As o(Q) = 4, we seo that this case 18 not possible. 
ТУ. e(Q) = 8, e(P1 =». 
Ву R, we obtain A,z* + A,y* - А: t 2u,z  2v,y 200,3 d,. 
As їп ease T, this can be further transformed to 
Л, А. + A.z +k, 
whose rank being 0, we have К = 0. 
Thus the surface is a cone 
v. «(Qj = 8, (Р) = 2. 
By R, the transform is 
Ла? + Ay? --2u,z + 2v y + 2ш,а 4 d,. 


Shifting the origin to (~u,/A,, 0, àn 0) 
we obtain Аа? КА у + 2ш а rk. 

Its determinant = А.А, = 0, Thus wv, = 0. 

Also, since e(Q) = 3, ~, k Ф 0. 


Therefore the surface is a cylinder, elliptic or hyperbolic according ав A, and A, have 
the same or opposite signs. 

VI. e(Q) = 8, (Р) = 1. 

By E, the transform is 

Х,а? + 2u wt 20,9 + я 4- d,. 

Shifting the origin to (—v,/A,, 0, 0) 
we obtain A2? + 20у 2a. 

Here v, and w, cannot both be zero, for e(Q) = 8. 

If v, #0, shifting the origin to (0, —k/2v,, 0) 
we obtam Aiz* + 25у + 2ш 2. 

Finally employing the transformation 

z = X, y = Y cos 6—Zsin 0, я = Y sin 0+4 созӣ, 

where tan 0 = v,/w,, we obtain A,X? -2v,Y 


во that the surface is a parabolic cylinder, 
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УП. e(Q)- 2, (Р) = 2, 
By R, we obtain Ла Ау? 2v, m + 20,у +9ш,г+4@, 
and agam by shitting the crigin to (—u,/A,, —v,/A,, 0) 
we obtain AT? + Ay? +Qwyatk 
As its rank is 2, we must have w,=0,k=0, 
Thus the surface is a pair of intersecting planes. 
уш. “i e(Q) = 2, eP) — 1. 
By E, and then by shifting the origin to (—u/A,, 0, 0), the transform is 
Az! + 20у шуа + 
As 0(@\ = 2, every third order minor of the matrix associated with the transform 


i8 zero and as such, we have v, = 0, w, = 0. 


Also kÆ0. 
Thus-the surface is а pair of parallel planes. 
IX, e(Q) = 1, «(Ру = 1. 


In this case F(z, y, 2) transforms to A,2* so that the surface is a pair of coincident 
planes. 


- DEPARTMENT ОР MATHEMATICS, 
UNIVERSITY OF DELEU, 
DELHI, 


DERIVATION OF LAGRANGIAN AND HAMILTONIAN EQUATIONS 
OF MOTION FROM THE DYNAMICS IN HYPERSPACE* 


р Ву 
М. М. анозн, Calcutta. 


(Receswed—Aprsl 8, 1968.) 


Introduction. The conception of multidimensional space associated with Dynamics 
is endowed with greater reality than that in the Pure Geometry itself. Whenina dyna- 
mical system the quantities involved allow themselves to be fully determined by more 
than three measurable data, itis often convenient to employ the notations and processes 
of the Geometry of Hyperspace. Thus a system of n/8 individual particles in motion in 
ordinary space, represented by п coordinates, is assimilated ina single ‘generalized’ 
particle moving in a euclidean n-space. When the configuration of the system can be 
determined by knowing a smaller number т of a set of independent quantities, called 
generalized coordinates, certain geometrical conditions expressed by means of (п—т) 
equations are then involved and the generalized particle may be regarded as moving on an 
T-dimensional variety in n-space. The object of this paper is to study this kind of 
motion in hvperspace by a new vectorial method, based on the properties of determinants 
and to derive therefrom the Lagrangian and Hamiltonian equations of motion. 

2. r-dimensional variety. Let the r-dimensional variety be referred to ап ortho- 
gonal set of n unit vectors 1 J, passing through an origin Oina euclidean n-space. The 
position of a point on the variety is then given by the radius vector! 


У = Sel, (2.1) 
aml 


where the v’s are scalar functions of т parameters (и?, и*,...м”). Fixing upon a point P 
on the variety corresponding to definite values of the parameters и“, the tangent subspace 


at the point P is spanned by the r vectors 
» | 
Ove Ра 
V; = > $8 I, (E 1.2, T) (2.2) 


The osculating subspace of the second order at the point P is spanned by the 


r+2 
d 9 )-1 vectors Vy and Vyr, where 


‚ Әр : 
Vink, = Juku а) (2.8) 
a=] 


and so on for higher order osculating subspaces. ; 


* This paper was read at the Calcutta Session uf the Indian Science Congress, 1953. 
1 Capital letters of Enghsh alphabet, the letters O, Р, 9, T being excepted, will denote xectors. 


170 i ~ N. N. GHosi 


3. Velocity and acceleration vectors of a particle. At time 1 let the particle be at 
a point Q on the variety given by the vector 
.> aa 3^ à X = Vig’, 4*,...9") ` А (3 1) 
where the position coordinates qf are functions of i. Differentiating the above with 
respect to $, the velocity vector is expressible in the form 


Xa X (8.2) 
hel 


where the system of r vectors Хһ forms the tangent subspace of the variety at Q. 
Adopting, henceforth, the usual convention for repented indices? ns in tensor unalysis, 
the acceleration at time 1 is expressed by the vector 


X = Xaqh+ Xna g" 9, (8.8) 
{ | r+2 : 4 
where the system of ( 3 )- 1 vectors X4 and Xj, forms the osculating subspace of the 


second order of the variety at Q. 
‚.. &. Momentum vector and the kinetic energy. Referred to the fundamental basis 


2 : 1, 
I, let us write X in the form X= 14 Е | Ё (4.1) 
where the symbol { } denotes scalar product of the vectors involved, We next define a 
vector Y whose components referred to the fundamental basis are 
придут 
ks › ы pott ы ) 4.2 
mf xl т, x My X (4.2) 
m's being arbitrary quantities playing the role of ‘mass’ of the generalized particle We 


shall take the vector Y to represent the momentum? of the particle at Ише t. Denoting 


the vectors m,I,, ml, ...... Maln by M,, My, ...... M, respectively we may write 
yeni. рем} 18 
a X = М. X . (4.8) 
Any two vectors related as above will be called ‘adjoint’ vectors. 
: Thus M : 1 Р 
СЕН | 
: ё Хь Xp (9 
M 1 
Yael Ем] | EET 
idi Xah XA B, 


denote vectors adjoint to ХА and Xma, respectively. 


Referring to (8.2) we have for the momentum vector the expression 


Y = Yag. — (4.8) 





1 aruns from 1 to n; h k,l, from 1 to r, and ә ranges over the values 0, 1, 2,......f. 
3 If the m's be equal by threes the case of а system of particles moving in ordinary space presents itself. 
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Hence the kinetic energy T of the particle at time t 1s given by 
X Xp oa: 
== у} ese (4.7) 
i y Hy fod 
where Хк 3j 
E E 


8. Reolprooal vectors im the tangent subspace and an alternative expression for 
the kinetic energy. Let us now consider the symmetrical determinant of order т, whose 


X | | 
(К, ^ element is the scalar product | y jo the vectors Хь and Y, Representing 
i 


this determinant in the compuct notation 


A, ={* PC (5.1 


we call it the scalar deter.ninant of two sets of vectors Хь and Yı. 


Remembering the relations 


Xk Xx x uos 
ии = о uhr (5.2) 
Xk Хь : 
where { Y | denotes the mmor of | у } m A, preceded by the proper sign, we define 
h Jo h 


the system of r vectors Xu, and it» adjoint Уи, by means of the equations 


Xz 
Хи = ху " К 
h Je 
Yaw = У Y, / 5 
eo that Xa 


X, patáed 
= = { 
| Yi } id | 0 if hal } з) 


We shall са the pair X;, Ya or the pair Y;, Xia) mutually 'reciproeal' sets of vectors. 


eet = у" ж] (5.5) 


Denoting the above Бу p; the generalized components of momentum, we can re- 
write (8.2, in the form 


\ 

| 

| (5.3) 
| 

J 

From (4,7) we have 


(5.6) 


X = Хр. \ 
alsc ү = Yap. 
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The kinetic energy* T has therefore the alternative form 


ЦЕ 
т 5 ч (5.1) 
where { 291 Е | | 9 [^ А 
Yo va} ix, 
Differentiating (4.7) and (5.7) with respect to q*, we get 
oT Anc. ues 
ву а, 58) 
OL | 
Sp 7 Упа] PP 2 


Again, differentiating T^ with respect to рь, we have 


эт’ X | { x } А 
рае — = . А 5.10 
OPE Yo ш Ya a) 


which, in view of (8.2), is equivalent to 


OF” = gt. (5.11) 


Әрь 


6. Wectors with double subscripts orthogonal to the tangent subspace. We consi- 
der now the nonvanishing scalar determinant? 


ГА zi XX XN CN LN Xr | 
rr — 


: ; | (6.1 
Yd 35 Y da clus 


т+2 р 
of order ( 9 pe where the vectors X;4, and Ypa, with double subscripts are written 


with №, = h,. Let us introduce the system of vectors defined by Я 


Хьл, = хь Haft (6.2) 
(A) 
and its adjoint 
+ 2 З Y 
Ypa = Yan Ya 1 x }. (6.3) 
h 





4 The expression for the kinetic energy is of the same form that represents the arc of a curve in деошейу. 
Associating this expression with tlie line-element of some curved manifold and applying ten:or methods J. D. 
Synge (1927) has developed his ‘Geometry of Dynamics’. With the same idea but with older methods Hertz 
(1894) studied the principles of mechanics. Tn these methods tho funda'nental variety on which the motion of 
the generalized particle 1s represented occupies place of secondary importance. 


5 We tacitly assume here that n is greater than its order апа the vectors involved are all mutually indepen- 
dent; otherwise, the nonvanishing determmant of maximum order is to be taken, 
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DINE Х| [Yl Ü 


Xa 4 








Ya; 


* * 
it follows that X44, is orthogonal to each member of Y, and Yaa, is orthogonal to each 
member of Ху. 


* 
Rep'acing each of the vectors Xan in the first row of Apr by Xaa and each of the 


* 
vectors Yaa, in the second raw by Ул, wo notice that the value of the determinant 
remains unchanged while it resolves into the product form 


+ 
A,r = A, A,, (r not summed). 
where ж жо + * 
x | Xu X1a- AA +. Arr | 
A, = + * * * (6.4) 
Ux Y | 


r+1 
By means vf this determinant of order ( ) we may define the systems of vectors’ 


2 
* x 
Xak and Yaz), such that 
+ „* . 
Xd) j Хк, | ( 1 if h,, h, = k,, К, 
E f = + | = р (6.5) 
Үһь, Ya, | 0 if hp №, К, К, 
+ + 
The explicit forms of these vectors, reciprocal to Үһһ, аай Хһл, respectively, are 
given by 
3n: ( VES 


Y 
Ува, 


+ 
3235 = Xia, 





hi s h, (6.6) 


* ( Xu * 
Yun T Ys, | y: р / Ar, 
Ah, ! 


where the suffix c has the same significance as im (5.2) and refers to the determinent А. in 
(6.4). 

Let L be any vector in the osculating subspace of the second order of the variety at 
the point Q, then by virtue of (5.4) and (6.5), it is expressible in the form 


* 
Y * | Yan 
b= Xf? рах (1) (9:7) 
or, in the equivalent form А 
У, Yi | 
L= Xo |) ү + Жал р та i (6.8) 





8 The subscript kı being restricted to be less or equal to k}, some obvious modifieaton wil! have to be intro- 
duced in the summation convention involving vectors with double subscripts, 
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7. Lagrangian equations of motion and the reactions in hyperspace. Differentia- 
ting (4.6) the rate of change in the momentum vector is expressed ns 


Y = зк Ма» (1.1) 


which shows that the vector Y is in the subspace, adjoint to the osculating subspace of 
the second order of the variety at the point ©. In accordance with the Newtonian 
mechanics the motion of the generalized particle is expressible by the vector equation 


r 


Ү= А.Р, tow (7.2) 
where F is the generalized force vector, А being a constant. 


Substituting (7,1) in (7.2) ‘and resolving it into its components we gel the following 
sets of equations 


Yara, [Ум CL F а 
ранее yf тз) 
ао. „ДЕ 

P а" 9 = А + : (7.4) 
Хьь Хь, 





Defferentiating (5.5) and remembering the relations (5.8) it is easy to see that (7.8) 
is equivalent to the Lagrangian equations 


3 Е 
4 9T _ ӨТ =} x }. (7.5) 
4% да* agt k 
If now { X } be given ав а known function of the position coordinates q* (which 
Е 3 


may involve g^ also), the т equations (7.3; or (7.5) are theoretically sufficient to deter- 
mine q’s as functions of t, when initial ciroumstances are taken into consideration. 


} 
The equations (7.4), on the other hand, determine the unknown components oí the 
force vector F. These are ofthe nature of reactions in hyperspace and are expressed as 
homogeneous quadratic functions of the r velocity coordinates qt. 


It may be noted that an explicit form of the generalized force vector’ F is given by 


F | ЕР 
Е = Ya] + Увы 4 + - (7.8) 
Хь | Xi) 
also (Р } . БЕ ( e 
Гле M » р (9%), 5 pop spas (7.7) 
X (К.Е, ( Xa 


8. Hamiltonian equations of motions. То derive Hamiltonian equations we start 
from the relation (5.6) 


rs Үр. 





т DET F 
1 We have not considered here what part this force vector will playin regard to a system of particies in 
ordnary space, | 
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Differentiating this, we get "E" ; 
r= Yopit Yap", 


whence { Y } i + n р Я (8.1) 
XL Xx s | 


Now Yd |= -{ Yu ү={ } (yh | 
А Хь Xa 


Consequently (8.1; reduces to 


Y Y 
{ X, } =p +f S | Pi Phs (8.2) 
Ak A do 
In view of (5.9), this is equevalent to 
y B ӘЛ! 
Е = + =. 8.8 
f X, \ + бт (8.8) 
Thus tho Hamiltonian form corresponding to (7.5) 1$ 
` ӨТ { F | 
+ =À ; 8.4 
Dk qt Хк (8.4) 
with which is associated the system of equations (5.11) 
"uL ӘТ! 
“= oL, (8.5 
q Эрь ) 


9. Motion оп а varying variety. Ifthe vector X in (8.1) giving the position of 
the particle at timo t involve $ exphoity, as well as, implicity through the coordinates q* 


we write 
X = Fit, 01, q?, ...... 4”). (8.1) 
At time t--Ot, the vector changes into 
X40X = V(t--0t, q' + q!8l, q* + g*0L.... -q+ qN (9.2) 
and the motion of the parlicle takes place on а varying variety of r dimensions. The velo- 
„oity vector X is now of the form A ах ; 
Х = = + Хд", (9.3) 
Ot 
whence the acceleration vector is given by 
e gx ^" INS T 
X= Xa Xyq^q* + Хд". 9.4 
X = mh tea Ant Ama Aag (9.4) 


Introducing the symbol X, to denote 9Х/9 and noting that Хь = Xom we can 


write (0.8, 4) as | : 
X = Xq”, (9.5) 


‘ 


X = Xg Nang, (9.6) 


where 9° = 1, q" = О and w ranges over tho values (0, 1, 2,... .. r). 


176 j N. N. GHOSH 


The expression for the kinetic energy at time t 18 now given by 
X . > 
Т= H Y. jene. (9.17) 


which is of the same form аз (4.7), if the dummy indices run over the values 0, 1, 2,...r. 
All the results of $$ 5 and 6 may now be taken over almost unchanged in form with this 
extension in the range of values regarding dummy indices. The scalar determinents (5.1) 
and 16.1) are, of course, to be angmented to include vecters with zero subscripts. 


10. Lagrange’s equations. From (9.6), passing to the adjoint system of vectors, 
we have T m PNE 
Y = Yge c У. 4" 4=. (10.1) 

The vector equation of motion being of the same form as in (7.2), corresponding to 
(7.8) and (7.4) we have now the following sets of equations: 


| Yo e + opem = F (10.2) 
x, ах, JETS ios 
Yu үз ее _ F 
{хх M (10.24) 
( Y ы шл Е 
] * q"q" = А + . (10.8) 
Л Wyte 
From the relations : . 
eT { Y \ эт { y } 
TEES — = nd 10. 
og {Хь Ed oge X. i aon) 
it is easy to see that the equations (10.2) reduce to the Lagrangian form 
3 F 
4 ӨТ T af | (10.5) 
dt 942 ' aqë Хь 


where T is given by (9.7). The equations (10.2) or (10.5) are sufficient to determine the т 
F ` 
unknown quantities g*. The equation (10.2a) will then determine f X p the constrain- 


ing forces, required to make 4° = 0, q? = 1. The unknown components of F are given 
by (10.8). These are not now expressible as homogeneous funetions of the velocity 


coordinates që as in (7.4). | 


11. Hamiltonian equatiohs. Since 


Х = Хр. | @ 


Ү == Уч. 
where 


{у} {К 20€ 
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the kinetie energy is expressible in the alternative form 


X 
T == af Y, : Y PaPa (11.8) 


From (11.1) we bave by differentiation 


У = Yo pot Ус) ..0.9=, 


ic )- ds gp g^ 
Ay XE li Xx Ë 


whence 


» Y( )k Е 
= © р 11.4 
nl x oar. (11.4) 


per us = D (11.5) 


where T” is given by (11.3). It may be noted that both T and T’ are now expressible also 
in the form 





i (po * Dig? + Pag? +--+ PQ). (11.6) 
From (11.8) we have, further, 
эт ={ рар e = q (11.7) 
Әрь хь! E ш d 


which combined with (11.5) gives the complete system of Hamiltonian equations. This 
method is in agreement with that adopted in $ 8, but it differs from the usual method of 


arriving at the equations by means of an auxiliary function (p,9* +Р:9* +... tpe. – Т). It 
may be noted that the expression (11.6) does not materially differ from this. 
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* ЫШ 
Introduction—C, У. H Rao (1918) evaluated the integral 


Газа L) dz 


n 





a» Pb* (3a $0 — àv) : m | 
+ DIG Hy jer Ь i(v—-5—0) +1, à(v- ро) 1; a*b* [16] 


axbet фа — 40) 2 ТИ 
арро рте Ub КАУ) +1, до) +1; 9762/16] 
with the conditions a, b >> 0 and — Е(а +39) < R(o) < R(v4 3) with о = 0, we define 


wp lzy) = (wy)t [ 1v (3 yr . 


It is easy to observe that 
(0 жу ,(а) = ©, „(8) 
(и) mou.) = Ja 1) 
(ii) wp. (2) = O(1), when s is smail. 
(iv) wa, (2) = O(s-*), when а is largo. 





Watson (1932) noticed that ts., (xy) could be regarded as a kernel which gave rise 
to a transform at any rate formally. 

In this paper, we shall investigate in detail the conditions under which the kernel 
may give rise to a transform. We shall also investigate the necessary and sufficient condi- 
tions and the conditions in general under which $(р) or КО connected by the relation, 


Ф(р) =(2 у ig (pt)! E, (pt)t^f(t)dt. 


are self-reciprocal under this transform. 

The advantage of choosing this relation is 

(i) if s =4, m=+% and n = 0, this reduces to Laplace Transform, 

(0) if з= & and n = 0 this reduces to Meijer в transform. 

We have also investigated the necessary and sufficient conditions under which a 
function shall be self-reciprocal in this transform. 

We have obtained certain other theorems connected , with this transform. We have 
also laid down the rules for construction of functions seif-reciproesl in the Hankel trans. 
form when functions self-reciprocal in this transform are known and vice-versa. 
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In art. 1., we give certain examples of functions which are either self-reciprocal 
or skew-reciprocal under this transform. We shall give the proof of one result only ; the 
other results can be obtained in a simi ar manner and their proofs will come out in due 
course in a separate paper (Mitra & Dinesh Chandra). Some of the ‘examples follow from 


the theorems which we have proved in this paper. 
In art. 2., We prove some lemmas which may be regarded as extensions of Lerch’s 


theorem (Lerch, 1903). 
We shall say that when f(x) is self-reciprocal in this transform, viz., when 


fto. | ft) sr de, | 


f(z) belongs to Ru v- íi 
4. The following functions are 
(а) Self-reciprocal 
(i) fly) = Кы} у" К, v=p+2n; wad, п 220, 
ш) f(y) = y-.GyiK-sy), АУ = 4, 
(iif) f(y) = {т у) —Loly)], p-vmi, 


(io) fly) = wd з (5) paved, 


о) fy) = Udy чу B= Vv =, 


© 
"+Чеы+ә!(Ф\ dx 


(vi) iy = | EAT. 
0 


e 
(vii) fly) = yt / sinh Кау sinh t dt, — w= y 20; 
0 
(b) Skew-recipiocal 
(i) f(y) = ie yk [HS Q) - Ys] 72/099, деу = 0, 
à) fly) = br yt Lory) - Do()] -1 29$, — i — v = 0 
(и) fy) = y~t[e~¥—}], p=0, у = 0. | 
It is worth noticing that (i) m ‘a)degenerates into the familiar function 692881 


which is Hs,41, when we take n = 4 and write 4y* for y. 


We know that 
EEEE 
o STD y2 y2 
By Hankel's Theorem (Hankel), we get 


/ 21420) J (e) Kolk) dk = 1/(ot +4}. 
о 


=” fe) = wis 4 JE 3) 


' 


ON SELF-RECIPROCAL FUNCTIONS AND A NEW TRANSFORM 181 


' . Therefore the integral 





Гоа = f freno (8) аы 
о 0 0 
n font [эщ а)» 
K SP Д uu s 


ЇЇ 


e МР! 3A): 


Showing that f(z) is self-reciprocal in this transform. The change in the order of 
integration is easily justified. The rest of the examples that we have given can be veri- 
fied by the application of Hankel's theorem. 


We have frequently inverted the repeated integral 


o © 
Ј а | ie йау 
0 `0 
The sufficient conditions are 
(a) (i) f(x, у) is a continuous function of (z, y) in 220, y z 0, 


(и) ема y) «ffe. у) dy converge uniformly in the arbitrary inter- 


vals0cyszb,0-rza, xd , 


ud y 
(ш) [ dz I f(z, y) dy converges uniformly in y >> 0. 
0 0 | 


T © © E А 
Then [ Ej f(x, у) iy. and fa J (x, у) dz, exist and are equal. 
`0 On 0 
(b) The z- integral and the y-integrals are absolutely convergent and one of the 


repeated integrals is absolutely convergent. E 


з e CA 
9. Leroch's Theorem, 1f р) = | e PIF(t) dt, P= Po is satisfied by a continuous 

= 20 
function F(t), there 18 no other continuous function which ш ihe equation, 


Lemma 1. Let 
a6 
|. f mmm г.) dz, dz, = 0 
ото 
where F(x,, с.) is a continuous functicn in (0, œ) of both the variables and p,, p, > 0, 
then F(z., 2,)z0. 
Proof. Let m 
] e7 PF (xy, T3) dz, = ylz) 
0 


6—1868P—$. 
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Since the integral converges uniformly, y(z,) is a continuous function of 2 in 
(0, X,), therefore eo 
/ в=®®ү/(т.) dz, = 0. 


0 
Ву Lerch's theorem W(x.) =0. 
Therefore 5 - | 
] е?" (шү, ху) dz, = 0. 
0 


Hence - F(z,, 2,) = 0, again by Lerch's theorem. * 
Lemma II. Let G(t) be a continuous function of t in (0, се) aud O(t*) when t is 


small, m being greater than or equal to $. Let [ K,(pt) G(t) dt 20, р>0. 
‘о 


Then will G(t) 20 

Proof. - We shall consider the positive values of m, since К_„(рі) = К„(рї). We 
also suppose that т is not half an odd integer. When m is half an odd integer, we shall 
suppose m = n-+4, where n is a positive integer. 


Hence Кь+ү(рї) = 6-71 x {a polynomial of degree n] xt-*-i 
Therefore . 
à i| а polynomial 
Е, (р = ig наивен" х( Jas, 
[кәч вш at =f eremi Cases 


Since G(f) is continuous in (0, со) and also G(t)t-^-* x (a polynomial af degree n) 
is continuous, we have by Lerch’s theorem 
G(t)t-*-3 x (a polynomial of degree n)=0 
whence G(t) =0. 
We know that 


K,(z) = =(£) cos лт W,,,(2x), for all values of n, and 


-ttm 
М tagt | deem + Sy e-t dt, 


I'($- T -Ekcxm) 
R(4-4 m — К) > 0. 
Therefore we get 


f 7n necat f miranda = 0. 

"o “0 

Now и, p, t are positive quantilies. We make use of the inequality that * 
(и +рї)?®-1;> (uu 2pt)*7*, mai 





* When m > 0 but less than $ we take G(t)=0(t"*!) when t is small. . It 18 possible to take G(£) =0("+1) all 
throughout. We use the integral. 


К» (+) = T exp(—t—21/4t)dt/t"; m29 


The result can also be proved with the help of Operational Caleulus. 
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We find that 
(i) the u-integral is absolutely convergent, 
(i) tbe t-integral is absolutely convergent, 
(iii) one of the repeated integrals is absolutely convergent. 


Therefore a change in the order of integration is justified. 


Hence © 
/ метей f ө-тї-и+ 2pt)n-*G(t; dt = 0. 
0 ШИМ 


Let © | 
F(u) = етее f €7Pli-P(u --2pt)"-1G(1) dt. 


Then F(u) is contmuousin (0, и). 
We therefore have 


/ e-ivF(u)du = 0, 


0 
whence Е(и) = 
Therefore m 
енетін та eap atat = o. 
0 
Betting K(t) = o-trti-"(u + 2pt)™-4G(t) 


where K(f) is continuous in (0, t), we find that K(t)=0, or G(t)=0. 


Lemma ПТ. Гей 


ра _ ("tr(tdt NC 
(ол ыы", = 





where т > 0 and f(t) and F(t) or more gonerally f(t) — F(t) are continuous. Then 


К = F(t). 
? 4G (t) dt 
Proof. Since j а is uniformly convergent in b in (b,, b,), we can diffe- 
rentiate with respect to b. The process can be repeated т times. 
"Therefore we get [c 3404 _ 
(Бутин 
Now, let +b = 0/а. 


The integral reduces to 


Гата siam ae = 0, (n = 1, 2, 3...). 


0 
Let p(z) = G[ V ib(1—2)/2]], 
then Ф(1) = G(0), ẹ(0) = I Ga), 








* The Lemma 18 also true if we take f(t) and F(t) instead of tf(t) and tF(t). 
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во that $(2) is continuous in 0< 2 < 1, add we get 


1 
I o(z)g"s"-1ds = 0, (п = 1, 2, 8...). 
0 

Therefore, by the Lemma of Lerch's theorem, 


9(z) z0 or G(t) 0. 
We can put b = p, also and multiply both sides by p. Оп .nterpretation, we get 
LJ 
ont Гесай =U. (r0) 


0 
Hence by Lerch's theorem 


G (t) a0, 
Lemma IV. Let f(t) be continuous and absolutely integrabie in (0, со) and 
2 J(zOf(t)dt —0, v>-4 
0 
then wili f(t) =0. 


Proof. Let us multiply both sides by в, and integrate with respect to 2 between 
the hmits zero and infinity. We get 


| eng, dz T Аеро) dt = 0. 


0 0 
Changing the order of integration which is easily justifiable, we get 
f(t) v dt 


M. = 0, 
А (a? + Ру 


By proceeding as т lemma ПІ, we can show that 


f(020. 
8. Let 


Ол f? 
e(v) -(3) J e so oat п+8+т>—{ 


Theorem I. Let f(t) апа {(1/t) be continuous and absolutely integrable in (0, оо). 


The necessary and sufficient condition that p**te(p) shall be Ryuse—m, nte+m (8elf-reciprocal 
under Низ transform) is that f(tj :f(1/t). 


Proof. The condition is sufficient. 
Let fsfa/t). 


Then pœ 
/ рат, #+3+=(ру)3(р) ар 
0 


И 


оү у 
(2) J Pett terns em, nts+alpy) dp Г + К „(и f(t) dt 
Е о 


зүү ї 
-( Е ) / ту) a f prin 9 ие, at st ny) Km (pt) dp, 
o 0 
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Since the change in order of integration 1s permissible under the conditions stated. 
Thus, the integral 


zi ferm ad [within dp UC) 
| 


D sis 


yt [ eni ad ( Јат) ST. I pHK „(РИ и, "(ар 
"o о о 7 Р 


Ye (PGY m (yon 
0 
) 


+ 


nti | (tetra 1. )at. 
0 


Therefore 
f 9m nm (py) Ф(р) йр = y*tto(y). 


о 

We may note here that all the changes in the order of integration are permissible 
under the conditions stated before. 

The condition is necessary. 

Let р"+#ф(р) be self-reciprocal in this transform i.e., let р"+#е(р) be Въ, s, ват. 

Then D 
] Р" атаа, otetm(Py)e(p)dp = ytte(y) 
0 


or 20 
оү [^ 
y'*to(y) =( ?) f р'і ants m, п+#+ = (РУ)Ар К (pt) f(t) dt 
' 0 0 


2 + x ao 
-(2Y [гөш] mtm attese. ных V) dp 
`0 0 


-(Zyv f Emnet) dt 
0 


after reductions and changes in the order of integration which are easily justifiable. 


теше Гек e-( ; )] SOR 


Hence, by the second lemma, 
(9si( LY 
f= +) 


Theorem II Let f(t) be continuous and absolutely integrable in (0, co). The 
necessary and sufficient condition that f(t) shall be self-reciprocal is that 


9,(p) = pote, ( N; n+8im > -$, 


+ We note that t**'[f(:—1(1/£)] should be ОП”); m>4 when #13 small. It is sufficient if we suppose 
that the order ın Oft**') when m20. 


186 . K. P. BHATNAGAR 


where 2W [= 
Ф\(р) =} Гоу =(рї) t*^*f(; dt. 

a 0 

Proof. The condition is necessary. 


Let f(t) be self-reciprocal in this transform 1.6., let f(t) be Raps-m, ste 


Then оү г® е 
Ф, (р) -( 2) f (pt)*t*++K,,(pt) a | {(Ywuts—m, пан (У) а+ 
T 0 s 
оү eo D е 
-( 2) ] P'f(y)dy ] [nt RS (pt) a m, sip nut) di 
7 б A 


t = . 20 . а © 
= (2) f ишиң f eser Sf н+м „(кра 
Я `0 0 0 


1 
— p "7?9 ( 1) 
Ар 


after а little simplification. 
We have here changed the order of integration twice; both being easily justifiable 
under the condition stated. у 
The condition is sufficient. 


Let 
$: (р) = и 


oo [нь 
= (= yore: [ {20*Б (pt) +) dt. (А) 
Now, s 
pr n sn(yt)dt 
0 


= f: (pb K (pi) унав f? PEE ые} 


(уч) 


after slight reduction and an easily justifiable change in the order of integration. 
Hence we get from (A) 


Гевко a 


0 


= f 194+ [ (ур) Кы(ур)у” tinutin, вет (У) dy 
0 `0 


= ie (ур)*К m(yp)y"ttF(y) dy, 
0 
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where 


(yt)* 
y*F(y) =. иш Wuts—ia, ns wl yt) dt, (B) 


Therefore ** 
T (рК „ФОНА -HP()]dt = 0. 
0 


Lei Gt) = НОР]. 

Then, since (i) f(t) is a continuous function of t and (i) (B) 1з uniformly conver- 
gent, y*F(y) is or continuous function of y. Therefore by our second lemma F(t)=f(t), 
showing that f(t) is self-reciprocal in this transform. 


Corollary. If we take в = 3, m = 4, we get 
e(p) = fena 
0 
and ват, ват (Ey) = Tn, n41(2y) = Jano i(2(zy)*). 


Tricomi's results (Tricomi, 1985) ure аб once deducible. We shall now illustrate 
our theorems by suitable examples. 


Examples. (i) Let, f(t) = t/(1--t?), ie. j) = 1/2). 
For 8 = 0, m=0, n=1, we prove that 
p*h iz | (2р) —{п*[Н(р)—Ү,(р)]} is E,,,. 
( It ft) = Hte, 8 =0, m0, n= 4, 
then dst UV (р) + Y ap) is R- 4. 
(ii) Tt f(t) = /(Ё+2)(0#+1), 8250, m=0, n= 8, 


then 
672 _ - ERN D : 
ро? SL (29) - Y (/29)] +H 5, )- Y. 2.) Е В 
(iv) If ft) = t*t/(1--0)*; s =—n, 
piF(p) = [дон Кыр1)4® is Rom m (0<m<}) 
when m-i, F(p) = (х°/Өр) нар) - Yo(p}], 


and we fall back upon the known result 


f mv. osten dp = [H,(y) - Y.(y)]. 
(v) S Қ?) = UY tyi, п+8 =}, 


i v ' 
т A (Tt) 


ie., pettolp) в Ris-m htm 
In particular, if m = $, 


** We note that i**et i [ft] - F(0] should be O(t") when tis small, m>}. We сап take the order ts 
be O(17*!) when m>0. 
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e(p) = Гу + 1)/2]eiept7 71D... (2p)*. 


and we get the known result 


J 2*J (аа) о" (в) йа = 2716D (в); $>-У. 


0 
(vi) If MT 
f(t) 2+ н+8 = $(1—v) 
UK, (pt) dt 
voe (2) fonti 
ie., 27+ $(р) в B4a-9-» 40-0). 


In particular, if т = 1$, then 
e(p) = р "71ePW ү, ,a-»(p) 
and we have 


/ РИ _4,, (ур), - (ру) dp = уге, ga-n'y) (—4<] Rly) «2). 
0 


(vii) Tf t-te-irtt | 


Ву 
) За, п+8 = 3 748—4, 


eS bw 8v/2-]g-i-5 tv-# Ky, (pt) dt 
«9 = (2) j А (Fi ett 


di 
1.6., p*tte(p) is Fajg-ja-i-m 5j-ia-iem. 
In particular, if m = 4, then , 
e(p) = Гура 4)pir-ie-n- tov (р). : 
Therefore 
^ 
f ptr-a-82) eteW (р), „- ру) )ар = уі ТУ, (у), 
R(0v-24)2 -I; R(2v—-2,)2—1; КВ(д+») < 1. 
“In particular, if we take p=-—4v and write 
i(1—v) for v, then pi-?s(v, р) is Ri- (VI > Ae LEE 
where a(v, p) = pe? W 4, 4a- 9p). 
(viii If f(t)- [tedi], m=4, в = 4, n=v-1, (v0) 
then (р) = (1/pr***) E(s, v+ $a: p) 
i.c., 


D 
f рї +) Е(«, v+ {х1 рўе, -т, (yp) dp = yo Ht VE (a, v 32: y) 


0 
а result which has been proved independently by N. М. Bose. Here E stands for Mac- 
Robert's Funetion, vis., | 
E(a, 8 :: 2) = Г(а)Г!в)ж#е+8-1)в4е в), Иво) (2). "NM 
Theorem III. Let f(t) be continuous and absolutely integrable in (0, оо). Further 
let S 
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— [7 tet) dt " 
y(p) = | (B3 piti А (v > d). 


If f(t) is R, then provided рр) = ұ(1/р); 


| о, 1 (22) $ di = [ РКИ, (xt) p(t) dt. (Bj) 
We have 5 
tet : 
Wp) = zu (Up зу озге (yt)*J ,(ytf(y) dy 

ЕД (yt) dt 

Ыі — 

= [nu Daf (#2 +p) tit 

E 


spray Н ay 
б +, 


Therefore 


[ pr-*4(p) =, -1, „(ра)їр 0 КЕТҮ? [ 2%, _1,„(2р)р'-+ар 
о о 0 
E Fu т 1s y-ifly) df fe вэр" dp f TIN) 7 (22) 27 


"wp end y fü L7 MEE a тј etl, ( 5) dp 


J, Те _ УК) ау _ 
= gt 
7 [e | WHITH 


-a [Qe 


s JR T«-K(Tz)4J (Tz)y(T) dT 


Since w,~1, ,(zp) = Ja, 4(2(zp)3), the relation (B,) follows. 
The change in the orders of integrations are easily justified. 


Again, since i < 
(р) = | —NP4v— E dy, - 
yip) тр“ ута) dy, - 


меен, рр 34р = = ED. ар yr f) yay fv e YPp*J, (ep) dp 


?yrtif(y) dy 


= 21 2 2 
„ E tyt 


= aha) 
which shows that æ-ty(z) is R,-ı 
7—1863P—3, ) 
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Asacorolary, wehave, by taking v — $ 


[vo (2(px)*) = (2 ) [vo t) sin at dt 
pr 


Theorem IV. Let z'-ifiz) be continuous and absolutely integrable in (0, co) and 


provided 


let © 
(р) = / 2*- (zp)f(z) da. 
0 
Then if, {(1[) = ж (2); (в > 0), 
f ss epu ap = ый; 650. 
Ртоо]. © ° © © 
f sies oap = | Jurys) ap | 731, erifta) de 
0 0 0 
= [ eir de f Jepa tip 
v 0 
= fett аг [руль рав 
0 `0 
= [ g*-3J ‚(у [ж)](ж) а 
го 
=f z-'-*f(1/2)J (ay) dx 
0 
= f azije ey) de 
. 70 
= Ф,(у), 
since, f(1/z) = 2% (<) 
Example. Let $ = 0 and f(z; = at/(1+27)t 
then ‚ 9) = 1,,(4p) Ky,(4p). 
Therefore 
f 1(фр)Ку„(ф@р)д,(2(жр)3) dp = Ij, К,а, >i) 


0 

The particular case when v = 0 has been investigated by Mitra and Brij Mohan 
(1989). The general case has been investigated by Erdelyi (1988). 

Theorem Y. Conversely, let & 22 0 and 2'-4 (2) and z*'-9Pf(z) be continuous and 
absolutely integrable in (0, co). 

Further, let . 
s(y) = [Г e(pJas(2(py)) dp, — (vzx 0). 


0 
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Then will 2? (а) = f(1/a). 


We hnve e e | 
oy) = | Japy) dp | 74. pif) de 
0 0 


= f x'-tf(x) dz R J,(ep)Js,(2(py)!) dp 
А 0 


0 


= [2-04 (faila) de 


0 


= [aid ера) de (0) 


0 


- f g*- iJ (zy)f(z) ах (by hypothesis). (D) 
0 
Both (C) and (D) being uniformly convergent, we write 


f ente) -27 701/2)]a2 = 0. (B) 
0 


Since (E) is uniformly convergent, we multiply both sides by y**1/(a* +y?)+9 and 
integrate with respect to y between zero and infinity. On changing the order of intgration, 
which i8 permissible, we get 


f emerit атаа) de = 0. 
0 
Hence, by Lerch's theorem, 
=" (=) = f(1/a). 


4. We shall now prove the necessary and sufficient condition that a function shall 
be E, ,. 

Let f(x) be continuous and absolutely integrable in (0, со). The necessary and 
sufficient conditions* that f(x) shall be Ra, is that 


J ena eor at = а-э | ул дуја) ёз, (9. 
0 0 
If u—v, (2) = 1/z e(1/a), 
where © 
g(x) =f (zt)XJ .(zt)f dt. 
0 


The condition is sufficient. 


* By Hankel's theorem, f(a) af (2019 ,(xt)p(tidt. If we choose $(z) == 9(1/2), then we can find f(a) 
o 


which shall be В», 
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f fme eds = ] fü) d J ерл (05,22) 4 

a Fina fet) 
- [eng f (ур) 


= f («091,8 at | (v1. tfe) 
0 о. 


We have 





= f(z), 
by Hankei’s theorem. 


The various changes in the order of integration can be easily justified. $8 
The condition ів necessary. 


By Hankel’s Theorem, ** 


z) = Í (zt)*J, (zt) dt | (yt) (yt) f(y) dy. 


Also 
fta) = f fts. kev) dy 
0 
-[ oa f (ку) T(E) J a (ү | 
-fi ша, f (ху (at) J (үй 
=f "айы [| (> Jo (2) dy 
Let | 


[ (o3. or n ау = g(t 
0 


and 0 А 
(у fn ay = vm. 
б i t 
Then g(t) and hít) are continuous functions of t in (О, T). Hence 
f (сы (a) [g(t)-t7h(t)]dt = 0. 


0 
Then provided g(f)t* and h(f)t-* are continuous and absolutely integrable in (0, ео) 
we can prove by lemma IV, that 





; m Vide Watson, Bessel Functions 


^ +(x) is continuous and absolutely integrable i in (0. о) 
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| | g(t) = Чи 
and the condition follows, 
в. We shall now obtain certain solutions of the problem. 
Let т(в) be the Mellin transform (Mellin, 1896) of f(z). Let f(t) be continuous and 
1—1}(#) belong to L(0, оо), then, if 


т(8) = fie dz; 8 = с+1ї 
0 


= 


Haaa f «9a. 


дї 
о—іо 


Also, let т(с +1) belong to L(— оо, оо). Then, if 


1 o+ foo ч 
Қа) = — / v(8)z-*ds 
Ont te 


т(т) = аа) ах. 
J 
Here 


fla) = | s. pro) dy. 
0 


Hence 


т(в) E gta ae | wa fey) fly) dy 


0 о 
D о ° 
= fro ay f as, (zy) йс; 
0 0 
which after considerable reductions becomes 


т(в) = 92-1 Г(ји + + 5 0 (fv + $844) 
Г(фа 48+ 2) (у $8 + 2) 
Here again we can easily justify the changes in the orders of mtegrations, 
Let т(в) = ZT (fu +48 - DI (v +48 + 2) (8), 
then y(s) = Yl —8). 


We thus obtain a general solution, viz., 





т(1—в). 


‚ fotio 
f(z) = zi OT (du + 35 + 2T Qv +48 + $) (в) z-* de (E) 


6—1! 


where /(8) satisfies the above condition and certain other conditions mentioned in the next 
theorem. 


Theorem УТ. We shall say that f(x) belong to Ala, a) where 0 «az m, a<}; if 
it 18 analytic and regular in the region defined by r>0, and |6| < а and if it is O[]z|-*-*] 
for small х and O[] z p-1**] for large x, for every positive sand uniformly in the” angle 
[9 [= an< а. 
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The necessary and sufficient condition that f(x) of Ala, a) should be its own R,,, 
transform is that it should be of the form (Е,), where (s) is regular and satisfies the 
relation (s) = V(1—s) in the strip a «Co «1—a and is of the order of O[c(v-e*9t!] 
19|= «-1< а. 

The proof follows easily ав in Titchmarsh (1987). 


Theorem VII. If f(z) defined above is Rus, 


then © 1 e 
g(z) = 2-8 / wu 20. VO dy is В, 
0 


We have 2 oio 
0@= 21. 2-8 | wu. yu f BD bw cie DEG аз Das 


в— 


cio : 
= E a-t | | Ти + {в 1-4) + 48+ 28а [ ve) 


e—i 


otio 
= A f й 2T (3v +48 + Dy, (в) йв 


where _ дїн-5 


ple) = — p Tie- +T (dp + te +4)Y(e) 





and 4, (e) = y,(1-8). 
l The converse is also true. 


The various changes in the order of integration are easily justifiable. $ 


Example. If f(x) = К,(а)аї; Roo 
then | y2 
g(z) = a7 fv A. ) k(y)dy is В 
P 22? 


on simplification, we get the well-known result 
glx) = саї[ Ноа”) Y.(427)] 


which is is В, where с is a constant. 


Theorem VIII. If f(z) is Raw, then 
g(x) = sich [укда- Лу) ау 
0 


is R. 


Since f(x) is Raw, wo have 


© 
g(x) = scm | yet te #072") f(y) dy 
о 





$ Wrihng s=c+it, 023, we сап easily prove tbat under the conditions assumed, the t-integral and the 
y-integral are absolutely convergent and the repeated integral is also absolutely convergent. 
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where 1 otio 


foy QD (gn +в + 2)I 3v + ав у (5)y7 de 


0—10 


Henee 


gla) = а-э f'aetie-itrin dy J ача DP ay e DMO yas 
" о 0 


1 otio 
= э scm | FT (u+ 48 + HIT (Gv + 48+ ius) dax 


© 
х f а -яв 30/2) dy 
0 


= i Oei ae 2P TI du t+ $s-- 3) Tdv +43 DI (du — 38 + 2)(5)27* de 


6—10 


0-]- ioo 
= 2. генни Бе 


в—{®© 


where V. (s) = 2i y (s) (фл +в - 3) (po de +2) 
and у, (в) = y,(1—) and у (в) satisfies the requisite conditions as mentioned in theorem 


VI. The conditions for the changes 1n the orders of integration are easily seen to be 
satisfied. 


Example. If f) = J,(t) t; B. 
then g(z) = zette-i® is R, 
6. We shall now show that the kernel we have chosen"plays the role of a transform. 
Let А, v>—h. 
We have 


g(x) =f wz, (ту) (У) dy. 
о 
Then 
I= T ар, (2у)9(0) dy 
0 
= Г tees ада) de ду 
0 0 


= / С J : f i / екан о (аз (у di а ds dy. 


We take f(z) to be continuous and absolutely integrable in (0, со). 


Let o 
v) = J (уз) „(уз)у(в) de 


Then У(у) is continuous in y 2> 0. We assume that it is also absolutely integrable 
n (0, с). 
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Also we note that (zy)*«,,,. (cy) is always bounded. | - tous 


1. Let us first integrate with respect to t. 


f | [| yz em, yid (T), on JST. dedy 
| а) а g | (wena т da} 
= [чела f oyo 9T та a}. 


We shall now change the order of integration with respect to T and z. We consider 
the double integral within the second brackets, Since z!J,(z) is bounded when v > — $ and 
z ;> 0, we note 


I 


(i) that the integrand is a continuous function of # and T, when the range of inte- 
gration with respect to T varies from 3 to co. 


(ii) T [зау TOBEE i с 


the saine T, serving for every 2 in (0, a) where a 18 arbitrary. 


(iii) | yey „(Eyo Das EL Nc 
Z, 2, 


the same Z, serving for every T in (5, b) whero b is arbitrary 
(iv) T, dT g + 7,J t 
дт (0) 205) ат ] 
: ) mi A т) ANT f(z)dz | << |К | T dT | f(z)da 


«s; (Т.>Т, > To, 
the same Т, serving for every e in an unlimited interval Z, z 0. 


eim um cmm 














<e (Z, > 2,2 2), 











(v) We can also easily prove that. : 
] J, me KOK (E) diy dé «50 8:6 ES 


2. I now becomes 


= ГГ [Г Г елкан EAA COE 17 dy 
o 0 0 0 
2*4 [ fi (вуз) АУ (s (TJ 12) ра) ast = du 


since г and t are RNC NS variables and no term contains z and t together, 
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Integrating first with respect to а and then with respect to t, which we obviously 
can do, we get 


_ ат 
fs f f Туе „елуу! т) E dy 


= ] | J (T), (ay Т) Ту) dT dy 
0 0 


We note . 

(i) the integrand is a continuous function of y and T, the ranges of integration with 
respect to y T being (v, co) and (8, оо) respectively. 

eh n vy) Е 
ати f = „(ту Т) (y TE i| = елату f yah dy| <s, 

Y, Y, 
(У, > Y, = Ү,), 

the same Y, serving for every T in (8, д) where b is arbitrary. 





(ii) т, т, 
УЕ f JT) Ts, (у ТЖ aT | s ky (y)y-* / sm ar] «s 
T, 1 


T. . 
(T; 2 T, T) 

the same T, serving for every y in (y, c) where c is arbitrary. 

(iv) 

< =; (Т> Т, = То) 








Т, у 
/ J,(T)T* ат f У(у)у (7+ „(у T) dy 
Т, У 


the same T, serving for every y in the unlimited interval of у, y >v 


We can easily prove that 


(v) 





J татутчат | руин еи Nay] —> 0 as v 
8 0 


and (vi) 








f namar f my y туутун )y- ds < uf гтут+ат | ЫЛ 
0 0 0 0 


1 со 
-|f АТ, Т+ aT ы] (уу tay | уу «a —> 0 as 5— 0. 


3. I now becomes equal to 


2 Í А in J ежет ол, (9) ои т)“ dy} ar 


We shall now consider the changes in the order of integration between y and t, The 
range of integration with reepect to t is à to co. The integrand within the second brackets 


18 


T | (29 TtT) at dy. 


9——1868P—8 
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We note 
(i) the integrand ie continuous in (t, y) 


vem f^ CE) oaa e 
һ 


the same f, serving for every y in (0, b) where b is arbitrary. 
ii) X 
е f Gy serm ay < 
Ү, 


the same Y, serving for every t in (0, d), where d is arbitrary. 


9s) "0 ea f (s (2) y(y[ T) dy =} fo Ке nf y vui) a| 
h 0 


s; (>t m, 
the same f, serving for every y, y 2> 0. 








te 
f J,(t) t7* а) <; (>t, >t), 
t 





Y, 
11,06: [sumas 


Y, 
(Y, > Y, = Yel 








On changing the order of integration, we get 


| 240 +3 Г)" (и V(y/T) d 


We can easily prove that 


f ! 10 C dt 1 (ys) V(yjT)dy | —-0 as 8->0. 
0 0 


Hence, ultimately 


r= f Г ее aye I,II (EE) „(+= ia) de ay SS . 


Following Watson (1981), we now replace у by yT and we have 


ГГ е теа 
о "0 
= S OE (татьи) (ув) fle) da dy 


` = Tf(zT/t), 
by Hankel’s theorem. 


Hence 
f mot dy — Г Ге T)3J,(0)J, (T)f (zT; t)dt aT /t 
0 о `0 
= (ua ТУ (их ТУТ [м dT duju 
[1 
3i f eir tuz) ав) dv du 
0 ^0 


= f(x), 


again by Hankel's theorem, 
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Consequently we prove here completely that f(x) and g(z) are reciprocal functions in 


the transform with the kernel жу, (шу), when р, у> —3. When 9(2) = f(z), the function 
becomes self-reciprocal. 


My best thanks are due to Dr. 8, С. Mitra for his suggestions and guidance in the 
preparation of this paper. 
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‚ CERTAIN THEOREMS ON SELF-RECIPROCAL RELATIONSHIP 
IN OPERATIONAL CALCULUS—II 


Bv 
В. М. Bose, Calcutta. 


° (Heceived—May 18, 1958). 


If e(p) be the Laplace transform of а function f(t), 

Шеп = © s 

Фф) =p | etr, at, (i) 
0 


where p is а positive number (or a number whose real part is positive).. We usually кау 
that e(p) 18 operationally related to f(t) and f(t) is the interpretation of (р). Following 
McLachlan and Humbert, we write symbolically 


e(p)cf(t), or f(1) 2e(p). 

We have recently established certain results (Bose, 1952) bearing on self-reciprocal 
relationship in the sine and cosine transform between functions which are connected by 
a set of successive operational relations. In the present paper we shall firstly obtain an 
extension of these results. Secondly, we shall generalise some of the theorems on selt- 
reciprocal functions in the Hankel transform, whice has been established elsewhere in a 
paper (Bose, 1954).* 

Following Hardy and Titchmarsh we shall say that if а function be self-reciprocal 
in the Hankel transform of order v, then itis R, and further that a function is Во or В, 
according as it is Ву or Ry. 


The results of the Operational Calculus required in the sequel are the following : 


pe(p) c L4, и 0) = 0. (i 
"p = ЕС dt (tit) 
caro рен, (v) 


Here, asin the papers referred to above, we shall make use of the well-kown Goldstein's 
theorem (Goldstein, 1982) and Lerch's theorem (Lerch, 1908). 


Let us suppose 


(р) fat), FPE l) faci) fat) 


*The theorems obtained can be proved by Mellin Transforms but their converses do not seem to have been 
proved anywhere. Further the corollaries do not seem to have attiacted any attention as yet. 
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We have proved before (Bose, 1952) that 


if Jo(x) sin xt йэр | olz) sin pz dz, (0 
0 0 


provided the convergence of integrals referred to there holds gocd. 
Then from the relation 
far(P)Cfarsi(t), T= 0, 1, 2, 8, ы 


we have, by virtue of (iv), 
аууу : 
E (oz. ft) (tE) „ы, т = 0 1, 2, oo (v) 
Hence proceeding as in (1), we get 
ay А ?/ ау : 
t g— ) fari (2) sin vt dz>(-1)'p f (22) far(z) sin pz da, (2) 
А dz А dz 
provided the convergence of integrals similar to those referred to in (1) holds good. 


Now, let (as а Njala) be Re; then we shall prove that (22) fe is E, 


where т = 0, 1, 2, .... (A) 


On integrating the right hand side of (2) by parts, we get 
i „© 
d T 
(3) J (22) farsi(@) sin zt dz 
i + „© 
(ez) I CE. | 
5( \( z Tiz fa (x) cos pe LG Ta y far(z) cos pa dz 


$ o2 
eic) Гу ннен wind z [dim ]- 
( 1) (2 E dz 22 falz) cos pz dz, provided D 7. fart) ). 


& zo 


By hypothesis, we therefore get 


Ub ) f (22) sm at em (ою) rs (8) 
т a dz/ 7 de ap) 9 P^ 
Again integrating the left hand side of (3) by parts, we get 
Y „® 
(2) ] (2) far+ı(®) сов xt>(— (т) Гр), (4) 


provided LAL (aja) foro] = zler) eo] o 
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Writing the relation (v) as 
d а г а Til 
( —1Y*p—| p— —Í( t 
(—1) Pros) mec (65) farai (t) 


and then applying formula (tii), we get 
i AS EE 
argen) е =J (фу Jarin dt, (i) 
i 


f41 
Therefore by Lerch's theorem, provide 2) [м +102) is continuous in the arbi- 


trary interval (0, Х\, we get from (8) and (vi) 


(2) | aes) 6) cos at dz = - | LY” sumat. 


Hence differentiating both sides with respect to £; we get, provided the differentia- 
tion on the left hand side is permissible, | 


2 f; аг ay А d Nr 
(2) ее) + (=) sin zt dz -(u) fae) 


i.e., ( >) ie (si) henta) sin xt de = (С) sss (D, (5) 


which shows that («Y „д is Ra. 
We һауе thus proved what has been stated in (A) 


ЖЕТ Е 
Assuming that (2) faci (2) is Ви we next proceed to show that 


d d Nr : 
20.1) feris(2) ів Re where т = 0, 1, 2, ...... (В) 


We have, as in (v), 
d N83 Ti а \ +1 р 
(oz) Ieupcí(-10* (+2) farsalt), т = 0,1, 9,...... (vii) 
and then proceeding as in (2), we get 


T*1 g d WM 
S (22. wh Vy fer+a(%) sin xt das (-1y*p f (2) fat sin ра dz, r = 0,1, 2,... (6) 
0 


provided the convergence of certain integrals similar to those referred to in (2) holds good. 


Therefore, by hypothesis, we have 


0 
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Hence integrating the left hand side by parts, we get 


Е y fale)” farta(x) cos zt dz S (—1)**! (y dosi qa 
provided nl(s y usum] zt ны] = 0. 
But from (vii), we have, by virtue of (и) В 
р) names n] (vui 
provided Lr ICSi art „(в | =0. 
Therefore, provided (ае) һм) is continuous m (0, Xj, by Lerh’ 
theorem, we get, from (7) and (viii) 
(2 » fh (ety ue cos zt dz = NU eae = (8` 
0 
which shows that Seo te. is Re. 


What we have stated in (B) is thus proved. 
Let us suppose that o(z) is R,. Then we have proved before (Bose, 1952) that 


d 
gee) 15 Н.. 


Therefore, by virtue of (A), it follows that 


d Е 

2:10 is Ry; 19) 

whenee, by (B), a? a 
(а і 10 
iz zy. is H, (10) 

and therefore, again by (A), ` 
A C3 iR (11) 

т 


and soon. Thus we have 


Theorem I: Let (р) c |+) and „(рус frat) т 20, 1, 2,...n—1 


UN iv d PE * 
ай. f [(<) fay (2) |= 14 [22у] о. Further let (22) ihe 


+0 and zc z-0 and zo z 


1 С +n | Я 
and ez) Г be continuous т (0, X). Then if (2) be Вь 2020) f(x) is 


d d tt) 
R, when n is even and (2) fa(z) 1ь В, when nis odd, 
ағ 
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Again, we have proved before (Mittra and Bose, 1953) that 
f (2) cos zt dz 2 — ЛЕ; х) cos pz dz | (12) 
Then we first deduce from (12), the relations 


f (=) fore (2) cos zt лэ (—1) ref (e£) f(z) cos pz dz, т = 0,1, 2,3 (18) 


а А ш tdz2(-1y* T Ty е) cos pz dz 
an (е A z2(-1) ef i) ari (£) cos p : 


т = 0, 1, 2,... (14) 
and then proceeding as before, we establish 


Theorem II : Let 9(p)cf,(t) and f,'/p)czf,,,(0, т = 0, 1,..., n1 
ү dV. 
md м dL] n [mte] retenus | ы NC 


d d ftl 
and 1; =. fara =) |be continuous т (0, X). Then if o(a) be в, 3 EP fuí) 18 Re 


| d 
when n is even and [z— 


dn 1) 
2) : falz) ів Е, when n is odd, 


m 
Conversely, let us first suppose thal n 13 even, say 2m, and 20.41) fam(Z) is Ry. 


Then we have 


(2) [ae em cos zt dz = ift 4 £y ҺӘ (15) 


с COO 2 NICO 


by applying (1), we get 
1 1 ү 1\m 
ats) Һә") Pan 


provided Lt CSKA] =0 


z>0 


From (15), we therefore get 


Ga d © (2) cos at @25(-1)" (р 4) hant (16) 


п dz 


But Е (ui AY fuo) ) eos zt dz = if ( Ns fam(z) sin at de, 
da\ dz 
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provided Г [(« лы а) d [(s y" f 8 (2)| =0 


[29M "f. d d \" : 
Therefore ( = ) t 22 аса) sin zt dz 2(—1)^ (ps fom—1(D) (17) 
т р 
0 


But by (0), we have 


УС T fom(%) sin zt dzD(— wm f (i T fam- (£) sin pa ах. 
0 


Hence from (17), we get 


(2 \ f («Y ie sin pz dz = (e fos m. (18) 
0 


which shows that ` 
(е 5л) fam1(2} 18 В. 


We thus prove that 


m 
it 1 ot) Eats] bou. then (22). T us (0) 


Writing (18) as 


о NE 2 а d\m-1 ; а Nm 
© (an) fimile) sin at de = (ке) st 


and then integrating both sides with respect to t between 0 and? and changing the order 
of integration on the left hand side, which is assumed permissible, we get 


(2) f iiy" n (а) (1— сов zt) dz = f dt 
0 


and therefore $ г”? 
2 ага 
CY у пени = [ау om 
а ү" 4 
provided zie) uM = t [(22)" pet 
\ 
Further integrating the left hand side of (19) by parts, we get 
QNM, Гу а: . t7 ау" 
(3) "J (22) Paste aa std | (+) т) di. (20) 
But since 


а (6) 0, 


by applying (tii), we get 
1 ti m-l t d m 
срт) fam-a(0)> f (+) fam- (t) dt 
0 
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Hence from (20), we have 


2 \+ а \"*- maid f, d VY*71,, 
(3) (Г) Їат—1(&) sin at de (—1)* 09 fon -a (р) 


Also from (2) and the steps following it, we have 


D d m-1 Я 9 | т- 
rf (si) fam—1 (2) Bin æt kanes] aec) p m (x) cos px ах. 


We, therefore, get 


оү Гау dy df d\™1 
(2) | acis) Íam-a (2) вов родо (тә) иза (Ф) (21) 


which shows that е fum. (z) is Ry. - 


We thus prove that 


if (227 (ЕВ вва x x) y (æ) is R (D) 
ах 2m-1 г, daN ах 37-3 в, . 
Hence 1C) and (D) together give that 
„af aN” 1/ dWna . 
it (eS) fan (2) be Bo then (22 fam a (2) io Ry (22) 
Continuing the process, we finally arrive at the result that 
d . 
ijf? (z) is R, (28) 
and hence by Theorem П (Bose, 1951), we get that 
$(2) 18 Re (28) 
provided f (0) = f (со) = 0. 


+1 
Let us next suppose that n is odd, say 2т +1, and (22) fame, (2) is В. Then 


applying the result (Dj first and then the result (C) and thus continuing the process, we 
finally get that 


of (2) is E, 


and hence eur) is Ri 
We thus have, as а converse to Theorem I, 
Theorem III. Let 9 (p) c }, (0), fe (p) c fe (0), т = 0, 1, 2,...,n—1 and further let 


d á M d \t(s+1) А 2 
2 (22) fn (2) be Re, or (si) fy (z) be Ra, according as n is even or odd, then Ф (a, 
£ 


13 Ry, provide d 1] econditions referred to above hold good, 
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d \її#+) 
) fala) 


in 
Again, by assuming that 20.2) fala) is R, when n is even und (25 
_ 4х\ ах dz 
is E, when n 18 odd and proceeding as before, ‘we prove that (x) 15 Re. We thus have 


as a converse to Theorem II, the following: 
Theorem IV. Let o(p)cfolt), /(р)©=] (D, т=0,1,... n-1 and further lel 


d d $n d (9+1) 2 И 
в (=) faz) be Fs, or (2) falz) be Re, according ав n 18 even or odd, then $(2) 
x 


ів В, provided certain conditions similar to those requiréd in Theorem III are satisfied. 


We may note here the following two elegant relations that hold good between (x) 
and f,(z) and $() and {,(2) when the relations are respectively . 


o(p)felt), fpc 


and дер, (0) 00, fale) falt). 
We have eo eo 
op) =p | ет | enin de 
0 0 
-p f hide 
(pz 
on changing the order of integration, which 18 assumed permissible. | 


= -t 
e(p) m p j gel e f(z) dz 


© 
= pi f afaa) exp pa Wu (ра) dz 
0 
on changing the order of integration, which is assumed permissible. We note that with 


these kernels, the self-reciprocal relationships between (р) and f,(t) or fa(t) hold good. 
We nexb proceed to generalise some of the theorems proved before (Bose, 1954), 
which relate to self-reciprocal relationship in the Hankel transform. 
We first consider functions of a single variable and take a pair of functions f(t) and 


y(p! satisfying the integral equation 1 
vip) = f (odes oor dt (25) 


0 
Let us suppose that р'{(р) is Ram. Then we have 


yy) f (р (ру) Ф) dp 


0 
Герар" ap f (рыр) de 
0 о 


y f т^ f(x) dz f РЕНН am(py)km(pe) dp, 
о 0 А 
on changing the order of integration, which ів assumed permissible. 
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Therefore wo can write 


yyy) = yt J z^[(a) dz / "+ (ру)К_„(ра) dp. 
0 0 


Геби+у = (a-1)m+4; then we get 


= 2и-Птуат+у- z^-"f(z) dx 
Vy) = 2 mti- Г (аит т +1) Jc ету) нт 


Араїп 


у) = f куур) dp 


0 





= Qa- DnI'(am — neuen f p^ (a- 1) f(p) +] gl- E 2a/pz) da 
(x? +y 3)(a- 1)m4-1 


(а-1)т ат ^vi даст dz + 
= 9 IYam — т + Ту” -v f ый (px)*J (4-2) m(px) x 
А o 


xpr&i-on-if(p) dp, 
on changing the order of integration again. 


From (26) and e we therefore get 
_ 2^-"Ка) ат _ gie аба)" (ш) dz 
„ © rry e ат (z* + у? jG@- 1)т+1 


ый к. Ж еее. т'+а-тК(ш) de 


F(z) =f (pz)3J (q—a)m( px) pat 0-9-4 р) dp л Ee 
" 


= f (pz) «ay (pa) pf (р) dp. 
0 
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(26) 


(27) 


` (28) 


Hence by Lemma 1 of the same paper referred to just before, provided и+у —т>1 
and m >> 0 and z-"/(z) is continuous and absolutely integrable in (0, оо), and F(co) exists, 


we gel 


z-v[(c) = F(x) 


[ (px)*J «sm ípz), pfp) ар = z-'f(z), 
0 -— - 
whieh shows that 


z-'fixz) is Rea-2)m 
It is obvious from the relation и +v = (a —1)m + $ that a> 2. 
2—1808P — 4 


(29) 
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We thus have 


Theorem V. If æry(x) be Ram, then x-*f(a) is Ви-2)т, where (a-1)m 3 = uv, 
provided z-"[/a) is continuous and absolutely integrable in (0, co) and р+у-1 = m > 0. 


Conversely, let e-v[(z) be Во, аут, where (a —1)m +4 = n-tv. . Then we have 


- 2-а) = f (ре a-a)ml pe) p-"f(p) dp. (80) 
0 


Proceeding as before and changing the order of integration, we get, as in (26) 
and (27), 


© D 
р арааьа Ae 
J (py) spy p '(p) dp = 2 I(am—m +1) y : (a? py?) Dm 
0 ў : 
(sc 


and © gutemdg 
(у) = 26-09 (ат — тут f тен | 02 a-noa) dp 
0 0 
= 9«-DnD(am — mecs [ m fen) du 
= 90-0" (ат = т + 1)y* (22 + уї)(а-1=+1” 
Непое we obtain . 
—© 
f (ру) а(ру)р"ф(р) dp = yy), -- (81) 
0 
thus showing that а"ДШ(ш) is Ram. We therefore have 


Theorem VI. If z-'f(z) be Riq-2)m, then p(x) is Ram, where (a-1)m +4 = uty, 
provided the integral for the self-reciprocal property exists and m > 0. 


From Theorems V and VI we get as particular cases the following results established 
in the paper referred to: 


(a) Theorems О and D, when p=}, v = 2m and a= 8, 

(b) Theorems E and F, when д = m, у= т+4 and a = 8, 

(oh Theorems G and H, when д = m+1, v= т-$ and a = 8. 
The following results are are easily deduced from Theorems V and VI. 
We can write 


Yip) = ] (рїу*+1К (рё) (pt) "1ft) dt 
0 


-/ aia rn tot pp dt 
0 


= — " [£09 toile dt 
0 


г. 


. „where 5 
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Hence integrating by parts and assuming that Lt[t»-»-1/(t)] = 0 and Li[te-™-Y(t)] 
3 t0 ' io 


is finite (m+1> 0), we get 


rue) = | (ptit, (PDZ (pty- 710) at 


0 
= f (WO Кр m3 pmi at, (22) 
0 


Applying Theorems V and VI, we get 
a 
L i 
Corollary А. If ev*'j(z) be Бит) then g™-r-»+1 "у ig Ба-а) (4.1) and 
- х 


conversely, where (a —1)(т +1) - $— ut v and provided Lt[i»-f(t)] = 0 апа Lt[te- ™f(t)] 
190 i-o 
ig finite and z-[z**1-^(d[dz) (z«-"—f(z))] is continuous and absolutely integrable in 
(0, оо) azd p+v-1>m+1>0. 
Again assuming that differentiation under the sign of integration is permissible, 


we get 


a, [oV] = ] qu PO Ks (pi atin fte} a 


1 d 
=} [Г PPK ne} OF 0 d 


[m an в-т- 
PQ = ee 1ТЕ 


Hence, as before, we get _ 


j send 
ps feno — f (pt ito f FO} dt, - (88) 
0 
provided Li[t^-"F,(1j] — 0 and Lt[t#-"F,(t)] is finite. 
190 to 


Applying theorems V and VI again, we get 


Corollary В. If av EAT be Вт), then zc [-z F (z)] i& R29) (41) and 


conversely, where (a —1) (т+1) +4 = pr v and В, (к) = ати ранна), 
x 


Proceeding exactly as bofore and assuming that 


d 


L om 5 = ud. 1 1 
Lie» TE F0)] = 0, Lifte- ЕР (001 is finite, we got 
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Corollary C : If æt! 2 [22 eue] be Бшш), then am JL [2 tere 3] `8 


Во-2(в-41) and conversely. 


Thus these results can be generalised when the number of operations performed is п, 
under suitabie conditions. 


‚ Examples of Theorems V and VI: () We have the result 
$ $ К-т, ġ-k+m; — (с т) С eim) 
2-1К (9 (рб) F [ ] — > 
] i n( (p ) ja 2 сфт’, Cr im! dt — 2 
otep- +В И, mlp), (cn 0) 


This relation сап be put in the form 
[| (pt K , (pt)tto-*7!,F.(c +2m + 4m! ; n -4m/—40) dt = Aeir рЕї?т+т'-1 


W,- im'-m-o, m ol dP?) 
where A is some constant. 
On putting (c—1)m’+4 = n tv and с = (0-4) т +2т +1, we get- 
pry(p) = eir'pen т тут, (8р?) | 
+) = Но Pf a; ( (а Sjm 1; #2], 


where a = 2m +w. 


.It has been shown by Bailey (1980) that р" Ир) is Ram’, and that К) is R(q—aym has 
proved by B. Mohan (1989), provided (a — 2) m' ++ +1 >> 0. This is what we should have 
according to the theorems. It сап be easily seen that the conditions of the theorems dre 
easily satisfied. : " P. 


(ii) Again, we have the resull (Bose, N. N., 1952) ; z 


T(2v+1) Eie, B :: p?) 


24-1 а р 
pr ,Е,(2, B; 1, 9+1; –#)К (9р) dt = “Tare A 


This result can be easily put m the form - 


Е(а, m+1::4p°) 
р'т+3-к 


› 


| (pt}*K,,(pt)imt!-#,F,(a2;1; —4)dt = A 
0 - 
where A’ is some constant. ere a Я 


On putting u 4 v = (а—1)т +4 and a = (27 a)m +1, we get 
рр) = pk Ela, mls) so | 
and Е) = t- AE, (a5 1 : +8), 


It has been shown by Bailey (1981) that £-"f(£f) ів В1-. and that pr ut 0) i is Bad Я 
has been obtained by N. М. Bose (1950). These results are quite in accord with theorems. 
The conditions for the validity of the thearems are easily found to be satisfied, 


CERTAIN THEOREMS ON SELF-RECIPROCAL RELATIONSHIP ETC. 213 


We now proceed to extend Theerems V and VI t» cases when the number of vari- 
ables is two or more. We consider below the cases of two varmbles only. ‘The nature 
of the proofs given will indicate that they can be easily extended to the cases of more than 
two variables. 


Theorem VII. Let 


V(Di, Ps) = | [ (рї) (Patak (pies (p45,)/ (ti, ta) dt, dt, (24) 
0 


and further let р." рр, Pa) be Ram and Ran with respect p, and p, respectively. Then 
ао", f£, 2.) із Ream and R-n with respect to ж, and z, respectively, where 
itv, = (a=1)m +4 and ptv, = (a^ - 1)n +4, provided gP- me 921, 24) and ауз" 
xta s F(x,, z,) are continuous in both variables in О<да; Фоо, i = 1, 2 and are absolutely 
integrable in (0, со) with respect to т, and x, and further f pq 7 | (2, 2,) | day 
D 
oo 
(i = 1, 2) and f gh my nta t] F(z, m, | Чт, (i= 1, 2) are integrable in (0, со), 
0 
where F(z,, x,) is defined below т (38). 


In order to prove this, we first note that by hypothesis, 


© © 
у", w= | | (ру, paga am P1] wn Paya) р," Da (D, Pa) dp, dpa 
0 о 
© © 
= ] ] (руу (bs ат PY) an(PaYa)P pa dp, dp, x 
о 0 


Г [ eee. ра) Кара), 2.) dz, dz, 
оо 


Б f f 2] (01, Ta) dx, dz, x 
o 


0 


c „0 
(YY) f f pitati роют Јат!) an! Pada) х 
0 о 


К_„(р 18,)К_„(рз=,) dp, dp,, 


on changing the order of integration, which is assumed permissible. 


Hence we get 
(у, Yo) = Г(ат -m+ 1) (a'n -n+ 1)g(s-DmG'-Dny анну whin х 


|| дет" Кр, £) dz, dz, (85) 
a—1)(m w= а 
от у Ерон 
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Again, 


D 0 - 
Vy Ya) = Í [ (руу )® (раа) - 1.) -n(PaYa)f (Pr Ра) P, Wa 
о `0 
= 90-10908" 1) (ат — m + L)L'(a^n —n + 1y aty, н x 


xf Гилби mito, Pa) dp, dp, x 
0 0 d 5 ž 





x A Pg, 07 091 J (a -2m(p;2,)m, 0 799 (o. Su (paz,) dz, dz; 
(z,? + y,*) EDAH (ay? + y, 2) Он 
D 


= 2(@—1)ш2(а'-1)»Т(адлу -m+ LT {ат -n+ Ly Pty ptn x 


E 
x f£ j^ тете’) dz, dz, 
2,5 +y?) 67 Dm (ge 4 3) Gael 





x [ / (ру) (ру, ym (рут, 4 e (раз) р, "Р," X 
^о "0 


х f(pi, Pa) ар, dps; (86) 
From (85) and (86) we get 2 


"n | NT мна, o.) dz, dz UP bg yet ^ Pas, 2,) da, dz, (37 
(c, + 2)(-1) )mtl(g 3 t4; ye Seer манына ) 


where 
F(z,, 21) = ye | (ра ры) ta- 2) т (21221) а’) (ра) р 1 "Da" S(p, ра) dp, ара. (88) 


By applying Lemma 4 of the same paper referred to before, we get from (87) 
F(z,, 2,) = z,7"z-"f(z, £4), (89) 


provided the conditions required for the validity of the lemma as referred to above in the 
theorem are satisfied. 


Theorem VIII. Conversely, let z,-"r,-*[(z, т.) be Вид» and Rw -3). With 
respect to т, and z, respectively; then а," z,'(z,, 23) is Ram and Ry, with respect to z, 
and 2, respectively, where у; +, = (a—1)m t4 and v, + p, = (a^ –1)п +4. provided the 
integral for Belf-reoiproeal property exists 


Proceeding in the same way as Theorem VI, we can deduce this result from (85) 
and (86). " - 


‘The following resulte established in the paper referred to are obtained as particular 
cases from theorems VII and VIII : 


(u^) Theorem К and L, when m = п = фарі p, = p, = $, 
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(b' Theorems aud analogous to M and М and which are extensions to two variables 
of Theorems V and VI (Mitra and Bose, 1953), when m =n = 4, ш = р, = 4 
anda — 1, а = 1, 


(с^) Theorems О and P, when р, = д, = $ 


In conclusion I wish to express my thanks to Dr. В. С. Mitra for his kind help in 
the preparation of bhis paper. 
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NEW FORMULATION OF EQUATIONS OF COMPRESSIBLE FLOW 


Bv 
В. R. SETH, Kharagpur, West Bengal. 


(Recetved—June 29, 1968.) 


Introduction—The number of problems in compressible steady flow whose exact 
eolutions have been obtained in two and three dimensions is not very large. An exact 
solution for the uniform motion of the sphere in a non-viscous gas has been recently ob- 
tained by J. В. Foote, (1950). He applies the “Synthetic Method’’ due to В. В. Seth, 
(1950). We propose to transform the equation for an irrotational flow in such a manner 
that its solution is аз readily available as those of other equations of mathematical 
physics. This combined with Bernoulli’s equation and the equation of state can give the 
complete solution. But the difficulty in all such cases is to find solutions common to 
both and satisfying a set of boundary conditions. If an external potential can be supposed 
to act on the field, the problem can readily be solved. For example, itis found that a 
heavy adiabatic gas, when gravity is taken into account, can flow uniformly in a region 
bounded by a plane provided the density varies as y!/(*-P, у being the distance from the 
plane and y, the adiabatic constant. But in general such an assumption 18 bound to be 

tco artificial in character. If the motion is slow, the problem is again manageable; but its 
field of application becomes very limited. 


1. We shall assume the motion to be irrotational and steady. If Ф is the velocity 
potential and о the density of the fluid, the equation of continuity is 


оу°Ф + VeVe = 0. (1.1) 
Putting ` Фу = 019, о, = ot (1.2) 
we get the equation of continuity in the canonical form 
утуе (1.8) 
| Ф 01 
от e; V*e,— e, V'e, = 0. 


* — This form docs not seem to have been noticed before. It shows that 

(i) it holds good in all dimensions ; 

îi) | it is an invamant in all systems of two-dimensional orthogonal curvilinear 
co-ordinates, _ 

(iii) Its solutions: can be nd with greater ease. For example, if о, is harmonic, 
so is 9, ; Ко, Satisfies the wave equation so does 9,, If y = 2, and cis the local velocity 
of sound, equation (1.8) reduces to 


co с 





М (Өй) ме, (1.4) 


3—1863Р ~ 4. 
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In two dimensions we can obtain results in terms of the stream function as well. If 
4 18 the stream function, and we put І 
| V, = 07h), о, = ent, (1.5) 
we get the same form of the equation of continuity as given in (1.3). 

Thus, it appears that it is better to use the scalar quantities gf? and ої in place of 9 
and о. 


2. When the variables are separable (1.3) can be solved in all systems of two 
' dimensions orthogonal curvilinear co-ordinates. Let 


в = 4 (9 = f(E+in). (2.1) 
Putting + = fF. (0), в = f Fi), | 3) 


we see that the continuity equation (1.8) gives 





fi’ Fi м Fe | | 
лі 21 ja. = 0, (2.3) 
В } В, 

where dashes denote differentiation with respect to £ or 7. 


Thus, ifn is a constant, we can put 


A =n}, * — ws = –п?, (2.8) 

Ássuming that f, = f,sinh wg, F, = Е, віп Ay, we find that the density e is given by 

о = B(cosh kf) 9 сов (Аб, = (2.4) 

and $ by ф = А sinh дё sin Ay. (2.5) 


А and B being constants of integration, and д, A constants whose values have still 
to be determined. 


Tf f, isa constant, the density is a function of » only, апа], becomes 
f, = сув" +6,6-*". (2.6) 


In the particular case of n = 0 the solutions take the form 


a DET / һар, + D, | ван | 


e = AF. (т). , (2.7) 
A number of other solutions can similarly be obtained. As we have already noticed, 
if о, is harmonic, so із 9,. In such a саве ф is the quotient of two harmonics. Again, if 
Vere) — Vet =? 
Е =k’, 2.8 
p еї Өз) 
9 can be written as the quotient of solutions of the wave equation,., fr being a constant. 


8. All solutions of (1.8) are to satisfy the equation 


fie +0 = С, (3.1) 
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where q 18 the velocity, Q the external potential and C a constant, For-the adiabatic law 
р = ke, | (8.2) 
and equation (8.1) ean be rewritten as 
2kye'^! = (q-1)(9* — 4°) - 2 —1) Q. = (8.3) 
In general Q is taken as zero, and hence 
* Syr? = (ү-1)(9% — 9). (8.4) 


Very few soluticns of (1 8) are found to satisfy the equation (8.4). But they satisfy 
(8.8) if a suitable value of О is taken, Let us take the motion of a uniform gas bounded 
by a plane. In this case we put f, = a constant in (2.2), and n =0 in (2.8). Thus we 
gel | 


ji = Ae+B,, В, = C,+D, [5,7 dy, (3.5) 

we (4,2+B,)[C, + D, fr; "ау. (8.6) 

If wo substitute these values in (8.4) we find that А, — 0, F, and, hence о ва 
constant. 1f we take gravity into consideration such that О = -9у, wo get 

2kyF 26-0 = 99, D, = 0, А, =з q. (8.7) 


In this case o(— F,*) varies as у!/@-1), For ү = 8 there 18 a parabolic distribution of 
density and the relation between p and eis ofthe semi-cubical parabolic type. The 
flow is given by 9 = A,z-- B, and Ив velocity q 18 uniform along the z-axis. ‘The normal 
velocity, density and pressure all vanish on the z-uxis, which can be taken as the 
bounding plane. 


If polar co-ordinates are taken so that а = ехр(ё+#]), we can got the flow round a 
corner investigated by Prandtl. 


In this case we take n = 1 in (2.6), put c4 = 0, ns thus get 
9 = Ay вір (A Ө). (8.8) 
Similarly the simple cases of radial flow and flow in concentric circles can be 
obtained. 


In three dimensions if о? is harmonie. and of the form (1/r), we can take 


Ф, =-А 


Оа? 0 
сац (3.9) 


1 


во Шаб 
в = 41008 Е (8.10) 
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This satisfies (8.4) if the pressure-density relation is 
р = ро ke’. (8.11) 
This ıs the solution obtained by Foote (1950). 
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ОМ SOME THEOREMS AND INEQUALITIES IN OPERATIONAL 
CALCULUS WITH TWO VARIABLES 


Ву 


М. К. СнакВАУАВТУ, Krishnagar, West Bengal 


(Received May 7, 1958— Revised June 23, 1953). 


1. The present paper is a continuation of two other papers on operational calculus 
with two variables of the author. The derivation of some operational representations 
including some thecrems on inequalities involving Laplace Transform of two variables 
together with some applications of the theorems established has been attempted. We 
shall use the notation 


Кр, 4) = h(z, y) 
to represent the convergent double integral 


Кр, 4) = pa | f cms y)dzdy, Rip) 220, R(q) > 0. 
0 0 


Further, tho equality 


© D N © © © 
/ Í dudv ff v, x, y)dz ау = f | dz ay f / o(u, v, x, y)du dv, (4) 
о "0 o “oO П о `o о `0 


where Ф(и, v, £, y) = Ф, (и, v, 2, y) y, (x, y) 
= 9,(u, v, х, y) Yalu, v) (B) 
will be taken to hold when the following conditions are satisfied, vis., 


(а) е,(и, v, z, y) is bounded and integrable in (0 < 2 за, 0m ух В) tor every u, v 


п 0<1<20,, 0<0 < 0,, where a and В are arbitrary (C) 
(b) еҥ 
[ / y, (г, y) de dy is absolutely convergent. (D) 
о “oO В 
(c) о,(и, v, г yj is bounded and integrable in (0 u < y, 050 < ô) for every a, y 
іп0<2<0,, 057 < а,, where ү and ô are arbitrary ; (E) 
(d) D a | 
f [ y(x, y) dæ dy is also absolutely convergent. (F) 
о "o 


In the theorems which follow, we shall only mention the conditons under which 
(C), (D), (E) and (Е) hold and the changes in the orders of integrations etc effected in 
the theorems will be taken to be justified. 
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2. We have the operational representation 





ah уе Е PA 
Г(А +1) (и 1) "538,...8,AÀ 1, д+1 





xis) 


Taking r — 1, 8 — 0, we obtain from (2 1) 


pM 2l 8 y^ r( а ae ) 
(Ixpgr "IQ DD) EAA, atl? 





from which 
Qu c-r 
ies 7^ oW ‚(2(жу)+), 
Since 
2(4=) +1 " 1 
H,íz) =P Fl, g, v8; – 20). 
eo bvg =k 
In particular, (рд)# /(1+ pq) = H (2(£y)t). 
Again from (2.1) 
1 91, 72 ) : au . = 12 : ) 
кыру; 5 ore) Sr eee EO gsm , 
per в 2 pg] АО Pati Ag, asi, psa) T 


from which, we derive, 


pqr-#t! = ohn bey te } 
крз = газа CCM, 





а result obtained by Dolerue (1951) in bis Thesis, p. 11 by an alternative method. 


Also 
-2I >: + 
i J (2(zy)*). 
(Mclachlan and Humbert, 1941) 


Further, from (2.1), 





1 ү 93 ‚1 )= want yet ( di, ty . 
А-а ХА+1, ptl’ pg TAHTA? \atd, Ath, wth, wt)’ 
On further specialisation, 
p^"g-hellis = (Те -вун- 7, (Bley), 
a result obtained by Delerue (1951) in his Thesis, (p. 11) by а different method ; 


J m,n(£) representing Humbert's function 


2 (4z)"** 2g? 
" J malt) Se ea mtb nl, x [27). 


(2.1) 


(2.2) 


(2.8) 


(2.5) 


(2.6) 


(2.7) 


zy. (2 8) 


(2.9) 
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Since iFj(2+4; 741, 94; —2*) = D(a) (ar 1)(82)17 227, (2)J,.. (=), R(x) > 0, 
Fa; 1+9, l-a; —2*) = Г +а)Г(1-а) 7. (2)..(2), —1< (а) <1, 
and iP ,(2-$; а, 24-71; —2*) = (T(3)(4e)1-J, ,(m)P, В(о) > 0, 
we obtain, from (2.2), the ое P represenlations 
рїфїз-« 
(14 pg)**t > ^n 


(йол x Ул a((@y)+)J -a((£y)+) (2.11) 


giys-1J ((zy)9)J, 1((2)) (2.10) 





апа 





piqi^* А тї А 
tpp Гаж) ? a (2:12) 


In Chakravarty’s theorem p nd 1958), viz., 
If (и, v) = }(т, y) and g(z) = y(u), then 


(и, v) i _ Г Piet) ,-. 
J MER У daz dy, 


let ug take f(z, у) = UE dul (2(zy)*), 


RD 


so that (u 3j = ар -2+1 : 
wh (1 uve!" 


and g(x) = e-!-*?ve-!*, во that 
y(u) = Зи, (Qu) ; 
[Mclachlan and Humbert, 1941 (р. 16)]. 


We then obtain on simplification, the integral 
со o 
/ / g^ куй Jo (9(my)1) Ко, (221) 0-7 dx dy 
о ^0 


= 4T c1) ГА 2v 1) veet ТУ, (v) (2.18) 
where а = A*-v-2u—l3, k =-A-v—-4, т = у; 
the integral being valid for 
p >—{4, А—-Ш>—{, ÀA—pt2v > — 4. 
It may be noted that the above integral may also be evaluated by the applieation of 
Meijer's [Meijer, 1924] result 





[ в-'°Кз„(2ёи) пића = te К) eie w, m (£), R(3 Xm— n) 0. 


0 
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In particular, taking A = —v—4, we obtain 


J f веку) Ka (Әз )е 7^? da dy 
0 0 


= Гау +) Visi og (v), (2.14) 
9gt 


valid fur —2u42v >-4, p 2» — 14, by analytic continuation. 


du E | А-З уЕ-Я а 
Similarly, taking f(z, y) = Гр n T RM sud -ay) 


utti-3pgst i-a 





во that o(u, v) = in Chakravarty's theorem mentioned above, we obtain 


(1-uv) ^' 
5 АУ у g a а ) 816-0 
| f> y* Pon 5 ху ) Ks, (9z3)o7"* da dy 
= 41А + 9) Г(и + )Г(А + 20 + ето Wg, y (5) (2.15) 


where 8 = (а +А +90 2р – 8), В =—4(«+А+9>»—4), ү = (А +20-а+4); 
valid for n2» —4, А+у+у > 4. 
We have the operational representation 
2h FQ, Ва, Ba; toy") 
= PUAS OPERA 1) p, à +1, ptt, Acti utt, a). (2.16) 
p^q Bi, Bo Bs p'q 
The function 72(2} being defined by 


ТР 2(2) = ber,(z) bei, (2) — bei, (2) ber,(z) 


E ш?з+1 zi 
ME 24 6 (в +1, 0+1, eB =) 


99-15] (n +1)! ° 
[Costello (1986) and Humbert (1987) ], 
it is easy to obtain from (2.16) 
a-ak yt Wy (92y)) 


2 HT OA+ DT Qu _1 Ce а D (2.17) 
п! (n+1)! page * ®\ n+l, ;nel, n+ § "р?" | 








In particular, 





өрт в) 


a gb = on+t 
| T у, (9(223)*) m 2» put i п+1 | pq 


= (—1)2t-*»p(p*g* — 16) -#((p?q? —16)* — рај" (2.18) 
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8. We write the theorem of P, Delerue [Dolerue, р. 24] viz., 
‘Tt f(p, q)-= h(a, y) and f(pt, qh) = g(z, y), then 
1i. I : 
t = higi qty 
z(pq) (i. 2) АРТ. (2 ‚ y3)'—in the form 
TE fip, d) $ Ме, y), fiot, qt) H баре Z, T), then 
OKO) се. lah Ost 2/4); 54) 
valid for h(a, y) = Оба); for small e, R(n) >0 


= O(y^), for small y, R(u,) >0 
and (if necessary), 


|] 


О{ехр(- z*)), for large z, В(А,):>0 
Olexp(—9^)), for large y, R(A,) 2-0, 
and utilise the ваше in obtaining some new operational representations given below. 
i 
zd. p 
(1) Let Кр, а) = p^ 1+ ра? 
h(a, y) = (z[y)* ber, (2(zy)#). [Delerue, (1951)—p. 59.] 
Since 
1 ef 2M ke Е 
i n= Lu (fy і : 
f(p*, 91) Died e r(2(zy)*), 
[Delerue, 1951, p. 59], we obtain from -the еы (8.4) the following operational 
representation 


h(z, y) 


il 


во that 


Е 





= 2 WX bera(4(ry)) : . 2 
(1 ( = 2 
pii -9gi "wn me ETE (8.1) 


In partieular ber (4(zy)*) = ((pq)3)J,(2/ (pq)*) (8.2) 


Е т(шу)% 
а result obtained by В. in his thesis (Delurue, 1951). 
| (2) Similarly from 


жүз. wb Pq 
{ә ( үзү = Ed. 
(=) bein Bep Sara ee 


[Delerue, 1951, р. 59] 





ees ae 
and a (ра) 26) Ha(2(zy)*) 
р^ 1+рд "My 
we obtain the operational representation 
= beia,(4(ay)*) P 
рі0-04#0+0Н, (сел ca) = аа-а (8.8) 


4—1868P— 4 
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and in particular, 


1 
п(шу)% 





bei 14(2у)+) = (ра)+Н(2/(ра)®*) (3.1) 


(3) We have the operational representation 


1 














тА" іну", „(8(2у)%) = - -67 lip 

p"q 

[Delerue, 1951, p. 11], from which x 

e -A(pa) z(zyj9$J р 8(zy)), 
TET + (ту 
also 
| ОЛ ҮКЕ zy? 
z 7 Mp? = gy F(A, 1,5,8; - i , 


obtained by Chakravarty in another paper. 
Hence the theorem gives the following new operational representation 
(ра)+7 4, 4(3/(pq)*) = (4/m) F,0, 1, 3, 8; —zy) (3 5) 
(4) From the operational representations 


L(2(zy)t) = 





29 and 
24-1 





$0.0(7y)*) + (ту) = Р L we obtain, by the theorem, the representation 
pq-— 





(paa (Pa) s User?) т. 


(5) Finally, from the operational representations 


(pq)? сур 





(1 pg) 7 

and rogo —ID((2zy)*)J,(2zy)*), we obtain, by the theorem, the operational dn 
(pq)* (J.((pg) */8)]* = (n(zy)3) 1 I ((29)*) Jo((zy7*). А (8.7) 
5. Theorem І. * lf h(a, y) = f(p, a) (4) 
and h(z?, y*) = (4/(pq)) ®(#р*, 24°), (B) 
then alp, 4) = (n(zy)t) f/x, 1/y) Wo dem 

From f(p, 4) == A(z, y), 
h(z*, y?) =a f Генетта, 1/2) ds dt, (4.1) 

0 0 





+ This theorem із in essence different from that obtained by Delerne іа his thesis p. 34., сог, 9. Не haa 
assumed there that (A) and (C) are true and established that (В) 18 then trae. 
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Thus a e(4p*, 49) = 2 f f в-а ja? 178) da dt. 7 (4.2) 
п 
о 0 


From (4.2), the the theorem follows on slight reduction. 
Ав regards the validity of the theorem, wo assume 
Вх, y) = O(z^), for small z, В(и)>0 
= O(y"), forsmall y, Ríp, > 0 
hiz, y) = Ofexp(—a)}, for large т, R(A,)>0 
= Ofexp(—y*}}, for large у, E(A,) 0. 
Cor. l. Making use of the operational representation 


p-"q-"e- lo) = gtQm—n)ys(Qn—m) J, (8(g4/)3) (4.2a) 
“| E 
in the formula (4.1), we obtain, after considerable simplifieation 


gi(4m- 18) yt (n 72m) Ј a, = (8(21y?)3j 
lnc Ing) 


т рен 4" т 


вр?! W — ин), 4(m~ny(p?q?/16) - (4.8) 
In partieular 


gny mJ p, _н(8{т®у”)% = Pm md p!-?ngit2mep? I2 К, (5292/82), (4 4) 


and Зои) == PE ерак (рда [82). (4.5) 


We now use the theorem with the operational representations (4.24) and (4.8), so 
as to obtain Ф(р, 9) of the theorem, given by 


Dm + 4) Din +4) 


ра] 
S pln-a-iü дт) PV (тя) 4 (ъв) (29). 





o(p, 9) = 


We then obtain a new operational representation 


Tõm +4)Г(» + 4) 


am byt teney Sianga a- 1, e3PTW ош), 40-1) (PQ). (4.6) 
f z i А 
Since Wo, w(t) = (=) К„(4=), we obtain 
6-29 .. . 
ai at pg gPK (pg), (4.7) 
) | 


a result obtained by Delerue in his thesis (p 12) т a different manner; 


rtm) Г(&- т) 
пі 


and Danchyc mien 5 рта "ез К „(фр@). (4.8, 
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Since E;(z)z i; ё da = хе И, o(x)* 
c 


[vide, Whittaker and Watson, 1940, p. 852], 
we obtain, from (4.6) | 
67—21 = pq e?! E (pq). (4.9) 


a similar result with Humbert and Mclachlan’s definition of Ес) has already been given 
by Mclachlan and Humbert (1941). 


Finally, 07-16% = ['(v) pq?-va(v, ра!** (4.10) 


where 8(v, 2) is Schlómileh's function yd 
8(v, 2) = ete [t du = giv-leis W A2 (2 
0 


[Whittaker und Watson, 1040, p. 352]. 


Cor. П. Let h(x, у) = logzy; so that f(p, а) =—2y—log pq 
[Melachlan & Humbert, 1941]. 


Then h(x?, y?) = 21og wy = —44—2 log pq. 
М 
Hence the theorem leads, on simplification, to Ње operational representation 
sa 1 > 
+ -— m ———— у 2 
(pq)* (2y —1од„ pq) = „(тї +10) + loge zy], 


a result obtamed Бу Deleiue [Delerue, 1951, p. 25] in a different manner. 


8. Theorem II. 


Let 11 аат + 2 = 1 and 


/ | k(x, y)(zy) de dy = «(s), 
0 Со 
then] © po 2 
(А) ] / f(x, у) da ay | ЕЕ yt)g(s, t) ds dt 
0 0 "0 


(i y " f exe, y) de dy} ff g' (a, y) de dy} 


* This definition 1s slightly different fiom that of Humbert and Mclachlan whose definition is 


ви = | Las 
а z 


*4 This result occures in Voelker and Dcetsch (1950) 


ES 


< 





| The functions involved in this section under the sigus of integrations ate assumed to be integrable with 
respect to each of the variables 


0 
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© a © { 
] T ds ad I f k(zs, yi) fla, y) da ay} 
0 0 0 0 
<*(1) Г |, (zy) "f, y) du dy 
о 
a © Ж o i 
(C) f f eas alf кәз, yb, y) dz dy} 


0 0 0 0 
«s()f f rte n dz ay. 
-o "o Е | 


We:ha ve 


] / f(z, y) da ау | 1 К(тв, yt) g(s, t) da di - 
0 `0 бб я 
© = m 
24 Их, y) dz dy | ftw, »(%, = а 
20,0 0 "0 v y 








zy 
ах dy n 
= Гоа f Fes nas, т) (5.1) 
" © © wi 1 1 , 
ы] fre o | a G: 1) alive vy) dz dy 


< f ü Í ТЕ Ц | (2у)- ue Jaz Jda ay} 
0 0 
Af [om vy) dz ay 


[by Hólder's inequality extended to double integrals—vide. Hardy, Littlewool, Poly 
1984. p. 140] 


ж yt 
= f [emo v) du dv [` (zy)! -?f(z, у) dz dy 
о `0 | 0 | | 


х { Ѓ [oe y) dz ayy" 
0 ^0 
= Ф ( : y f f ewe, y) ах a xf f f (x, y) ах шү" (5.2) 
0 о ^0 


0 
which is (4). 
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Ав regards the changes in the order of integration in (5.1), we assume, in order 
that (С), (D), (E) and (F)of Art. 1 ure satisfied, the following conditions 


iyi 2) 
zy \z’ у 


© 20 © a 
(ü) the integrals / / f(x, y) | de dy und f Í | k(u, v) | du dv are convergent. 
0 0 0 0 е ; 


(i) each of |k(u, о) |, |, y) | < оо for z 2€ 0, у 0, и 0, > 0. 








Ву an obvious extension to double integrals of a theorem, vis., 


"Tf k 7 1, then a necessary and sufficient condition that [paz < F is that fis dæ 


< РС” for all g such that f dz 6.” Leddy, Littlewood & Polya, 1984, p. 142]. 


(B) follows directly from (A) 


In (B) change k(z, y) to (zy)9"" kle, y), and f(z, y) to (zy)*!-1f(z, у); and note 
that the consequent change in e(s) is $(2/Г+8а-1). Then on slight simplification (C 
follows from (B). 


We next apply the above theorems to obtain several inequalities in operational cal- 
culus with two variables. In what follows we assume all the double integrals involved as 
convergent and 1/1+1/Г = 1, 1>1. 


Let k(z, у) = ету", then 


Ф(#) = T(m +8) Г(п+з). (5 3) 
Further, let 


Ур, а) == e"y"g(z, y) 


апа 
Mp, q) — мух, y). 
‘Then 
© © 
[ / Аав. yt) g(s, t) ds dt = x™-1y"" (д, y) 
о "0 
and 
oo © 
f f k(ze, yt){(s, t) da dt = a"71y» 1X (a, y). 
0 `o 
Ву Goldstein's Theorem ы st 


E X © 
] ] аута, у) (а, y) de dy = f Г а уна, ylgle, y) dz dy. 
0 0 0 0 


0 
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Then from (А) 


| f amy (а, y)o(z, y) de dy = / / т") (ж, y)g(z, y) dz dy 


0 0 


« I(m-1/0 T'(n 4 1/0 Г f ere. y) dz ay\" 
0 "0 2 


See des coo. xf fo nasa] (5.4 
оо 


In particular, let us put т = п = (1-Г)/Ш in (5.4) and change f(z, y) to 
(ay) 71s, y); we then obtain: 


и; E (p.a) = (ey)! g(z, y), then 
ГГ =, у) у=, y) dz dy 
zy 
оо 


«гою f. ffe aea x(f f manm)" ә 
0 0 © : 0 0 


Taking l= l' = 2 and f(a, у) = e-*-*, (5.5) reduces to 


[Г [tee dz dy < il f fv (z, y) dz а (5.0) 
0 0 оо 


From the operational representation (4.0), we obtain 
| 6799—80 := ра e9* 9 E, (p + 1)(q + 1)}* 


and во (5.6) leads to the inequality ' 





| | 2y-7-Y E (zy) dz dy < a (5.7) 
1 1 
where we have ulilised the fact that 
id -asd 
в x 


[The author took the left side of (5.7a) less than 1, but Prof. Delerue points out 
that this is less'than 4]. 


Again, if (р, а) = gie, y), Mp, а) = fla, y), 


° fe m e aua, Г (Mm matos v) 
then BE mL / ши рг 


T 
оо 


гаю f^ feste nasa Lf renia. 6a 
оо. a: о 0. 


+ Е, (+) bas the same definition as before and is shghtly different from that of Molachlin and Humbert, 





232 N. К. CHARRAVARTY 


Form (В), 
lt Мр, q) = e"y"f(z, y), then 


o5 © 
f 80% 06-10116, t) da dt 


о 0 
© 


«ir «1/ reet f. f efte, y) de dy. 


оо 


(5.9) 


In (5.9) let us take m=n=1/l’ and replace f(x,y) by (zy)"V'f(z, у); we then 


obtain 


If A(p, 9) = Ца, y), then 


a a Ies] eu 
] ] Ale, y) y) ах ày« | ] f(z, y) y) dz dy; 
zy zy 
о “o о `0 


and from ‘5.9) by simply taking т = п = 0, we bave 
© "0 1 ә] © 
if | [Be 9 Y as ay etra f [ (zy) 0а, у) de dy 
о ^0 zy o `o 


when f(x, y) = Alp, а). 
Furtber from (C), 
If A(p, 9) = a"y"f(z, y), then 


© 9o 
J f =ne, y) dedy 
0 о 


<{Г(т+1/ї) Dii | j fe, y) dz dy 
оо 
which may be put into the form 


Mea, y) аз ау «АГОЛ [ f fe, y) de dy 
es n 


provided Aíp,q) = (ху)?! (а, y), L7» 1 and 1/1+1/ = 1. 
Putting | = l = 2 and assuming further that 


f(z, y) = Alp, а) g(x, y) = үр, а) 


and 


pa Кр, 9) = vía, y) pa glp, а) = ula, y). 


we obtain by Goldstem’s Theorem 


a pe yis V ae dy = Г "A 0) gis 9) ay dy 
0 0 Ty 0 0 vy 


© = 
ГГ Pe, y) ах dy =f f 4m 0 ах dy 
a “о ту 


0 80 





(5.10) 


(5.11) 


(5.12) 
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d © 
f fren өе] Га asas 
S T 


nnd the results (5.8), (5.11) and (5.18) take up the following forms: 


f(x, у) у=, y) ) ) У 
UT Fe pee Das ay = {/ [Pese AE 98D ds ay | 
<= | " [ "As, p ve. y) de ay\{ [ fessa di dy} (5.14) 


and 


] f pe y) yas dy «ef / A(z, y) v(r, y) ах ау (5 15) 
у ту 
о "0 о `0 . 
and ef © v(x y) v(x, y) 
/ f №(2, y) dz dy < т f / AU 0) 042, Y de dy (5.10) 
о `0 о "o Ty 


6. Theorem ИТ. If (р, а) = h(x, y) aud 1 <1< 2 and 11+1/! =1, then 


J P. | i 
EE Y) de йу < ГИР e7"^*h(u, v)| du dv, 
gu 
1 1 оо 


the integrals involved being supposed convergent. 


Trom (р, q) = h(a, y), we obtain 


D © 
(= 1) = if f e`"lz=-1ls и, v) du dv- (8.1) 
"NUR T^g % 


from which we obtain 


[ LAL Den -[ [sk f [omes] 
0 0 0 


On changing ihe variables x, y first to 1/2, 1/y on both sides and then to 2+1, y+1, 





on the ~ight side only, we obtain ultimately 


[ Гр dz ау 


o po - 1 ‚ 
-f [ie (y + 1)! aaff fe У[в | Ми, v)] du dv] | (6.2) 


0 


= f fee dz af f fcm met, v)] du do} (6.8) 
ото 0 | 


0 





as 1<1< 9. 
5- 1863P —4. 
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The theorem now follows from an application of Theorem II (C). 
Ав an application of the theorem, we start with the operational representation 
p "7" ри = gin-isyin-imJ, .(B(zy)i). 


Then after воте reductions 


art _ ' 
Г dy =n | gmi-ni"1v(nl- 1, 2) da (6.4) 
0 


where y(n, x) is the Incomplete Gamma function defined М 








+ 


Р z 
y(n, а) =f e-itn-1dt = T(n) at) 6-4 Tt y, ya (2). 
0 


We thus obtain the inequality 


90 „= 
[ [ {е-ч-еи т -в) ys (8-2) J, „(8(ил)%)}? du dv 
D ж 0 


> кеттг) / * 91-41. (n] 4-1, в) dz (6.5) 


Putting 12 2, m — р and n — 0 and ee that 
Jy,0(8(zy)*) = (2/13) (zy)*J,* (4ay) 


where J,*(z) is Wright’s generalised Bessel function 


Je) = Ж —(=2)" 
у) 2, т! ГА + ur)’ hee 


[Wright E. M.—1984], in which Rog 


и 
7, (=) ~ o|er exp [e сов «kp for large т, К = 


O(1), for small z; = 


we obtain 


D „00 ч И 
Í f ө-з%-а®щ/ (диз) du dv > 1/16x(1 + 1/6?) (6.6) 
о "0 
The author is | grateful to Dr. 8. C. Mitra of. Lucknow University for his Көөп inte- 
rest during the preparation of the paper. Не is specially grateful to Profs. P. Humbert 
and P. Delerue for their constructive criticisms. He also expresses his grateful to Prof. 
Delerue who kindly sent his thesis for the degree of Doctor of Science of the University 
of Montpellier (unpublished). 
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T SHORTEST DISTANCE* - 
i | Вх . 
Sans Ram Manpan, Karnal. ** 


(Recetved—January 1, 1952.) 
е 


"Lei a', b^, с’, be the shortest distances of the pairs of lines b, c; c, a; a, b and af, | 
b", c" be the shortest distances of the pairs of lines a, a’; b, b'; c, с’; thon the triad of 


lines а", bY, c" have the same shortest distance d. (Peterson-Morley Theorem) 


Lei 4, B, C, A’, В’, Ct, А", B", C! be the traces of the lines а, b, c, a’, Б”, с’ a^, ba " 
c” respectively, then the triangles ABC and A'B'C' are reciprocal w.r.t. the circle at 
infinity, hence in perspective, 1.в., AA’, ВВ’, CC’ concur at а point О, and А", В", C" 


are collinear. 


Let the plane at infinity be taken as a plane of reference and there АВС be the tri- 
angle of reference, Jet the co-ordinates of О, A’, B', e refered to 16 be (1, 1, 1), (p, 1, 1), 
(1, 4,1), (1, 1, т) and then those of A”, В", C? are- (0, q-1, 1—1), (1-р, 0, r-1), (1-р, 
9—1, О) respectively. Further let (p, q’ "1, 1) be а point on a’, (ра, da Tz, 1) on 
b’, (Ps, 9а, Ts. 1) on с’, then a being the secant from А to b’, c meets them in the points 
(y’+Da У'д+Ч» Y tts 1), (8° +Ds, 249s, 2’7+7,, 1) where у’, 2’ are related вв 


T(qd:—4.) — (ry — 7.) 


lcg; Now a’ being a 


follows: y'q-- q4 = 8 + qa, y! T, z'rtr, giving у’ = 
secant from A” to a, а’ meets а’ in the point (р, +=р, а, +2, г. +2, 1) where c is 


daty'q-qg,—z ex "ty 1-2 
1-4 r—1 





given by the equation, 


giving a(2—q ~t) = y(a—s) (r4 —7) — (1L- 3(r,—1,) - (1-17) (91 — 42) 
= 4a— Is — (972 —13)— 9, (01-1) (1—9). 

The secant from О to а", 07 meets them in the points (p,+zp, 9, +2+ (1—0), 
+2 +(г-1), 1), (р,+у+ (1-р), @,+у@, г, +y+k'(r—1), 1) where y has а similar 
value as 2 above and k, k^ being related as follows 

p,t*ep-k'(1—p)-p,-y = А-П +7, tz—k'(r—-1)—r,—y 
—kü-q)*tq,tz—ds—Ug 





* Read ні the 39th session of the Indian Science Congress Association held at Calcutta in January, 1952, 
** Now at the Indian Institute of Technology. Kharagpur, West Bengal. 
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eliminating k^ we have 
(17 p)fk(2--q—7) € y(1—4)(« 743) - (71) 170106 ) (17 0) 
+а(1—р)—(р,— Pa) (0,749) = 0 
The secant from О to c, ай meets in the points (p, z + k'(L— р), qs t? +К'(д—1), 
т,-Е#т, 1), (p pz, qu zt h(1—4), v tz h(r-1), 1), having a similar value as = and 
h, К! being related as k, К” above. Now these two secants from О coincide if kh, t.e., if 


Sz(1-p)8—q—7)5 81 —pifa,—43) — (ra—7,)], where 8 denótes the sum of similar terme. 
This indentity can be easiiy verified with the help of the relations that z, y, s bear 
to p, 9, т, Po 1 ti (11, 2, 9). 
This problem was given to me by Late Prof. С V. Н. Rao who treated it himself 
ayntheticaly (Rao, 1945, 1940) and here is the straight-forward analytic treatment. 


DYAL SINGH COILEGB, 
EARNAL, PANJAB (I). 
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ON INTEGRAL REPRESENTATIONS OF THE GENERALISED 
k-FUNCTION OF BATEMAN AND ITS CONNECTION WITH 
LEGENDRE AND PARABOLIC CYLINDER FUNCTIONS 


By 
С. К. Barran, Krishnayar, West Bengal. 


(Received August 13, 1953.) 


1. Meijer (1934) has shown that tho Whittaker Function 


20 
Wr, m(2) = we te! ete"! Е km, &-k—m;c,—t[u) dt, 
0 


where R(c) >> 0, | arg «| < т, 2>0, (1.1) 
From the relation 5 
2l erf (22)! f б D 
1 (2) = Tel) Wo, 1,4(22), (Chakrabarty, 1952) (1.2) 


we derive the relation 








ling t Dyas c l-n41,(—l—n), tam: ri 
1637 ( EN (22)! '" i tpatm ( r r gı 
OO Tana т бы 0 
(-1)P(2r) "e-* fe d" S7 n1, (717). 
Г({ + t 1I(e)( +7 + е А dt" cm r! (c),(e a), 
porate hard dt 
(c—a—m), 1295) 





_ ( - 1)?(9z V Me -% f 7E [i771 х 
D'(U n + п РС) (+ - с), ó dt" 


И -п +1, -[-п, с-а-тус, в-з; —d[a)] dt. (1.3) 
On integration by parts m times, the above relation becomes 


° (ж) = (22) " eT? -5 / к-%-1,Е,(1-п+1, —l-n, C—a-m; 
m'o 





ril+n+1)T(e)(l+a 


qm | 
ооа; c Mz) SE (otro) dt 


T » 
LL Im + Da) tne? [ ctt 1L, (t),F,(l-n +1, —l—n, c—a—m; 
Тп 1) Сс) (+9 с), A 





б, dcs —it[z) dt where В(с} > B(a) >0 
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РЕ = 1)"T'(m + a +1) (22/67 Y eg i67 a + (41) x 
T +в + 1)Г(в)(1+®—с:» 46 


3Е,(-п+1, l-n, сеат; с, ста; —4ht/a} dt 


R(c) > Rm 0. (1.4) 


- 


Writing n = l +1 (1.4) and making use of the relation 


a- (22)*e* А 


NU a= T(a+1) ? 





we gel 


(-1)"ID(c)T(2-¢ +m +1) 


© 
dye-a-l k (4t) d! = 
fe i — 4 Тт + а + 1) -с+1) 
0 


; R(ey>R(7)>0. (1.5) 





Again putting о = 21+1, с = 1-п+1 and m =а—1—1 in (1.4), we get 


Tes (- аа а Аааа р ti-l- 1 (1+ Eje | 
hse) e gern 7 0 LCD at; 


(n+1<0), 1-п+1> 0). (16) 
Also putting с = =1-п+1) and —I~—n in succession in (1.4), we get 
a, (= 1)"Гт+о +1) 09) "= f H-n- 
0 = Гавеа, Л ТГ mte 


Fi -t-n, l—-n-a-m+1;l—-n-2+1; - 2) а, 
2х 


R(-l+n+21< 1)’ Rll-n)>-1, (1.7) 





and 
a —1)"IYm +a + 1) (96) +" = С 
-—Н{-1-п-а—1 
к, (2) = нау a DL 
Ft n1, -l-n-o-m, -i-n-a; -)й 
2х 


В(+т+а) <0, Ril+n) < 0. — (18) 


2. We have the relation (Whittaker and Watson, 1920) 


91 zi А gitre-tr e + 1+ 
1 NU р, = f E x t 
oll?) = Пани" Не) Plent +1 Л м. 


(l-n+1>0) (9.1) 


= al necis [= E ү убт), й 
I( n 0]r (=n +1) 7! (= а)" 
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z gitno~ te f^ x t ud dn x т = 1+ п), x 
D(l+n4+1)D0-n+m+1) A т dtm < 1] 


„Са, _ е "үа 
(L—n m +1), z 


gitnang- {> e EA 
= 1+ - х 
прет рр 











а" 


[e- тат -[-п, l—n+1; [-п+т+1; - Der 
di" c 


L gh»gcie(- 1) 
~ Гӣкп+1)г(-вч т+ 1) 


m atm 
l-n+m+1;- asi i) pt 
c / dt" x 


(—1)"Г(т+1)а'+#-мо-4е [* e-ti-nt ( a 
= [-D^T(m e анто v1 Yr ga 
IU Eni) ü-n4mai) е 





pe atm, F(L-n 41, 7+m—l—n 


Р(1-п+1, a+m-l-n;l-n+m+1; +) а; 


(1-п+ът +12 0) 








= T(m ++ 1)а!+н-тн-а о PET E T ©. г), 
V n 1I 7n m1)7 2m+a+1 | 7g 


‚Р (1-п+1,а+т-1—п;1—п+т+1; -t)ar (2.1) 


Putting v = 21+1 in (2.1), we get 








н-т 1-1 m n-l-1 
d Gas P(m +21 +2) 2 e ipm (++ г) dt 


Pine DIT n m1)7 Amt PEE 9 T (2 2) 


Writing n =1+1 (2.1), we get 


Я t 
fe dps ~ Я JE Ja = Tees (m 220) т+х`:> 0. (2 8) 
a : 


Again putting о =]+n—m in (2.1), we obtain 


12 = 1 И-ии te -m eS) 
an (#2) = Til-n+m+1) Л Ken 4. 


If we put т = 0 in (2.8) and use the ore (1.2), we derive the relation (1.8), 
6 —1863P—4 
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The relation (2.8) eun be put in the form | 


T'(m)9ez"mt*«e-7 ба 
Deer m feti ей; e» mem. (24) 
0 


Differentiating both sides m times, which is permissible, we get 


Г(т)Г(т +1) 


= a Е EP d" а—1 
ЕЕ ем ES ( а 2 = tpa-1 c 
Tm) 22)*e- *L, (v) 1 e-t- К (&+)@ m>0, «>0). (2.5) 


da" 2m+a+1 
о 


Wrtting n for т та and 2—1 forg in (2.4) and then’ differentiating both sides n 
times, we obtain | 





i yon 
T(m cm d? í 3 ЖЕ n d? 27 12—29 — " 
те orm Batam а A ferrin t+ ра. (2.6) 
0 | 
Since 1 qn 
P,(z) = (2°—1)", we get 


Ги +1) dz” 


я т-+1 


T(m)29»-^ Р„(ш) = Í вор" E fratta- n)a, (m>0). (2.7) 
В 


8. 1.6 us now use the relation (Dhar, 1988) 
wd lei My, ml) = ГОА + m +4) (p — TEA FDP (т - 1 Ф, 
. К+т+ї;@т+1; 1/p) (8.1) 
апа sí 
| ky, (32) = (—1)”-!-14%М„„{(ж)/Г\(21-+ 2), (8.2) 


we derive the relation 





steph py a (ZDP At) pip—1)*-> 
a. globe (a) = Е 
T(2i+ 2) (p+ 1) ati 
xF 1-1, l+n+1; 91-52; 2[(p--1). (8.3) 


Putting n = 0 and A = —m in the above relation, we get 


( — I) 199 1 m +1) pip- 1)" 


109149) (рат ^ 





ат (a) = 
Е: 1+т+1, 1+1; 1+2; 2/p 1) (8.4) 
Now using the relation [MacRobert, 1988] 


-Г(т+п+ Dra) - 1)" 
АТ + §)(a+ ту"! 





79% (2) ,Fi(m n1, +1; 2п +2; 21(2+1)), [2+1]> 2 


we get 


ОЛКЕ M iet и Г(-т+0Гг(-+ 2). 
я Г@ 2) + т +1) 





обр"), [2+1] >. 2: (8.8) 
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&. We know that if 


i eis h(z == (р), 
then 


had pi") (pt) = za Вены" ) d 
where Н»(<) із the Hermite polynomial defined by 
H,(z) = —1)»ez de (е-=). 
à : Дж" 
Let 


odd (—1)”—!-1рп | 
‚ү сое = np. 


Hence from (4.1) we get 


евин f ег р (48)H m (эч а 
2 


0 


рїт+»-1) 


= -l- ГЫ ae A 
1)*-1- Ца ait ОЕ 


+ 1 m4n-i-1 
1)" t-1} 4 p ( x ) 
SUMMER 3 x гет 


тън 


уе > Е p гезитин 


)#— m+r+2 ° 


On са by the relation (Mclachlan and Humbert, 1941, 1950) 


+ pt Qn\t(n-1 


we derive the relation 


1: НИНЫ Qo) Н „в Газ) d 


0 


AT8-l-1 


248 


(4.1) 


(4.2) 


(4.2) 


(4.3) 


a 
= 2i" (22) ekz > (SPAN "гаир ы надену. (4.4) 


=й 


Putting m — 0, in the above, we obtain 


2n-l-1 
[Г е-КеНР 121 (в) da = (22) не У (—1)!-1+r- (" 1-1 
T 
0 120 


` 


Ўр - een (22) (4.5) 
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My best thanks аге due to Dr. S. C. Mitra for his help aud interest in the prepeta- 
lion of the paper. 


KRISHNAGAR COLLEGE, 
KRISHNAGAR, WEST BENGAL. 
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SOME SELF-RECIPROCAL FUNCTIONS. 
Dv 


K. P. BnarNAGAu, Lucknow, U, P. 


(Communtcated by Dr S. C. Mitra— Received May 18, 1958) 


1. Introduction. We have proved before (Bhatnagar, 1954) that the kernels 
WrylC), War (2) and wy n, n (2) defined as below play the role of transforms: 


G) mz) = at 202.02) (u, v 22 – 4) 
0 


(i) tool) = f Ma (FZ) a л> 


0 
о 
m Ja (t 
(141) wan, n (2) = f аана mh Fat (Ning Un > —4). 
0 


1-а function satisfies the equation 


© 


Г) =} 1(@ ж.а) at 
0 
we say that it is Ry i.e. self-reciprocal under wp, transform Similarly if a function 
is, self-reciprocal in 4,,4 transform or «ew», », transform. we say 16 is Rypma or 
Has, и. In the previons papers (Bhatnagar) we have given а number of examples of 
functions self-1eeiproeal in w,, or "as; transfor ns. 


The object of this paper is, firstly, to obtain relations between these kernels and 
J,(z) and secondly by the help of these relations to find out some new functions 
self-reciprocal in the Hankel or in these transforms. It 18 interesting 
to note that some of the known functions self-reciprocal in tbe Hankel 
transform come out as particular cases of our more general examples. Many of the 
functions obtained here are in the form of integrals and it may be noticed that it is 
not easy to evaluate them. 


2. Relations between /,/x) and other kernels. 
Н) wil) = Л, я); © (vl 
(й) mm apo, „эр, v (Œ) = (2) Л, 582); (усә 8) 
(10) ув, nag (2) = (2)-+ Л, 34а); (› >1) 


(00) m,- Qin. 2p AB) = (2) - C07 909 Ty a) (nael) ; (у > 8п—4/9п) 
(п=2, 3, 4...п) 


24б | К. P. BHATNAGAR 


(v) wim- (2) = (2) вх); |] 


А 
(Vi) ожк-1„-1ьх-1д(&) = 22) + 24-12, 1, - (2) 2 ;) [ =} | 


(001)  «,,-1, 5, 1,71. Ae m вы (=) = 28-1 (2) Maso, eu 1. эр, -1(2* 21); (n—2,8,4...5). 
3. А list of new self-reciprocal functions. • 


(1) We Lave proved in the paper (Bhatnagar) that 
"i '=и+9п 
= gitatt т+\-ъ-—в—1]{ К (7) ; Г. А , ] 
g(x) quta | y (y) n y (—A 2m 
15 B, ss 


Ав a particular case, if 


(i) p=v—1,A=C-1 we prove that (by relation (v) above) 
т+-4 Ky (a); (ved, bm 
is Ro-1,%-1. ‘ 
(ii) further, 1f v=¢—} we prove the well-known result 
26-88 e-t; {C 1) 


is Ryr_s г 


(2) It can be easily proved that (Bhatnagar) 
» | 
(i) g(a) = sei f ламы Jy ty (y) K,( 2 ) dy; C=A+2n3 n 0 
Ü | 


(A 4v 35 03/2 > 0) 


and (i) да) атн [yom aa i-e Ty у (у) к>) dy; (C=A+2n; п ;>0; 
. 0 r + 
Aciu-iv-8/22 0). 


аге Ry, WAS 


Аз particuar casos of these examples we obtain (Фу relation (i) and (v)) new 
functions se)f-1eciprocal in the Hanke! transfcrm, : 


(iù) If in example (i) above we take p=v—1, A —6—1 we easily prove that 
zn f yiJ, (у) en lan 
* 
0 


is Ho, 1,11, 


(iv) Further if, (=у-$, we prove that 


һ : 
24-62 f y^" J,-4(2) e7100) dy; (v > 5/8) 
0 
is Б.в 
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or, if v=C—4 we prove that 
2? 
ea f y^ Fela) 67700 dy; (¢ > 5/8) 
0 СА 
~is Виз. 


In particular, if v=1 in the first, we prove that 


z-i oxp (—27/(242)) sin (x*/2,/2)* 
18 Ri, ы 


(v) Ifin examplo (ii) above, we lake д=›—1,А=$—1, we easily prove that 


œw 
А то 
is Eo, 3, 1 


In particular, if v=¢—4, we prove that 
e 
zn | yii Ч. —ку) е-="/(4ч) ау 
6 : 


is Бахо, x-1. For (=3/2, we obtain 


21/8 exp (—2?/(24/2)] sin {x° /(2 4 2} 
which is Hg 


(vi) If, ¢=v—4 in the previous example, we prove that 


К © 

DAS gen | y^ J,4 (2) e- 2/40) dy 
0 

ів Eo, i, 2-3 


For, v—2 we get the result obtained by Gupta (1942) that is 


2 2 
ж: А )к ( т ) 
же. (55 MUNI. 
is В; 


(8) It ean be proved (Bhatnagar) easily that 


ni FÀcTiv-inct$0 
—=@ї(#-У+1) 1G -t- a2) 2) dy, | 
g(z)- «tt | jme Jta (2 фор (У) dy | д3 +8/9>0 

ig E, PAS + | 

() In particular, if p=v-1, A-£-1, we prove that 
2 
ги) 
is Ва„—1,%-1, 





* These results have been obtained bs Gupta (1040) alg» but in в different manner. 
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Further, if v2$—3 we prove that 


at 
8) 


15 F4, -з 


(4) Taking g(z) as in eaxmple (1) and putting А=\-$, "=5-1, д=$—8/2, and 


applying the relations (ш) of Art 2, we prove thut 


gh- “| Kg), C= 


is Ви-з. 


(5) Taking g(z) аз in example (2) ава putting 
applying the relations (їп) of Art 2, we prove that 


zem f y^ }-1 У; вн (2) кү (= 
0 


is 4s, For, A=O-1, у= 4, y -6—8/2 (Bhatnagar) 


A=C-4, v=F-1, д={—8/2 and 


ja 
y 


we prove that 


N 
26-4 | yo th Ts aly) в-*'Їббөї dy 
0 


is Ryr_s, 


(6) (i) If we take g(x) аз defined in ex. nple (8) and 
then by relation (тї) of Art 2, we prove that 


dy 


put A-t—4,v-2$-1, y 2 £—3/2 


gi Г. dcos] J. а Ja i 1 

b Tey i (zm 1) 
is Вц-з This can be put (by relation (1)) into the known form 
_ 21 Jat gp (407) 
which is Fais, 
И) IftA-(—1,v—0i-34 и=—8/2 we easily see that 
o 
26-2 f y^ ket zhe фу 
0 
18 Bg-a This integral on evaluation gives the known result, 2.6., 


grtt g-ic 
is R, 


(7) We have proved (Bhatnagar) that 


(а) зеная f" pro aon ‘к.(= }е- ША |с] 
y 


0 
ig Ry, », А. 


n > 0 


0 
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In particular, if v=A —2/8,4 2A —4/8 then (by relation (u) of Art 2) we prove that 


0 3 
ре Ko eim; A> 5/6 
ів Ёву-, : 


(8) We have proved (Bhatnagar) that 
g(x) = zin f а ы дЫ ЧЄ ) dy 
0 


is Ru, v 


In particular, if v2A —2/8, 4.24 —4/8 then applying the relation (ii) of Art 2, we 
prove that 


* 3 
eh | А-4 ertr J, ( a y 
VS Tela e 


0 
ів Fg o 


(9) We have proved (Bhatnagar) that 
R 
дует | YTE! J (у) е-=18 dy 
o 


ig E,,, In particular, if и=0, we easily prove that. 


oto $y) (д) 


ів Ro, y 


(10) We know that (Bhatnagar) 
УН үү, 11)(z) 
is Ej, In particular, if v=2 
vc-9^H, (42?) =2-9 sin? (127) 
is Вы and if у= 0). 
zi Hl,z*) (Gupta, 1946) 
is Ry. 
(11) We also know that (Bhatnagar) 
atv) J uaa (2) 
is Ry, In particular, .=v—1, 
zi Ј, 4 (42°) 


is Кә,-1, 
7—1808P—4. 
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(12) We have proved (Bhatnagar) that 


Se J y7^7* Пәһ (£) e— dz? y* dy ' 
0 


Бл, In particular, if u 20 


oo 
gh / y7? Dos. i(y)e —zt/8y°dy 
0 


is fà, and if p=2, 


212 f Ва (y) е-=“/(ву) ау А 
А E 
is Дв, 
&. Some functions self-regiprocal under Ta, 1 transform 
(1) \ 
J 1 t) 
(8 f(a) (Pee аы 
(it) ? J GU) /y M 1 
/ fud (2) [1 (32). (2)] dt; Ер, 
Д н t t t 
(їй) "4. GU) (9) (У R 
Га pe) (ы в mas 
(iv) 


[=a “H(t Jas Hrs 


In conclusion I would like to express my thanks Dr. 8. C. Mitra for help and 
guidance in the preparation of this paper. 
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Я А GENERAL THEOREM 
By 
K. P, BHATNAGAR, Lucknow, U. Р. 


(Communicated by Dr. S. С. Mitra—Reoetved May 18, 1958). 


Introduction. We here prove a general theorem from which some theorems proved 
by us (Bhatnagar, 1958) in a different manner can be deduced at once. 


Theorem. Let 


{= © +з) dt 
MOS | {курун 

0 
If f(t) is Ra, ty wana Hp then prijtp) ів Ey, Hay „Пасі Y* 
We have | i 


f(t) = i f "seras n ran eee Iv d 45 * 2) (s) t ds. 
т о іо 


Непсе 


р aen dt 1 Же. V 
We) = [ irem d Ben, ede. nace 


x I'(àv * $-- 4e +) (8) t^ ds 
etio 
sak | 2ivT'(an, +38 - 2)...D(4n +484) х 
2ті 


с- іе 


а-э dl 


x L'(dv +4 +48 + 1) (з) de [- 
`0 
Therefore 


yrtty(p) = d T gen, 242 D... Dna, + 48+ Гоа в Dp-* V, (8) ds 


с-1%0 


where (в) = (s) I(dv-c i53) D($jv—15 2) 





2L (3) i 
that is, ¥,(8) = y, (1-8) 
во that prtj(p) is Fan, na-n v 


The change in the order of integration can be easily justified if f(t) belongs to A'a, uj 
(Titchmarsh, 1948) and Y(t) is O[c(**:-«*»/1!] and v-$—6 2 0, vic 2» —4. 
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Deductions | 

(i) If f(t) ie Ву, then рыр) is В,. 

(ii) If f(t) is В, then рт) ав Аъ, 1. 

(i) If К is Ronn then Вт) ів Rot. 

(v) If f(t) із E, ys Lg en, thon. p't9P4(Q?,84/8) ів Ну, 


(v) If f(t) ів B, at ip), .-2m 415 then prot) Ира тч!) ів Ey, (uon, 
(n = 2,8...) 


Examples : 
(i) ест; В. then, рр) = prttct#PlD_2,-9(p) is В, 


Pty, (t) dt 


(0) *f(t) = t73J,(0) ; В, then, ¥(p) =| (Bx prin 


0 
io, pip?) is Boi. 


? tJ. 4 s(t) dt 
(t? + p?p tR 








(i) #00) = 7,4100; Reaver then J(p) = f 
- 0 


i.e., pert abt?) is Ват. 
I am thankful to Dr. S. C. Mitra for his help in the preparation of this paper. 
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* Tn view of the fact that f.f)'s are different, dip)'s are also different. 


SOME PROPERTIES OF FIBONACCI МОМВЕВ$—1 
Ву 
К. бсвва Rao, Vizianagian. 


(Communicated by the Secretary-- Received August 4 1950) 
К 
Ina recent paper the author (Subba Hao, 1958) derived among other results, the 
summations of several series involving Fibonacci numbers, In this paper, the author 
studies some properties of Fibonacci numbers which are of a general nature, 


Proposition 1, Between n and 2n, there lie at least one and at the most two 
Fibonacci numbers, п being an integer > 1. 


Proof. The proof is divided into three parts, 
Case 1. Let ить, > 4 (Umit Um) = $ Um > E Ug. 


By using the recurring relation Um:; = Um+Um-,, we see that only one Fibonacci 
number, u,4,;, lies between n an 2n, in this case. 


Case II. Let Uma, > п> d$ (Umi tUm) = $ Ums > Un. 

In this ease, the two Fibonacci numbers, Um,: and ug4,, lio between n and 2x. 

Саав ПІ. Let 2n bes Fibonacci number = Um, вау. 

In this case, only one Fibonace: number, ии_,, lies between n and 2n., 

Proposition 2. The number of Fibonacci numbers not exceeding n ia asymptotic 
to log n/log a, where а = $ (1+ 5). 

Proof. Let Um S NK Umar. 

It is known (Bubba Rao, 1958) that 


Aes) 


Therefore um will be zz x 


if C 3 < n. п (15) 











< (уб+е,) п, where 0 < s, < 1. 


log n | log( y +1) 229 (1) 


e. if т < т log a 
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And Um, will be > n if 


(estt) > ve (ist) 








2 
. > (Мб-+е, п, 
where в, = (===) s, and 0 < |. | < 1; 
ie if т > osm, 108 (Уб+е) a | . (2) 
log a log а 


From (1) and (2) it follows that m, the number of Fibonacci numbers not exceeding n, 


18 asymptotic to 85, where а = $(1+ y5). 


Proposition 8. Given a Fibonacci number, to find ite rank. 
Proof. Let the given Fibonacci number be k and its rank be n. 





BHI: em +1 
Then k= n = 4 (105) -( xr | | 
: 0/8 
.(itW45WV 0, icu A \ 
ув) sen 
n < log k 195+ | | " 
log a log a 
where a = #(1+ 4/5) 
13/8 aoe 1— мб \" +: B 
Also (ЕЁ) VS (L8) > (мМ5-4) k. 
n> log К | log (5-4) р | (2) 
log a loga 


It is obvious that between the two expressions on the right hand side of (1) and (2), only 
one integet can lie, Since is an integer, it is therefore the greatest integer in 


log k | log W+), 
log a log a x 


Proposition 4. Given the rank of a large Fibonacci number, to find the number 
of digits in it, 

Proof, Let k be the rank of а given large Fibonacci number and let the number 
of its digits be п, _ 
Then 10*> uj > 10t, 


' 
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wes edes ste) 
Since 1401-05 < 1)]|, ıt follows that 
na A QS". . 


Therefore given positive „в, arbitrarily small, we can find Ко such that for k > Кү, 


ie 3 EA a. 


Now since ug >> 10"-1, we have 





E d TM 
= ( : (1-е) > 1077, for k №. 





г. (+1 logy, (2 +5) > (n —1) +} logio 5—1og (1+) 





Г. А+ (1559) «1-318, 6 —log (14 €). 


k+ 
Also zs (1545) ' (1c) will be < 10", for k > ky. 


it n > (k+1) logy, (+6) logis 5--log (1 +6), 


Thus т is the greatest integer in 


(k +1) logy, (5) +1-4 log, б 





Proposition 8. The number of Fibonacci numbers having the same number of 
digits is 4 or 6. 


Proof. The Fibonacci numbers consisting of n digits satisfy the mequalities 


10% > ug > 10%-1, 





Ek. 
Also, for Shae PIG +05) "pap 


Proceeding as in Proposition 4, it can be Shown that 





{(n 1) + 310g,,5 +106 G+) fn +4 10810 б + 08 (1+8) _ 
К> raai a аы log, (41 V6) E 


t 
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The difference of the two oxpressions in these inequalities is 1/log,) (4+ М 5/2) and 
thishes between 4 and 5 and is approx:mimately = 4. 787. 
Tt follows that К can have 4 values or 5 and hence the theorem 1s proved. 


Note. Froma table of Fibonacc: numbers which сып be easily constucted, 16 
is seen that thé number of Fibonaeci numbers having the same number of digits is 5 or 
4, these numbers recurring periodically in the order (5, 5, 6, 4) or (5, 5, 6, 5, 4). 


Proposition 6. If um and u,,,, be two consecutive Fibonacci numbers consisting 
of n digits and (п + 1) digits respectively, the number of divisions necessary to find the 
greatest common divisor of um and ить, by the usual process, is exactly бп when п < 8 
and is < 5n when n > 4. 


Proof According to Euchid's algorithm, we have the set of equations 
Ung =l. Uy + Uma 


М1. Мы 


U=]. „+ и, 
1, =9. и, 
Thus m divisions are necessary to find the g. с. d. of any two consecutive Fibonacci 
numbers Um and u4,,. But from a table of Fibonacci numbers, it 18 seen that m has 
the values 5, 10, 15 when n=1, 2, 8 respectively and thus m=5n in these cases only 


and when n=4, 6,... , it follows from Proposion 5 that т < ön. Hence the proposition 
18 proved, 


Corollary 1. We have 
Ung th tm=(k+1) ug. tum, 
Um= l. Ив + Umea, ete. 
From the 2nd equation onwards, this set is identical with the set of equations 
shown in the proposition. Hence it follows that the number of divisions necessary to find 


the g. с. d. of и» and (ить: +k Um) 18 the same as in the proposition, k being any positive 
integer. 


Corollary 2, If u,, and ить, consist of the same number (n) of digits. it is easily 
seen that т < 5n 
Corollary 8. If we have the set of equations 
а= Ки ит, k > 1, 7 > 2, 
ъ=. Чы. acus Ё > 2, 


Um-,=1, Um pony К T nog, 


u,7m1. us +, 


=. цу, 


' 
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where a, А, 1, т are positive integers and the u's are Fibonacci numbers, itis seen that 
(m — 7+1) divisions only are required, во that the number of divisions is < бп, in this 
case also. 

It may be mentioned in this connection that Lamé, [Dickson, 1928] used the Fibonacci 
series to prove, by a method different from the above, that the number of divisions 
necessary to find the g. c. d. of two integers by the usual process of division does 
not exceed five times the numbe of digits in the smaller integer, Now the proposition 
6 and corollaries show preeigely*that in certain cases tho number of divisions required 
is exactly 5 times the number of digits in the smaller integer and in certain cases it is 
less than 5 times it, 
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ОМ CERTAIN THEOREMS IN OPERATIONAL CALCULUS 
WITH n VARIABLES. 


Ву 
М, К. Cuagravarty, Krishnagar, West Bengal. 


á (Received—July 2, 1968.) 


ia The object of the present note is to obiain some theorems in Operational 
Calculus with n-variables represented by 


P (Py, Pass Pn) vd f (is 25,..., 2а), or 
flz,, 22, ++) Tn) = 9 (Pi, Poes Pn), 
to define the convergent n-ple integral 


© © 
M Duc Pel Ј zs exp (X pax) f (жү, La, ..., 2s) dz... das, 
1 Ра. Pn 0 0 


where the summation extends from i = 1 to i = n, 
[Vide Delerue, 1951], R (pj) > 0. 

2. Theorem 1. 1 f(p) с Ма) and 93(p) с Lt(z)h(z), L(x) being the Laguerre 
polynomial defined by 


ее" D. (е—®д'**), RG) >= 1, then 








8! dz 
1 Om tm, [E^ S К+. tpa] 
Mı! Ma! т»! Op," Әр" Pit Pat... +Dn 


mt fü. 
= p^ D3^...pa?* > С, 2% + + + 
ть 193 (Pa + Pst... + Ри), 


sm0 
where Qt m... lant Dm, „ 
mal ma! 
Рау =m, s, SMa 8; apt], o, tnt 1; Pur s Pm 1) 


18 the Lauricella’s hypergeometric function of n+1 variables. 
From f(p) c h(z), we have 


Рут is patet 
py e Dant 


Кр, +р,+...+ 
Pit Dit Fpa Кр, Ps Pn) 


e 
= [ [672 p mte], [ее puta] h (e) dz. 
0 





5 Ө" = 4m. [2° 2, p, 
o 


х а +...+ 2] 
Op," Эр». р +... +рь Кр, p ) 


1 
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* 





© А 
=f quiete imme os, Lom on amr) А. 
0 1 


dip, =)" rut ta 
(provided that the differentiation w, r.b. the parameters p, under the integration sign 
is permissible.) 


=[m,!m,!...ma!] p,* phu f exp(—z X pj L^ (p, г). 0,7 (par) h(x) dx 
0 | 


mt tm, 0 . 
=[m, Um,1.ama!] pip 2, с, | exp( —2Xp,j L*(z) h(x) dz 
= 
0 


Mit tm. 
on using the expansion Le (pa)... psc) = A C,L5(z), due to 
ma 


Erdélyi, [Erdélyi, 1988, p. 154] C, having the sarne definition as above, 


А 1 gu cm poa ga ыа ы] : 
bus m,l...m41 Qp,'^...Op,P* pit eot Рь | 





rc ч UY, eit, +... + Pa) 
which establishes the theorem. 

As regards the differentiation w. г, $. the paramoters р; under the sign of integraticn 
effected above we see that all the conditions to be satisfied for such operation (vide 
Carslaw, 1930, p. 200) hold, if only we assume that 

h (x)= 0 (28), for small z, R (р) > 0 
=0 fexp(—2*)},. for large xz, В (А) >0. 

Ав an application, let h(z) =e-* x° L?(z); 





D(n+24+1) pst 

t = | 
во tha Кр) n! (14 рута + 
and [3 (2) h(z) 2e7* r* Lg(x) Гах) 





a — E (ntaci)I(srac1) (p-1P'***! j,fntztl, в+а+1_ Dy 
Bo 9:00) nie! Га+1) ни ар 2+1 : 


by Howell [Howell, 1937, p. 891, 403]. 
Then, from the theorem, we obtain 





па Lg E [i iut n ue us zur] 
m,lm,l...ma41 др”... Эр" (Lt p,+ „р 
à Wet +m, a 
zb tee Dat (pit et pal) > (:- $ 1 рев 
р 


(p, +... + pti? ich cok De a! 





С, х 

a—0 
T pp ees &+а+1. 1 | 
li atl +... + ры)? . 
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3. Theorem II If h(p) c glz) -and 





e(p,...., Pn) с TPT, 2,871 (1 +5) {1 + ж) 7% A(x, +. + Ta) AN 
: UE , б 2+... +» ' 
then [Da Г] 9 (pi... pu) . 
-Pı Pace Pn 





" А 

Е (ал, £i pi +8)... (о, б: ТО 

= - g(s) ds;  E(a, 
А (p, +e)... (рь +8) а 


being McRobert’s E-functian defined by =: - 


Blo, взад =Т fo ARTI (1+ Ayan, R) > 0, | am z| <r. 
0 | 2 


z 


i " . " . 
We have ыар = wf esp(—23p) [ж,®&-1...т8,-1][(1+ж,)—®,..(1++ш„)-°] 
" 1 Pae Pn б 5 


» Y ec Roe) qoe dur (93) 


DT. fm 
е i 
‘ o ^ 
апа Boyt ttn) f ехр(-85 а). g(s)ds. (8.2) 
T+... tly б 


* Substituling (8. 9); in the R Н. S. of (8. 1) and then eating the order of анан, 
we obtain 


т D 
rac Be + Ра) = fra 9(8) LE eB) BUT д у-а dz, um ETZE Pg B.M а) а da, 
124’ 


0 0 


a Elas, By: ‘Pp, +8). (ns, Ba: ‘Pn +8) g(s) d 
~ IG). Tu (p, + s)P... (py + 8.8, 





which proves the theorem, 


Ав regards the change in the order of integration effected above we can proceed as in 
(Chakravarty, 1958a). For this we can assume 


g(x) = Olz”), for small z, R(v) > 0 
= О{ехр(- =^)}, for large z, В(А) > 0 
and адај (8. Di is absolutely convergent. 


Аз an example, we can take #(2) = g(z) = 1, во that 
Ф(р) = a-.—E(sg-1: с 7#(1+ж)7®; 


we then овак the integral 


E Ela, В: а Е 
+e 


Bose [ Bose, 1051, рр. 160 — 167]. 





= Е (а, В-1::к), R(g) > 1, obtained һу 
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seriis Ug) — Ji, , ду eree vay) GH uo, v, ..... 


#1) and glz, т, 





8. Theorem IV If glui, ч, 
2 y(u,, t4,...... ‚ Up), then 
es NA ges lee?) Up) du „du 
uus. 1* Р 
ut integral 


м 





=f- [e £e im Vi, Кы; ту) expí— 
2123. тер} 1 





n-ple. nd 
being assumed convergent, 


‚ Ву definition 











У u,2,tde,.. 


[^ СЕ ГИЙ т) dz,...da_ 








ат», the integrals involved 


), 


Ф(шщ,...› Ча) _. 
DETUR 
and 
yos у шыг чы = =f- S Duit) g(z,,..., Lp)dx, ..йш,. 
Utg.. 
so that 
i ( us) ghi ) 
| ert Шу...) п) gi, ep du,...duy 
ма. 
0 0 
———— 
p-ple, integral А 
p © | 
= Г. f [ns F exp( — Хи) f(2,,,.., Zn) dz,.. dus |du,...dup 
70 0 0 0 
> 
p-ple. integral &-ple. Integrel 
© п © 
= |ы] exp( - рУ ит, Jfin,,... n) ds, du, f ..f exp(—2u,z;) x 
о `o iuc MAG 0 0 
—> —— 
7-ple. Integril p-ple. integral 
x g(u,,..., uy) du,...du,, 
on pos the order of integration which is assumed legitimate by assuming 
f(z,... = O(z,) for small z; R(u;)>0, for everyi (i = 1,2,..., n 
= Ofexp(—2?')} for large т, В(№) > 0. 
and g(2,,..., 2,) = Olay), for small z, R(y)>0, i=1, 2,..., p. 
= Ofexp(—=2")}, for large а, В(0) >0. 


The theorem no v follows on utilisation of the relation (5,2). 





í ‘Two consequences of this theorem are worth notre 


р (1) when» = р weobtin 
cea) О 
2(u,,..., Un) 9 Qu 
4 [ | Я 1: ; n) glu, i du, dit, 
Ht, db. 46 
0 n e ad 


X 


Py Al 3 ) ( ) 
1 КЕН. акжа КЁ 
= | Эб Г! poco ^n pono Ud) dis, When (иу, м) с Renta 
Я a I 1, 
0 


un mom n 


0 
` е 
айй (л. 7p) DYU, My. ths oth inalogue cf Goldstem's Theorem за operational 
n 


Caleulus with n varicbles 

(2. when n = 2, aud p= 1, we obtain the theorem of Chikrav rby obtained in a 
different paper [Chakravarty, 19530 ] 

Ihe autho: is grateful to Di 8 © Mitr. of Lucknow University for his keen 


interest during the prepatati п of the paper 
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